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Application of Ruscheweyh ¢-differential
operator to analytic functions of reciprocal order
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Abstract. The core object of this paper is to define and study new class of analytic
function using Ruscheweyh g¢-differential operator. We also investigate a number
of useful properties such as inclusion relation, coefficient estimates, subordination
result,for this newly subclass of analytic functions.
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1. Introduction

Quantum calculus (g-calculus) is simply the study of classical calculus without
the notion of limits. The study of g-calculus attracted the researcher due to its appli-
cations in various branches of mathematics and physics, see detail [8]. Jackson [10, 12]
was the first to give some application of g-calculus and introduced the g-analogue of
derivative and integral. Later on Aral and Gupta [5, 6, 7] defined the g-Baskakov
Durrmeyer operator by using g-beta function while the author’s in [2, 3, 4] discussed
the g-generalization of complex operators known as g-Picard and ¢-Gauss-Weierstrass
singular integral operators. Recently, Kanas and Rdducanu [13] defined g-analogue of
Ruscheweyh differential operator using the concepts of convolution and then stud-
ied some of its properties. The application of this differential operator was further
studied by Mohammed and Darus [1] and Mahmood and Sokét [14]. The aim of the
current paper is to define a new class of analytic functions of reciprocal order involving
g-differetial operator.

Let A be the class of functions having the form

fE) =2+ anz", (1.1)
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which are analytic in the open unit disk U = {z € C: |z| < 1}. Let M(«) denote a
subclass of A consisting of functions which satisfy the inequality
2f'(2)
f(2)
for some a (a > 1). And let A/ () be the subclass of A consisting of functions f which
satisfy the inequality:
(=f'(2))'
Re—————— < a (z€l),
e < Bl

for some a (o > 1). These classes were studied by Owa et al. [16, 18]. Shams et al. [20]
have introduced the k-uniformly starlike SD (k, ) and k-uniformly convex CD (k, «)
of order a, for some k (k > 0) and o (0 < o < 1). Using these ideas in above defined
classes, Junichi et al. [17] introduced the following classes.

Definition 1.1. Let f € A. Then f is said to be in class MD (k, «) if it satisfies
! !
w2l |2)
f(z) f(z)
for some a (o > 1) and k (k < 0).
Definition 1.2. An analytic function f of the form (1.1) belongs to the class N'D (k, o),
if and only if
(=f"(2))
Re———— < k
f'(z)

for some o (o > 1) and k (k < 0).

Re <a (ze€l),

—1‘4—04 (€ U),

Cre)
P

‘—Foz (€,

If f and g are analytic in U, we say that f is subordinate to g, written as f < g
or f(z) < g(z), if there exists a Schwarz function w, which is analytic in U with
w (0) =0 and |w(z)| < 1 such that f(z) = g(w(2)). Furthermore, if the function g(z)
is univalent in U, then we have the following equivalence holds, see [11, 15].

f(2) <g(2) (z€U) <= f(0)=g(0) and f(U)C g(U).

For two analytic functions
o) (o)
Fz) = 2 anz” g(2)= 2 bz (2 €1),

For t € R and ¢ > 0, ¢ # 1, the number [t, ¢ is defined in [14] as

_1-d _
[th]_ l—q’ [07(]]—0

For any non-negative integer n the g-number shift factorial is defined by
We have linri [, ¢] = n. Throughout in this paper we will assume ¢ to be fixed number
q—r

between 0 and 1.
The g-derivative operator or g-difference operator for f € A is defined as

, z€U.
z(g—1)
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It can easily be seen that for n € N:={1,2,3,...} and z € U

02" = [n,ql 2", 0, {ianz"} i [n,qlanz
n=1 n=1

The g-generalized Pochhammer symbol for ¢ € R and n € N is defined as
[t.ql, =t [t+1,q] [t +2,q]---[t+n—1,q],
and for ¢ > 0, let g-gamma function is defined as
Fo(t+1)=[t,q]T¢(t) and 'y (1) = 1.

Definition 1.3. [14] For a function f(z) € A, the Ruscheweyh g¢-differential operator
is defined as

DUf(2) = (g, p+152) * —2+2<I>n 10,2", (z€Uand p>-1), (1.2)
where N
Slgu+12) =2+ Pur2", (1.3)
and "
o, ,— Lalptn) [+ 1.4d],_, (1.4)

[n—1.qTg(n+1)  [n—1.4q]
From (1.2), it can be seen that
Lyf(2) = f(2) and Lgf(2) = 20, (2),

and
om (zm—t
L;nf(z)zzq(;nq]!f(Z))a (mEN).
Jim ¢ (g, pt152) = ISR
and z
Jim D5 /(2) = f(z)*m'

This shows that in case of ¢ — 17, the Ruscheweyh ¢-differential operator reduces
to the Ruscheweyh differential operator D% (f(z)) (see [19]). From (1.2) the following
identity can easily be derived.

