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Modified Kantorovich-Stancu operators (II)

loan Gavrea and Adonia-Augustina Oprig

Abstract. In this paper, we introduce a new kind of Bernstein-Kantorovich-
Stancu operators. These operators generalize the operators introduced in the
paper [2] by V. Gupta, G. Tachev and A.M. Acu.
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1. Introduction

For f € C([0,1]), the Bernstein operator of degree n is defined by

Bu(fia) = Y pa@)s (£ e o
k=0

where

Dk (T) = (Z)xk(l —z)" % k=0,1,...,n

and p, x(z) =0if k <O0or k > n.
In [3], H. Khosravian-Arab, M. Delghan and M.R. Eslahchi, starting from well-known
equalities
Prk(z) = (1 — 2)pp—1,5(x) + 2Pp—1,k-1(2)
and
Prk(x) = (1= 2)*pp_o (@) + 22(1 — 2)pp_2k-1(x) + 2°pn_sp—2(z), 0 <k <n
have introduced modified Bernstein operators:
(i) BM:! defined by

n

By (fix) = pail ()] (fL) ;o e(0.1] (1)

k=0
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where
pi\f];l = a(z,n)pn—1,k(z) + a(l — z,n)pr_1,k-1(z)
and
a(z,n) =ai1(n)z +aog(n), n=0,1,...
(ii) BM2 defined by

& k
B = St () e (1.2
k=0 "
where
pff,’f(m) = b(x,n)pp_o k() + d(z,n)pp_ok—1(x) +b(1 — 2,7)pr_2k—2(x)
and
b(x,n) = ba(n)x? + by (n)x + bo(n),
d(z,n) =do(n)z(l —z), n=0,1,...
ap(n), a1(n), bo(n), bi(n), ba(n) and do(n) are the unknown sequences which are
determined in appropriate way for each forms.
V. Gupta, G. Tachev and A.M. Acu ([2]) have considered the operators:

n k+1

K2 (i) = o )Y wlfi o) [ r(s)ds (13)

k=0 1

and / -
KY2(fi) = ()Y p ) [T fs)ds. (1.4)

k=0 nt+T

Here, they have discussed a uniform convergence estimate for these modified opera-
tors. In 1968, D.D. Stancu ([5]) has introduced the linear positive operators

B{*? - C([0,1)) — C([0, 1))
defined by

k+a
(@7,3) E

where «, 8 are two fixed real numbers such that 0 < a < .
In 2004, D. Barbosu ([1]) has introduced Kantorovich-Stancu operators

K9 = La([0,1]) — €([0,1])

defined by
) n nEE
KO (fia) = (nt B+1) D pon(@) [ f(s)ds.
= [=xcEa)

Regarding the previously modified operators, we note the following:
(a) The operators BM:! and B2 are linear combinations of the operators P( 1)

and Prg ’1), respectively of the operators Péoj), Pfllj) and Pé;Q), more precisely
BMY(f:x) = a(x, n)P,(LO_’})(f; z)+a(l -z, n)PT(Ll_’i)(f; x)
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and
BY2(f2) = blw,n) P35 (fi2) + d(w.n) P13 (i) 4+ b(1 = 2,m) P23 (f5);
(b) The operators KMl and KM2 are linear combinations of the operators
Kff’;l) nd Kﬁl 1, respectively of the operators KfLO;QQ), Kr(tlj) and Kfi’?, therefore
KMY(fiz) = a(z,n) KOV (F2) + a(l — 2,n) KV (f; 2)
and

KNP (i) = bar, ) K25 (fi) + dla,m) K15 (i) + b(1 = ) K25 (f ).

