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Operator norms of Gaufl-Weierstraf3 operators
and their left quasi interpolants

Ulrich Abel

Abstract. The paper deals with the Gaufi—Weierstrafl operators W,, and their left
quasi interpolants Wy[f']. The quasi interpolants were defined by Paul Sablonniére
in 2014. Recently, their asymptotic behaviour was studied by Octavian Agratini,
Radu Paltanea and the author by presenting complete asymptotic expansions.
In this paper we derive estimates for the operator norms of W, and WJLT] when
acting on various function spaces.
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1. Introduction

For 1 < p < +oo and ¢ > 0, let LE (R) denote the space of all locally integrable
functions f : R — R, such that the weighted norm [| fwel|, )

00 1/p
1Al 22 ey = (/ |f ()P we (t) dt) (1<p<+00),
1fll ooy == ess Sup |f(O)]we (@) (p=+00)

is finite, where the weight function w, is given by
we (t) == e .
In the particular case ¢ = 0, we obtain the ordinary spaces L{ (R) = LP (R) and

L& (R) = L (R), respectively.

This paper has been presented at the fourth edition of the International Conference on Numerical
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The nth Gaui-Weierstrafl convolution operator W, (see, e.g., [7, Section 5.2.9])

is defined by
Wi f) () = \/Z/OO e~ (1) dt, (1.1)

Note that the integral on the right-hand side exists, for f € L? (R), provided that
n > ¢. We have convergence lim (W, f) (z) = f (z) in each continuity point 2 € R of
n—oo

f € L2 (R). The operator W, played a key role in the original proof of the Weierstraf
approximation theorem. The properties of W, have been studied by many authors
(we refer to [8] for details). What regards the local rate of convergence as n tends to
infinity the sequence (W),,) satisfies the Voronovskaja-type formula

lim n(Waf) (@) — f (2)) = ~ " (2).

n— oo 4

provided that the derivative f” (z) exists. For more smooth functions the operators
W, possess the complete asymptotic expansion

1

TRk f2R) (x) (n — 00). (1.2)

(W) () ~ f (z) + >
k=1

This formula follows from [4, Theorem 5.1] where it was proved for a more general
sequence of operators introduced by Altomare and Milella [6, Eq. (2.5)]. Eq. (1.2)
is valid also with respect to simultaneous approximation [2, Proposition 3.4.] where
it turns out that the asymptotic expansion can be differentiated term-by-term. In
particular, for m =0,1,2,..., we have

m 1
tim n (W)™ (2) = 1) (2)) = §
Eq. (1.2) was rediscovered, for polynomial functions, by Sablonniére [11, Theorem 1] in
2014. With this recent paper he renewed the interest in Gaufi—Weierstrafl operators.

Sablonniere defined left and right quasi-interpolants W' and W.", resp., of Wi,
presented their explicit integral representations and derived a plenty of nice properties.

FE (a).

n—oo

In particular, Sablonniére [11, Theorem 5] expressed the operator norm of Wy[ﬂ with
respect to the uniform norm in terms of a certain integral which cannot be exactly
evaluated. He proved that r + /2 is an upper bound on this operator norm [11,
Theorem 6].

In this paper we considerably improve the upper bound. Furthermore, we study
the operator norms of W, and W' when acting on various function spaces.

2. The left quasi interpolants

The Gaul—Weierstrafl operators possess the representation

_ 1 2%k
W = Z 4kk!nkD
k>0
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as a differential operator on the space of algebraic polynomials [11, Theorem 1]. Here
D denotes the differentiation operator. The inverse operator [11, Theorem 1] is given
by

Vo Z (-n* D2k
" 4k kInk ’
k>0
Composition of the the partial sums VTW of order » and W,, defines the left quasi
interpolants

T k
o /0] _ (=1)" ok
Wi = VI oW, = 30 o DM,
k=0

[11, Subsection 4.1].
By [11, Theorem 3] (where Hs, (x —t) correctly reads Ha, (v/n(z —t)) in the

first representation), the left quasi-interpolants Wr[f] of the Gaufi—Weierstraf} operators
possess the integral representation

(w07) = [2 [ o (a0 a2

The polynomials H,, are defined by

~ T (_1)k
Hop () = Y = How (2), (2.2)
k=0

where Hy denote the Hermite polynomials [11, p. 38]. Sablonniére proved the explicit
representation [11, Theorem 4]

- (2r+ D! & (- " 2r—k)
H = r . 2.
2 () ! kZ:OZka! 2r —2k+ 1)1 (2:3)

In the next section we frequently make use of the following Lemma.