001 = (1+ 50 o) - Letloy s, (15)

If ¢ — 17, then
2 (DEF(2)) = (14 p) DL f(2) — p@h f(2).

Now using the Ruscheweyh ¢-differential operator, we define the following class.
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Definition 1.4. Let f € A. Then f is in the class KD, (k, i, y) if

wfueCHE ) <o (0 )

for some k (k <0), a(a > 1) and for some v € C\ {0}.

We note that £D) (1,1,a) = M(a) and £DY (1,1, a) = N(a), the classes introduced
by Owa et al. [16, 18]. When we take v = 1,2, ¢ = 1, and a = 1 the class KD, (k, o, y)
reduces to the classes MD (k, @) and N'D (k, ) (see [17]). For 1 < a < 4/3 the classes
M(a) and N (o) were investigated by Uralegaddi et al. [21].

2. Preliminary results

Lemma 2.1. [9]For a positive integer t, we have

Ug ((y?)—j;! N (t(i)i)!' (2.1)
Proof. Consider

0;((30)_]_1
B 0<1+ +(2? +(3) +(Z?4+”'+((t0)t1)1!>
-t ( R )
— o1+ )( g éax+43>)<.-....(zz;il)2)>
= o(l+ )(032) 03 )(1+4+ +”(”4+X4.).'.'>'<(<(fttt1)—2)>
B U(1+U)(U;Q)(0;3)(OI4) (Hg+"'+5:6.%(?..+;(;2>1)>
S AR A iy <1+t_1)
= o140 RLEI LD (0D
(o)

-1



Application of Ruscheweyh g¢-differential operator 203

3. Main results

With the help of the definition of KD, (k, o, 7y), we prove the following results.
Theorem 3.1. If f(z) € KD, (k,,7), then
a—Fk
f(z) € KD, (07 1—]@’7> :

Proof. Because k < 0, we have

1 (20,241(2) )) ‘1 <23q592‘f(2) >’
Re<s1l+— | —p——+ —1 kl-| ————+ -1
i3 G R EANTS o
< ( (W 1))+ &
BRI T
which implies that
1 (20,9 f(z)
After simplification, we obtain

1 (20,98 f(2) a—k
1+ - —+—--1 k< 1 and 1
9%[4— ( () >}<1—k7( 0, a>1and). (3.1)
This completes the proof. O
Theorem 3.2. If f(z) € KD, (k,c,y) and if f(2) has the form (1.1), then
(U)n—l
< ——F .
|an| — (’l’l _ 1)!q)n717 (3 2)
where ol D
Yo —
o= 7 3.3
q(1 — k) (33)

Proof. Let us define a function

(a—k)—(1—k) [14+ 2 (ZeRafE
p(z) = 7 st -1) . (3.4)
Then p(z) is analytic in U, p(0) = 1 and Re {p(z)} > 0 for z € U. We can write
1 (20,941(2) | _ (@=k) = (a—=1p(z)
s Coe )= 39)

o0
If we take p(z) =1+ > p,2z™, then (3.5) can be written as
n=1

0,04 (2) ~ 0y () = - O (g (ZW )

this implies that

[ZQQ [n—1] q)nlanz”] = —% <Zl @nlanz”> <lenz”> .
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0o 00 oo J
Using Cauchy product (Z a:n> . (Z yn> = > > xpYk—j, we obtain
n=1 n=1 j=1k=1

a—1)
q [’I’L — 1] D, _1a,2" = —’Y( Z Z CI)J 105Pn—j 2",

n=2 \ j=1

Comparing the coefficients of nth term on both sides, we obtain

*7(04 - 1
= @
Gnp q[n_ 1] Z j—105jPn—j-
By taking absolute value and applying triangle inequality, we get

n—1

7] (@
lan| < qn—1@ Z(I)J 1laj| pn—jl -

Applying the coefficient estimates |p,| < 2 (n > 1) for Caratheodory functions [11],
we obtain

2| (= 1)
lan| < qn—1®, (1 k ZCI)J 1 laj]

= Z% 1lagl (3.6)

n—l

where o = 2|v|(a — 1)/¢(1 — k). To prove (3.2) we apply mathematical induction. So
for n = 2, we have from (3.6)

o (0)s_4
<2 = Tl 3.7
L i v 3.7

which shows that (3.2) holds for n = 2. For n = 3, we have from (3.6)

|a3|§ {1+(I)1 |G,2|}7

7
3-1]®5
using (3.7), we have

(0)3_1

as) < B -
las| < e

o

1 =
e, 7
which shows that (3.2) holds for n = 3. Let us assume that (3.2) is true for n < t,
that is,

(U)t_l
la:| < [

—— =12 ...t 3.8
t—l}!@t71 j ) ) ) ( )
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Using (3.6) and (3.8), we have

t
o
lags1| < 0, Z@jﬂ ||
=1
t
o (0);-1
< — i
- tq)t ;w] ! [_] — 1]'(I)j,1
_ o zt: (o) j—1
= —
tq)t = [_] 1]
Applying (2.1), we have
1 (o)
< -
laenl < F T
_ 1 (o)
o, [
Consequently, using mathematical induction, we have proved that (3.2) holds true for
all n, n > 2. This completes the proof. O