From the above reasons, in this paper we introduce, for any o, 8 € R, 0 < a < 3 the

operators
n kt+o+1

n+B+T
K (e =+ B+ )Y phli@) [ fls)ds (1.5)
k=0 AT
and
7(05,/3) LI, TEATT
(Fi) =+ 5+ 1Y it [ f)is (1.6)
k=0 AT

We mention that the Kantorovich-Stancu type operators Fff’ﬂ)

recent paper submitted for publication ([4]).

was studied in a

2. Auxiliary results

a,)

Lemma 2.1. The central moments ofK are given by:

s+ 1\ [(k+1 ' 1
S+1ank {Z< i )(n—l—lx (n+8+1)577

K9 ((t - )

7

=0
s+1—i . stl—i—j
) +1—1 k+1
_1yi+(® _ . 2.1
X[;()<y‘ A =y
Proof.
" wEE
KR ((t—2)*2) = (n+ B+ 1)an,k(x)/ (t —=)%dt
k+a
= n+p+1
1 & kta+1 O\ k+a !
— 1) —— - - — - 2.2
(”+B+)s+123”*@)<n+6+1 m) <n+6+1 I) 22
Because
k+ta+1l  k+1 kta+1l k+1

nt B+l T nrtl ThyB+l ntd

k+1 n BkJrl 1
= — X o —
n+1 n+l)n+B8+1’
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(k +a+1 )s+1
—— —=
n+B8+1
§ sH+1) (kt1 ‘ PLED) st 1
= — X o — n
n+1 n+1 (n+4 B+ 1)s+i-i

( k+a )S+1
—_— =
n+p+1

”1s+1 k41 i 41\ 1
—E —x a—1-0 —.
n+1 n+1 (n+ B+ 1)stl-

we have

and

KO ((t - a)

So, (2. )becomes
Ssen\ (ke )1
S+1ank {Z< )<n+1 x) (n+B+1)—"

[ =))

= s\ (k41 1
:8+1ank { < ><n+1 z) (n+B+1)—

k=0
s+1—4 . s+1—1—3
; +1—14 E+1
1)+t $ _
X[E:( ) ( j )(a Bn+1>

j=1 }
B+1 200+ 1

n+ﬂ+1x 2(n+ B +1)’
n—(2a+1)(8+1)

GRS ESIEEC
(,B—Qa)(ﬁ+1)x2 302 +3a+1
(n+B8+1)2 3(n+B+1)%
(38+5)n—(B+1)°

Remark 2.2. For s = 1,6 we have

KA (t —zy0) = —

K O((t—a)’a) =

a, 3., 2
K&t —2)*2) = — CE IR At
N (12a + 10)n — 6(2 + 1)(B 4+ 1)2 + 4(8 + 1)3I(1 )
4n+p+1)3
_M&ﬁ+&w4ﬂﬁ+”—6@&+UW+1P+4@+1P$
4n+ B +1)3
402 + 602 + 4o+ 1
dn+p+1)3 7
K@Dt — 2)h z) 3n? —2(3+4(B+1)+3(B+ 1)2)n(£(1 o))

(n+B+1)*
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[4(20+1) +2(6a +1)(B+1) —6(8 +1)*In —2(2a + 1)(B+1)° ,
- (1 —x)
(n+p8+1)*
N (6a* + 10+ 5)n 4+ 22 + 1) (B + 1) — 2(3a* + 3a + 1)(8 + 1)?
(n+pB+1)*
220+ 1)(B+1)% = 2(30% +3a + 1)(B+ 1)* + (4o + 60® + 4o+ 1)(8 + b
(n+B+1)*
5at + 1002 + 1002 + 5a + 1
5(n+ 8+ 1)* ’
[(308 + 70)22%(1 — x)3 + (30a — 303 — 35)z%(1 — 2)?] ,

KD ((t - o)) = 200+ 5 +1)7 :

x(1—x)

~30(B41)* +60(8 +1)* +90(8 + 1) + 2

3(n+B+1)5 (- 2)°

+

+60(5 +1)% =452 = 1)(8 +1)* = 30(4a — 1)(6 + 1) — 9(10a 4 1)
3(n+pB+1)°

_30(B+1)3—15(6a+1)(B+1)*415(60” +2a+1)(B+1)+2(30a>+30a+13)