Lemma 2.1. Forr =0,1,2,..., the polynomials Ha, satisfy the relation

/ h (ﬁzr (t))2 edt = (r +T1/ 2). (2.4)

— 00

Furthermore, we have the estimate
2/r +3/4 < ﬁ(r +T1/2> <o/r+l  (r>0) (2.5)
and the asymptotic relation
\/77_(7’ +7°1/2> ~ 241 (r — ). (2.6)

Remark 2.2. In other words, we have

_ \/7?<1"+1/2)'

HH27"
r

LE(R)
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Proof of Lemma 2.1. Taking advantage of the orthogonality of the Hermite polyno-
mials (see, e.g., [5, formula 22.2.14]) we obtain

0 r _1\k T _1\J 00 5
/_ . H3 (t)exp (—t2)dt = kz( 41«1131 ;( 4;7,)! /_ . Hoy, () Hyj (x) e~ dt

H2, (z) et dt

Application of the well-known identity [10, formulas (1.108) and (1.109)]
i: 1 2k\  (r+1/2

4\ k) r
k=0

proves Eq. (2.4). The bounds from below and above are a consequence of the estimate
[12]

y+1/4<m<\/y+l/w (y>0).

Using I' (3/2) = /7/2, this implies

2 r+1/2 I'(r+3/2)
—/ 1/2+1/4 ="’
AV < ( r ) T (3/2)T (r + 1)

< 2 +1/2+1/

—\/T .

S JF
Application of the well-known formula [5, formula 6.1.47]) yields the asymptotic re-
lation

JE r+1/2 _r(1/2) I'(r+3/2) NG 1+2 NG
r B ra/2)rr+1) r

as r — o0. O

3. The operator norms of 1V,, and W) in the space L> (R)
We consider the operator norm of
Wl L (R) = L™ (R)

with respect to the sup-norm on L* (R). Sablonniére [11, Theorem 5] gave the fol-
lowing result.
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Proposition 3.1. The operator norm with respect to the sup-norm on L> (R) is given
by

HW[T] et dt.

n

1 /°° ‘ -
- o, (L
@@ v ) 22 )

Note that the value of HWM is independent of n. As in [11, Theorem 5]

(L>=(R),L>=(R))
we put, for the sake of brevity,

N, = HW,ET]

Remark 3.2. In the special case 7 = 0 we obtain the well-known operator norm
[Wall (o (R, oo (r)) = 1 of the Gaui~Weierstrali operator Wy, since Ho (z) = 1.

(L (R),L>(R))

Since the proof given in [11] is not completely correct we present a proof.

Proof of Prop. 3.1. Let f € L*° (R). By Eq. (2.1), we have

(WW / Ho (et f <x - %) dt.
Hence, for all xz € R,
[(WEF) @) < Mo 15 e
which implies

W05 ey =

Lo (R)
The function fy (t) = sgn(ﬁgr (f\/ﬁt)) satisfies
[ H > (Wl — N, =N, -
[Whsol], . gy = (WE110) (©) = N = No oo
which completes the proof. O
Using the well-known estimate |Ha, (2)| < 271/(2r)e®” /2 (sce, e.g., [9, Subsec-

tion 1.5.1, p. 31]), Sablonniére [11, Theorem 6] proves, for r = 0,1,2,..., the both
estimates

N, < \@JT =12

We improve these upper bounds as follows.

