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On subclasses of bi-convex functions defined
by Tremblay fractional derivative operator
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Abstract. We introduce and investigate new subclasses of analytic and bi-
univalent functions defined by modified Tremblay operator in the open unit disk.
Also we obtain upper bounds for the coefficients of functions belonging to these
classes.
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1. Introduction

Let A denote the class of functions f(z) which are analytic in the open unit disk
U={z: z€ Cand|z| < 1} and normalized by the conditions f(0) = f'(0)—1 =10
and having the form:

fz)=z+ Z anz". (1.1)

Also let S denote the subclass of functions in A which are univalent in U (for
details, see [7]).

The Koebe One Quarter Theorem (e.g., see [7]) ensures that the image of U
under every univalent function f(z) € A contains the disk of radius 1/4. Thus every
univalent function f has an inverse f~! satisfying

@) =2 (2€U)

and

£ (w) = w <|w| < rolf). Tolf) > i) .
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In fact, the inverse function f~! is given by

g(w) = fHw) = w — agw? + (243 — az)w® — (5a3 — 5asas + ag)w* + - -
=w+ > buw". (1.2)
n=2

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent
in U. We denote by X the class of all bi-univalent functions in U given by the Taylor-
Maclaurin series expansion (1.1).

For a brief history and examples of functions in the class X, see [19] (see also
51, [6], [11], [25)).

Coefficient bounds for various subclasses of bi-univalent functions were obtained
by several authors including Ali et al. [2], Caglar et al. [3], Deniz [4], Kumar et al. [10],
Magesh and Yamini [12], Srivastava et al. [17], [18], [22], Stimer Eker [1], [23], [24]. In
fact, judging by the remarkable flood of papers on the subject, the pioneering work
of Srivastava et al. [19] appears to have revived the study of analytic and bi-univalent
functions in recent years.

The following definition of fractional derivative will be required in our investi-
gation (see, for details, [13], [14], [20], [21]).

Definition 1.1. The fractional integral of order ¢ is defined, for a function f, by
_ L f©
DI°f(z) = / dé; (6> 0),
D=1 Jy gt 020
where f is an analytic function in a simply-connected region of complex z-plane
containing the origin, and the multiplicity of (z — £)°~' is removed by requiring,
log(z — &) to be real when z — & > 0.

Definition 1.2. The fractional derivative of order ¢ is defined, for a function f , by

spn_ L od [T f(E)

where f is constrained, and the multiplicity of (z — &)~
1.1.

% is removed, as in Definition

Definition 1.3. Under the hypotheses of Definition 2, the fractional derivative of order
(n +0) is defined by

dn

D f(z) = d—nDﬁf(z) (0<6<1,neNy=NU{0})
z
By virtue of Definitions 1.1, 1.2 and 1.3, we have
_ I'(n+1)
D;%%" = o —————""? N,6>0
2 TTtot 1) (n €N,0>0)
and
T 1
pion = Y0ED s eno<o<)

Tn—0+1)"
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Tremblay [26] studied a fractional calculus operator defined in terms of the Riemann-
Liouville fractional differential operator. Ibrahim and Jahangiri [9] extended and stud-
ied this operator in the complex plane.

Definition 1.4. The Tremblay fractional derivative operator T#" of a function f € A
is defined, for all z € U, by

L(v) 41— —y pu—1
TETf(2) = =2 " "DY7 2P f(z
()= 55 =)
O<p<L 0<y<L p>2y 0<pu—y<1).

It is clear that, for u =~ = 1, we have
T2 f(2) = f(2).
Example 1.5. Let f(z) = 2". The Tremblay Fractional Derivative of f(z) is:

r'(y)T
THTf(2) = EMZQ
I(p) T(n+7)
and for p = v = 1, we have TL1(2") = 2"
Recently in [8], Esa et al. defined modified of Tremblay operator of analytic
functions in complex domain as follows:

Definition 1.6. Let f(z) € A. The modified Tremblay operator denoted by 7 : A —
A and defined such as:

THf(2) = gT‘;’”f(Z)
_ T(y+1)
_FW+U

nr
+Z ’7+ n+’u)anz”.
T(p+ 1T (n+7)

ATDET ()

The object of the present paper is to introduce a new subclass of the function
class ¥ by using the modified Tremblay operator and find estimate on the coefficients
|as| and |as| for functions in this class.

We begin by introducing the function class C£” («) by means of the following
definition.