3(n+B+1)°
o(3)

45(8 + 1)22%(1 — x)?
(n+B8+1)°

(1 — x)?

r?(1—2)

3002 + 75a2 + 75a + 28
3(n+p+1)>5

z(1—x)

1523(1 — )3
Kéa’ﬁ)((tfm)(i;m) = (nx+(ﬁ+f;6 ¥

(12023(1 — )® + 15(6cr — 1)23(1 — 2)?)(B + 1)
(n+pB+1)°

13022 (1—2)* + 10(12a—T7)2%(1—2)3 + 5(9a” —3a + 2)z2 (1 —x)?
_l’_
(n+pB+1)°

9 1

3. Main results

=(e,B)
Here, we will extend the results from [4] for modified operators K, ~ defined
by (1.6).
It is easy to see that

—=(.8) N N
K, (f;x) = b(a;n) K52 (fr ) + dla; n) KOG (f )

+b(1 — 23 n) K (fra). (3.1)



202 Ioan Gavrea and Adonia-Augustina Oprig

Lemma 3.1. Fori=0,1,2, the moments of?n(ti;x) are given by:

T (1 2) = (2ba(n) — do(n)a? — (2ba(n) — do(n))z + ba(n) + by (n) + 2bo(n),
=(@B) — (2(n —2)x +2a+3)(2b2(n) — do(n)) 3
K, (tz)= CE Y z(z—1)
L (n=4)(b2(n) +b1(n) +2(n = 2)bo(n)
n+p+1
N (2a+ 5)(ba(n) + b1(n)) + 2(2a + 3)bo(n)
2(n+p+1) ’
(@.8)

K, (t%z) = [(2b2(n) — do(n))x(z — 1) + ba(n) + by (n) + 2by(n)]
" [(n— 2)(n—3)m2 2(a + 1)(n—2)x 302 +3a+1
(n+ B+ 1)2 (n+pB+1)2 3(n+B+1)2
[2(21)2(71) —do(n))z®  (2(2ba(n) — do(n)) + 4(ba(n) + by (n)))x?
(n+p+1) (n+B8+1)°
4(ba(n) + by (n) + bo(n))
(n+pB+1)?
+2(a + 1)(2b2(n) — do(n)) + 2b2(n) 22
(n+ B +1)2
B {2(04 + 1)(2b2(n) — do(n)) = 4(a+ 2)ba(n) + 2(2a + 3)b1(n)
(n+ B+ 1)2 (n+B+1)2
22+ 3)(ba(n) 4+ b1(n) + bo(n))
(n+pB+1)2

z| (n—2)

=(.8)
We want to demonstrate the uniform convergence of the sequence (K,  f)n>2.

For this purpose, we will consider that

) =1
< 2by(n) — do(n) =0 and ba(n) + by (n) + 2by(n) = 1. (3.2)
Using these, we obtain that
=(.f) 4by(n) —p—5 2004+ 5 — 4bg(n)

K, (bz)=z+ T N R T N

=(p) 5 n? — (9 — 8bg(n))n + 16 — 2by (n) — 20by(n) 22

K (2) = (n+p+1)
+2(a + 3 — 2bp(n))n + 2b1(n) + 8(a + 3)bo(n) — 4(2a + 5):17
(n+ B+ 17
3a? + 15a + 19 — 6(2a + 3)bg(n)
3(n+pB+1)2 '
B+5 .
Assume that 8 = 2a, for by(n) = 0 the above expressions become

K@) (t2) = 2
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38°+186+ 14
12(n+p+1)2°

(@) (12, 1) — n+2b1(n) +(B+2)(8+5)
K2 o) =% + (n+B+1)2

n+(8+2)(8+5)
2

z(1—x)

we have that

Taking by (n) =

~ 382 + 183 + 14
KB (42, 2) = 22 — )
By (3.2) we obtain

n+2+(8+1)(8+5)

b2 (n) = B

and
do(n) =n+2+ (8+1)(8+5).
In this situation, we can give other expressions for the first six central moments.