Theorem 3.3. Forr=0,1,2,..., the operator norm HW;LT] = N, satis-

1/2
N, < (r—i— 1/2) _.D.
r

‘ (L= (R), L (R))
fies the estimate
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Lemma 2.3 implies the asymptotic relation

4
Dr~4—r (r — o0)
™

and the following estimate.

Corollary 3.4. Forr =0,1,2,..., the operator norm HWK]

= N, pos-
(Lo (R),L>(R))

sesses the upper bound
r+1
-

N, < (/4

The next table shows some numerical values of N, up to r = 10, its estimates
V20, and C, by Sablonniere, followed by the new estimate D, from Theorem 3.3:

N, r \/50'7‘ Cr D i

r
1114 241 241 1.22
21122 328 341 1.37
31128 4.07 441 1.48
4 (133 481 541 1.57
5 | 137 551 641 1.65
6 140 6.18 741 1.71
71143 6.83 841 1.77
8 | 145 746 941 1.83
9 | 147 8.07 1041 1.88
10149 8.66 11.41 1.92

Proof of Theorem 3.3. By Prop. 3.1, we have
1 <~ —
HWT[LT] = — / ’HQT (t)‘ \% €_t2 €_t2dt.
VT oo
Application of the Schwarz inequality implies that

st e (2

where the last equality follows from Eq. (2.4) of Lemma 2.1. O

(Lo (R),L>(R))

4. The operator norms of W, and W,Q’"] in weighted spaces

4.1. Weighted spaces
In the following we suppose that ¢ > 0. Put f. = w_¢, i.e.,

£ () = et

n
anc A/ Efnc/(nfc)-

Then, for all n > ¢,
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Note that, for ¢ > 0, it holds ¢ < ne/ (n — ¢). This means that the space L° (R) is not
invariant under the mapping W,. The function f. € Lg® (R) satifies ||fc| ;o0 (r) = 1.

However, W, f. ¢ L (R). Therefore, we consider the mapping W, : L (R) —
L (R), for some vy > c. Note that nh_>1rgo ne/ (n — ¢) = c implies that nc/ (n —¢) <,
for sufficiently large integers n. More precisely, we have W, f. € L3° (R), for all integers
n satisfying

0> e/ (v - ).
In the following we consider only such values of n.

4.2. The space L (R) equipped with the weighted sup-Norm

Let ¢ > 0. Suppose that f € L (R) and Wr[f]f € L (R), for some v > c.
As we know, this is the case if n > ~e¢/ (v — ¢). For these n, the operator norm

HWT[LT] = HW}LT] is defined by
(Le°(R),L5(R))
||
T B =
FELZ (R) ||f||Lgo(R) fELE(R) L (R)
f;éO ||f”1,gc(u§)=1

Theorem 4.1. Let r € N. If 0 < ¢ < 7y, for all integers n > 2~vc/ (v — ¢), the operator

norm HW&T] satisfies the estimate

(Le°(®),L5 ()

< r+1/2 1/2 n(y—c) 1/4
(L), L2 (R)) r n(y—c) —2cy '

Remark 4.2. By Eq. (2.5) of Lemma 2.1, we have the upper bound

f,mt+1 n(y—c
IIWnll(Lgc(R),L$°<R>)S\/4 T (n(v—C)—QCW '

Remark 4.3. In the special case r = 0, we obtain the estimate
1/4
n(y—c
W < R S A—
I n||(L?°(R)’L3°(R)) - (n(’Y —c)— 2c’Y>

for the classical Gauli—~Weierstraf3 operators W,, = WT[LO].