2. Main results

Definition 2.1. A function f(z) given by (1.1) is said to be in the class C{£7 ()
O<pu<l;0<y<1; p>v; 0< u—y<1)if the followmg conditions are satisfied:

arg (1 + Tf”)

feX and Th(

O<a<lzel) (21)

and

w(Tg)'(w)\| _ ax e
arg(l—i— Ty (w) >’< 5 0<a<l,wel) (2.2)
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where the function g(w) is given by (1.2).

We first state and prove the estimates on the coefficients |ag| and |ag| for functions
in the class C§£7 ().

Theorem 2.2. If f(z) given by (1.1) be in the class C&7 (), then

(r+2)
“ﬂ<“”+”¢m+anM+mw+m+u—&mw+nw+m] (23)
and
a(y +2)(y +1)?
jas] < (h+1)(py —p+4y+2) (24)
Proof. For f given by (1.1), we can write from (2.1) and (2.2)
2(T)"(2) _ o
L+ TG [p(2)] (2.5)
|4 w(39)"(w) (2.6)

where p(z) and ¢(w) are in familiar Carathedédory Class P (see for details [7]) and
have the following series representations:

p(2) = 1+ p1z +po2® + p3z’® + -+ (2.7)
and
q(w) =14 qw + gw’® + gzw® + - - . (2.8)
Now, equating the coefficients (2.5) and (2.6), we find that
+1
2: 7% = Py, (2.9)
2
(2 +1) 7 \y+1) 2 2 '
+1
—25_’_1@ =aq (2.11)
and
6(u+2)(u+1) ., , p+1\? afa—1) ,
———(2a5 —a3) — 4 = —q- 2.12
('Y+2)(’Y+1) ( [ ad) N1 a; = aqs + 5 q1 ( )
From (2.9) and (2.11), we get
P1=—q1 (2.13)
and )
+1
8 (:+1> a3 =*(p + qf). (2.14)
Also from (2.10), (2.12) and 2.14, we get
2 _ o?(p2+ @) (v +2)(v +1)°

a5 = (2.15)

Ap+1)Ba(p+2)(y+1) + (1 =3a)(n+ 1) (y+2)]
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According to the Carathedédory Lemma (see [7]), |pn| < 2 and |g,| < 2 for n € N.
Now taking the absolute value of (2.15) and applying the Carathéodory Lemma for
coefficients po and g2 we obtain

|a |<\/ 042(7"‘2)(7"‘1)2
A=V D) Bal+2)(y+ )+ (1 -3a)(u+ )y +2)]°

This gives desired bound for |as| as asserted in (2.3).
Now, in order to find the bound on |ag|, from (2.12) and (2.10) and (2.13), we can

write
{72(u +2%(p+1)*  48(u+2)(u+1)° } "
(v +2)2(y + 1) (v +2)(y+1)3
:a{(12(u+2)(u+1) 3 4(M+1)2> 4 4(u+1)2q2}
(v+2)(v+1)  (v+1)7? (v+1)?
6o —1)(p+2)(p+1) 5

(y+2)(v+1) v

(2.16)

If & =1 then

(v+2)(y+1)?
p )y — p+ 4y +2)
Now, we consider the case 0 < o < 1. From (2.16), we can write

{72(u+2)2(ﬂ+ 1)2 48(u+2)(u+1)3}R6(a) (2.17)

las| <
(

(v+2)2(y+1)? (v +2)(y+1)3

{ (um (D) A 1)2) A+ 1) }
= aR - ) o+ T g
(y+2)v+1) (v (v+1)
6afa— D(u+2)(u+1) ,
(v+2)0+1)
From Herglotz’s Representation formula [15] for the functions p(z) and g(w), we have

27 —it
14 ze™*
p(z) /O 1 — se—it pa (t),

+Re

and

1
where p;(t) are increasing on [0, 27| and p;(27) — p(0) =1 ,4=1,2.
We also have

27 —it
1+ we
= ——dus(t
q(w) /o —we—it pa(t),

27
Dp = 2/ e~ dpy (t), n=12,...
0

27
qn:Q/ e M dpgy(t), n=12....
0
Now (2.17) can be written as follows:

{72(u +22%(p+1)*  48(u+2)(p+1)°
(v+2)*(v+ 1) (v+2)(y+1)°

} Re(as)
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N FAE A IR VR R Vi VY B(ut1)? "
~o{ (e Ty ), e+ /1 2o |

B D (1 ) ([ sttt
0

(y+2)(v+1)

R2(p+2)(ut1)  Ap+ 1) 77 Apt1)? o7
Sza{(w+2xv+n <v+n2>l 2 (D) 7 +>2/w 2“”“%

2a(l —a)(p+2)(u+1) [ [ ’
L e ey <A sy 1)

oy (242t 1) A(p+ 02\ [ .
=2 ( v+2)(y+1) (v +1)2 ) /0 (1-2 t)dp (t)
2

Sa(u+ 1?7, 2a(l— a)(u+ D+ 1) [ [*7
+W/O (1—-2sin"t)dpa(t)+ CEDICES) (/0 smtd,ul(t)) .