Lemma 3.2. _
K@ (t -z 2) =0,

36824188 + 14
C12(n+ B+ 1)2°
1—-2x
W[Q(Sﬁ + T)nz(l — x)
+2(8% + 982 + 218+ 13)x(1 — ) + 8% + 98% + 238 + 15,
7 (uB) (4 _ 4. _i2 N2 1
K2 ((¢ x),x)—(n+ﬁ+1)4x (1—-ux) +O<n3>7

1B+,

R (= 0)fi0) = 21— a2 - 1)+ 0 (7).

R (= a)%a) =

R (= a)%s) = =

~ _ 3

Using this, we will prove the following result:

Theorem 3.3. For z € [0,1], if f € C©([0,1]), we have

~ 1

Re(pi) - 1) =0 (). (53)
for sufficient large n.

Proof. Applying the Taylor’s formula to the operators IN(,(La’ﬁ) we have

6
REeD(fi2) = f@) + 3 G RED (- 0520/ (@)
k=1""

+ K& (p(t; ) (t — 2)5; ),

where p is a continuous function.
It is sufficient to prove that

R (p(ts )t — )652)| = O ( ! ) | (3.4)

n2
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We know that operators are not positive, so we rewrite them like this
KD (o) = K50 (f50) = K357 (f0)
where
B (fi) = (ba(n)a® + bo(n)) - K252 (fi2) + do(n)ar - K752 (f50)
+ ba(n)z? - Kfff’ﬁ“)(f; )

and
K (i) = —bi(n)a - KX (f0) + do(n)a? - KB (fra)

+((2b2(n) + by (n))x — (ba(n) + by(n) + bo(n))) - KK (fr2).

We note that I?fﬁl’ﬂ ) and f(ffg’ﬁ ) are linear and positive operators.

KD (p(t; 2)(t — )% 2)| < |KSP (ot 2)(t — )% 2)]

+ IR (ol )0 = )5 2)] (3.5)

Computing K( ’B)((t — )% ), i = 1,2, we obtain the following expressions

~ (a.) 5 150*(1 — 2)3(1 + x)n? n’ :

K . — M = A —_— =

n,t ((t ./L‘) 7‘1") (n+/3+1)6 + Z(a7/8’x)(n+ﬁ+l)6’ ? 172
where
Ai(o, ) = 15(8% + 68 + T)a* (1 — 2)* (1 + z)
—[1202*(1 — 2)*(1 + 2) + 15(6c + 5)x* (1 — 2)%(1 + 2)](3 + 3)
+452°(1 — 2)2(1 + ) (B + 3)% + 13023 (1 — 2)*(1 + 2)
+10(12 + 5)2* (1 — 2)*(1 + ) + 5(9a® + 15a + 8)2* (1 — 2)*(1 + z)
3(1 — )3

and

Az(a, B,x) = 15(8 + 68 + T)a' (1 —2)*(1 + z)
—[1202*(1 — 2)*(1 + 2) + 15(6c + 5)x* (1 — x)%(1 + 2)](3 + 3)
+452°(1 — 2)2(1 + 2)(B + 3)? + 13023(1 — 2)* (1 + =)
+10(12 + 5)2* (1 — 2)*(1 + 2) + 5(9a® + 15a + 8)2* (1 — 2)*(1 + z)
15(8+ 1)a3(1 — x)3
Because p is a continuous function, there exists aill M > 0 such that |p(t;z)| < M,

V x,t € [0,1]. Using the above results for I}(a»’ﬁ)((t — )% ), we obtain

= (,8) B 1524(1 — 2)3(1 + x)n* 1
R (ot - o5 < b | PRSI o (1)

1 :
=0 (n2> i=1,2.
So, (3.4) is proved.

Combining this with Lemma 3.2, we complete the proof of theorem.

+4523(1 — x)% —
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