HWM

n

Remark 4.4. The limit n — oo leads for ||

to the upper bound
(L= (R),Le° (R))

/ 7“-1—1/2 \/7 (r > o0)

Proof of Theorem 4.1. Let f € L2° (R). By Eq. (2.1), we have

(weir) @ =7 [ (- 0) Hw (1) we (8) £ (1) .
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which can be estimated by

‘( T]f \/7/ ‘Hzr (z—1)) ’ exp (—n (t— x)2> w_.(t) dt

x sup | f (£)] we (t)
teR

A change of variable replacing ¢ with  — t/+/n yields
1 el 2 2
(7] il —t?+c(z—t/vn .
|(Wh's) @) < \/E/_OO‘H” (0] Tt ey

Hence,

HWT[LT]fHL“(R) - Sup (Wr[f]f) (:r)’eﬂﬂﬂ2

z€R

1 R
< sup < / ’HQ t
z€eR \/77— —0o0 T( )
t 2 2
For fixed ¢, the expression ec(==t/Vi)" o=72® attains (as a function of z) its maximum
at x = —ct/ (v/n (v — ¢)), such that

sup ec(“’“’ft/\/ﬁ)zefw2 = exp (th) .
n(y—c

ot re(z—t/vR)? g e”“"2> Ml oo ry -

z€R —-C
Consequently,
2 2
Wy / ‘HT ex ( (1 )t)dt~ o (R) -
H Loo(R) ? P n(y—-c ”fHLC )
Hence,
1 R Y
W’I’[Lr] < 7/ ‘H - (t ‘exp (— (1 — ) t2) dt.
H (Le®).Le®) ~ VT J_ o 2 (1) n(y—c)

Application of the Schwarz inequality yields

/O; ‘ﬁzr (t)’ exp ( (1 - n(;’w_c)) t2) dt

/O:o ‘ng (t)‘ Vet Ve exp <— <1 - W)) t2> dt

n(y—c

\//Oo (ﬁgr (t))ze—t2dt\//oo exp [ — <1 - n(icjc)> t2> dt
(i)

By Lemma 2.1, and using the well-known identity ffooo exp (—atz) dt = \/7/a, for

a > 07 we obtain
9 9 —-1/2
< \/( 1/ ) (1 - 707 )
(Lr_' (R)»LSD(R)) 7 n (’}/ — C)

IN

s

n
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which completes the proof. O
4.3. The space L! (R)

Now we consider the case p = 1.

Theorem 4.5. Let f € LL(R). Then, for all integers n > 2c and each real v >
c(1—2¢/n)"", it holds

HW’I’[LT] < Tr =
(LL(R), L2 (R)) — s
and
—2c
wlr] <7 . n—ee
H " liem) = T\ T 2e/n)y - ¢
where

"1 25\ V2
=)y (j ) '
7=0
Proof. Let n > 2¢. For f € L (R), we obtain
(Wi 7) @)] < Ko @) 1712 e
with

Ko@) = \[%sup e (Vi (o = )] exp (= (6= ) o 0

T teR

< \/ﬁsup H,, (u)’ e~ v’/2 - exp (sup (ct2 _n (t— x)2>) )
T ueR teR 2

The well-known estimate |Hy, ()] < 27+/(2r)le®"/2 (see, e.g., [9, Subsection 1.5.1, p.
31]) implies the estimate

T N 1/2
- 1 /2
‘HQT (U ‘ - /2 E 2] ( J) = Tr

=0
which was already remarked by Sablonniére [11, Page 42]. Elementary calculus shows
that (ct2 -5 (t— :E)2) attains its maximum at ¢ = z (1 — 2¢/n) . Therefore,

n cx?
<./= — .
Kne (v) < \/;TT P (1 - 26/n>
Hence, for n > 2c,
i < " B O P \/H .
H " l(Liw), L)) T \/;T i‘éﬁe"p T 2¢/n v g
¢ 2
=7, d
(L1(R),LL(R)) fT / eXp( ( 1 —2c/n> v ) “

which implies the assertions. O

and
H Wil

n




234 Ulrich Abel

4.4. The spaces L? (R) with p > 1

Now we turn to the case p > 1. As usual let ¢ denote the conjugate number of
p satisfying 1/p+1/q = 1.

Theorem 4.6. Letp >1,q=p/(p—1), and f € L2 (R). Then, fory>c/(p—1) and
sufficiently large integers n, it holds

L 2
C 0 ()
(LE(R),L5 (R)) m by —qc

X (/O:o ‘HQ,. )" exp (—qt?) exp (%z@) dt)l/q.