By Jensen’s inequality ([16]), we have

(/0% |Sint|dﬂ(t)> < /O % sin? tdp(t).

{ 7200 +2)*(u+ 1% 48(u + 2)(u + 1P } Re(as)

2P0+ 102 (+2)( 1P ’
1200+ 2)(n+1)  A(u+1)?
§2“<<v+mw+n ‘<v+D2>

g (A2 D) A DN T
4<<w+mw+¢> w+n2>A tdy (1)

ol £ Lo 10
- sin” td o (¢
MCES TR TR T

2Ua(l—a)(p+2)(p+1) [ .,
R T A 0

a(y +2)(y +1)?
(p+1)(py —p+4y+2)

2

Hence

and thus

Re(as) <

which implies
a(y +2)(y +1)?

(h+1)(py —p+dy+2)
This completes the proof of theorem. O

las| <

If we take v = p, in the Theorem 2.2, we obtain following corollary.

Corollary 2.3. Let f(z) given by (1.1) be in the class C&"(a) (0 < a < 1). Then
2a
(v+1)*

las| < and lag| <
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3. Coefficient estimates for the function class C{7(/5)

Definition 3.1. A function f(z) given by (1.1) is said to be in the class C&7(3)
O<pu<1l;0<y<1; p>7v; 0<pu—y<1)if the following conditions are satisfied:

fex  and Re{1+%}>ﬁ (0<B<1,z€l) (3.1)
wd (39)"(w)
w(%g)" (w

where the function g is inverse of the function f given by (1.2).

For v = p, the class of C&7(B) is reduced to Cx(83) of bi-convex of order 3
(0 < 8 < 1), which is introduced by Brannan and Taha [5], [6].

Theorem 3.2. If f(z) given by (1.1) be in the class C&7(B), then

(1-8)(y+1)32(v+2)
|az| < \/(u+ T vy (3.3)

and )
las| < A=A +1)°(v+2)
TNy —p Ay +2)
Proof. The inequalities in (3.1) and (3.2) can be written in the following forms :

2(31)"(2)

(3.4)

14 2 g4 (- e (35)
and
w(Tg)"(w)
L+ TTw) B+ (1-B)g(w) (3.6)

where p(z) and ¢(w) have the forms (2.7) and (2.8), respectively. As in the proof of
Theorem 2.2, by equating coefficients (3.5) and (3.6) yields,

p+1
Sr1 T (1=B)p1, (3.7)
St DD, (1Y e
(Y+2)(y+1) 3 4(’Y+1> 3= (1-B)p2, (3.8)
p+1
*27 %= (1-B)a (3.9
and
S+ 2+ 1) (Y
(’Y+2)(7+1) (2a3 3) —4 <’Y+1> 2= (1-8)g. (3.10)
From (3.7) and (3.9) we get
P1=—q1 (3.11)

and

p+1 ? 2 _ 2,2, 2
s(457) d=0-020t+ad) (3.12)
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Also from (3.8) and (3.10) we obtain

- +(iy)$1);(5i§)7 2= (1= 5)(p2 + a0). (3.13)

Thus, clearly we have

|a2|2§ (1_ﬁ)(’7+1)2(7+2)
Ap+1)(py — p+ 4y +2

Applying the Carathéodory Lemma for the coefficients ps and g2 we find the bound

on |az| as asserted in (3.3).

In order to find the bound on |ag|, we multiply

R2(p+2)(p+1) 4(p+1) A(p+1)°

L N G LR G,
to the relations (3.8) and (3.10) respectively and on adding them we obtain:
{24(u+2)(u+ 1)2(/w—u+47+2)}a
(7 + 130y +2)2 ’
A(p+1)(2uy 4+ p+ 5y + 4) 4(p+1)>
=(1-5) B 2 5 42
(y+2)(v+1) (v+1

Taking the absolute value of (3.15) and applying the Carathéodory Lemma for the
coefficients ps, g2 we find

) (Ip2] +lg2]) - (3.14)

(3.15)

1-Br+1)*(r+2)
pA 1)y — p+ 4y +2)
which is asserted in (3.4). O

las| <
(

If we take v = u, in the Theorem 3.2, we obtain following corollary.
Corollary 3.3. [5], [6] Let f(z) given by (1.1) belong to Cs(B) (0 < 8 < 1). Then

las] < v/1—p and las] <1 - 3.
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