Theorem 3.3. If a function f € KD, (k,«,), then

20,94 f(2) 2(a; — 1)
— 0 <142 -1)— ——= .
D F(2) <14+2(q —1) T (z € 1), (3.9
a—k
= . 1
Qa7 1—& (3 0)
Proof. If f(z) € KDg (k, v, y), then by (3.1)
1 (20,9 f(2) > }
me1+<Lq—1 < o. 3.11
s G 1 10
Then there exists a Schwarz function w(z) such that
L (20,91 f(2)
o - {1+ (B - 1)) 1
= : (3.12)
a;—1 1—w(z)
and
1+w(z)
Therefore, from (3.12), we obtain
20,94 f(2) 1+ w(z)
_— = 1 — 1 1 — .
st e (o)
This gives
20,94 f(z) 27y (a1 — 1)
el oy (g —1) - M D)
S R R TR
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and hence
20,0k f(2) 2y (a1 — 1)
— 0 <1+2 -1)-— U).
which was required in (3.9). O

Theorem 3.4. If function f € KD, (k,a,7), then we have

. (3.13)

1—[142y(ay — D]r 20,04 f(2) L+ [142y(aq = D)7
s Sf’“{ 1(2) }S ey

for|z| =r <1 and «; is defined by (3.10).
Proof. By the virtue of Theorem (3.3), let us take the function ¢(z) defined by

2y(a; — 1)

d(z) =142y(a1 — 1) — > (z€U).

Letting z = re?®(0 < r < 1), we see that

27 (1 —a1) (1 —rcosb)

=142 —1
Reg(2) +2y(e -1+ 1+72—2rcosf

Let us define

1—rt
'(/J(t) = m (t = COS 9) .
. r(l—r2)
Since ¥/ (t) = ———————= >0, because r < 1. Therefore we get
(1472 —2rt)
2y (a1 —1) 2y (a1 —1)
142 1) ——— <R <142 -1) - — .
+ 27 (1 = 1) T S Ped(z) S1+2y (a1 —1) T+

After simplification, we have

L[ 2y o = Wlr gy L2 (e = D)l
1—r 1+7r
0,01
Since we note that W < ¢(2), (2 € U) by Theorem 3.3 and ¢(z) is analytic
q
in U, we proved the inequality (3.13). O
Theorem 3.5. If f € A satisfies
20,94 f(2) ’ (a—1)]v|
S CASCAY | (PO Gk 2 R O 3.14
o7/ (2) %) 1)

for some k(k <0), a(a>1) andy € C\{0}. Then f € KDy(k,a,7).
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Proof.

0000 | (a—Dh
L1 (2) 1‘<<

z@@f 1
’7( 4/ )
= (1- )‘(z@@ /(2) 1>‘+1<0¢
Y
<

D4 f(2)
20, Dt f 20,04 f(2)
’( ) ’7( 1) ‘1)‘“‘

g Q“f "
- m{ (M 1)}+1<k<W_1)‘+
U\ 95 y U 9if) °

= fe€LD;(acp)

a—l

Corollary 3.6. Let f € A be of the form (1.1) and satisfies

S o n—1]®,_qa,2"!
L+ >0, Ppga,2 !

for some k (k <0), (8 > 1) and for some b € C\ {0}. Then f € KDy(k,a,)..

(a—1)|
<a=H zel, (3.15)

Proof. We have
DUf(2) =2+ Z D, _1an2
and by (1.5)
z@@“f =z+ Z D, _1a,2"
Therefore, (3.14) follows immediately (3.15). O

Theorem 3.7. Let f € A be of the form (1.1) and satisfies

Z([n—l}+y)|¢>n,1||an| <y ze€el, (3.16)
n=2
for some k (k <0), (8 > 1) and for some b € C\ {0} and where
_ (e=Dhl
Y=ok Y

Then f € KDgy(k,a, 7).
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Proof. We have

oo

Y (=1 +y) [Pa-illan] <y

n=2
[e'S)

= Y (=1 +y) [Puillan] <y —y D [Pn-1llal

n=2 n=2

= 0< y—yz |P—1]|]an]

n=2

oo
= 0<y- yz |®r1]lanl[2" 7Y

n=2
= 0<yll+) @n_lanznl‘ (3.17)
n=2
We have
D (In=1+y)|®nallanl <y
n=2
o0
= D (n=1+y) |[®nallan]|2" ' <y
n=2
= > =10 allanllz" 7 <y —y D> [Puillan]|"
n=2 n=2
= Z [n—1] O, qa,2" " <yl + Z &, ja,2" "
n=2 n=2
= ZZO:Q [nooi 1] (I)n_lanznil <y,
14> s Ppqanzn!
because of (3.17). By (3.15) it follows f € LD} (a, ¢, 3). O
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