(py —qc
Remark 4.7. In the special case 7 = 0 (note that Hy(t) = 1) one can explicitly
calculate the integral

o0 cvq T
A e ==

—oo (v —cq 1= rin

s

n

which tends to y/m/q as n — oo. Hence, for the Gaui—~Weierstrass operators W, holds

(=)
py—cq—5L)

=

1 1
2p 72

IWallp®),Le z)) < 7

Proof. We estimate

(wis) @) = \/Z /O; Hop (Vi (= 1)) 7" w0y (1) - wey (1) £ (1)

1.

by Hélder’s inequality (note that % -

1
2q 2p)'

’(Wy[f]f) (x)‘ < \/Z (/Z ‘FI27" (Vn (z— t))’qe’"q(t*z)zwq_c/p (t) dt)l/q

’ </—O:o we,, () 1 @O dt) e

ﬁ oo 1/q
= T\l/;r (/_ ‘H2r (t)‘qexp (_th) W—cq/p (JJ - \;ﬁ) dt) ”fHL’C’(]R)

= C(n,7,0,2) - || fll oy

Then, for v > ¢/ (p — 1), we have

s

Li®) <1C(nyryp )l pg wy 1wy
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with

||C (Tl, D, )HL?Y(R)

_ n? (/_Z (/_O; ’HQT (t)‘qexp (—qt?) w_qp (m - \/tﬁ> dt) w., (z) d:c)l/q
= (/_O; (/_O; W_cq/p <x - \/tﬁ) w, (z) das) ‘FIQT (t)| exp (—qt?) dt)l/q.

A short calculation yields
e t
W_cq/p | T — 7)) wy (z) de
oo 2
q t > 2
exple=zx—— ] —x dx

/_oo ( p ( Vin )

[T (C‘”t?) .

Py —cq (py —ac)n

||C (n,?",p, )”L%(R)

1 0 1/q
n2p p / ’ ~ “1 2 ( cqy 2) )

= Ho, (t)] exp(—qt®)exp | —————t° | dt .
ﬁ( py—ac) ool ” 0 (=at") (py —qc)n

11
The estimate now follows by noting that (1/7) e = g O

-9

3
<

q

S

Furthermore,

4.5. The special case p =g = 2

In the special case p = ¢ = 2, we obtain, for v > ¢ and sufficiently large integers n,

1€ (7,2, ) 2 =) = (ﬂélc)) % (/_Z ‘ﬁgr (t)’Qexp<— (2 - (Wmc)n> t2> dt>1/2.

~ 2 .
Note that ‘ng (t)‘ = H2 (t). Therefore, one can explicitly evaluate the integrals for
each integer value r.

In particular, for » = 0, we obtain the explicit expression

1/2

IN|
3

1
n
HC’(n,r,?,')HLg(R) = (7r(> 5_ e

V= C) T (y=on

- {s=a=am

Hence, Theorem 4.6 reduces to the next corollary.
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Corollary 4.8. Let f € L?(R). Then, for v > ¢ and sufficiently large integers n, it
holds

[

(L2(R),L2(R))

1

(252) ([lon( (o Z)e)o)”

In particular, for r = 0, the operator norm of the classical Gauf3—Weierstraf$ operators
satisfies the estimate

n
T e—
HWnH(Lg(R),L?,(R)) = \/2 (y—¢)—cy/n

Concluding remark. If we allow v to depend on n, we can choose v = -"—c = v (n),

such that exp (f (2 - = ) t2) = exp (—t?), then

n(y—c)

< (n (n—c) T
(L2223, ®) ~ cn
Finally, by Eq. (2.4) of Lemma 2.3,

2r

Z

L2®)

e ()

(L2m).L2 ., ®) ~ c? r

By estimate (2.5), it follows that
n—c)

Hw[r] < </4n(
"oll(rzwy,L2, ®) T cn

Note that v (n) tends to ¢ (from above) as n — oo. For large values of n both norms
L? (R) and Li(n) (R) are close together.

(r+1).
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