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Quantitative results for the convergence of
the iterates of some King type operators

Marius Mihai Birou

Abstract. In this article we construct three ¢-King type operators which fix the
functions ey and e2+ae1, a > 0. We study the rates of convergence for the iterates
of these operators using the first and the second order modulus of continuity. We
show that the convergence is faster in the case of ¢ operators (¢ < 1) than in the
classical case (¢ = 1).
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1. Introduction
In [4] the authors introduced the operators B, o : C[0,1] — C[0,1], n > 1, given by
Brod @ = 3 (M) (@)1 = (o)1 (£ ()
n,a i k n,a n,a n)’ .

where a € [0,00) and

Una(2) = — et \/(noz +1)2 | nax+ xz).

2(n—1) 4(n—1)2 n—1

The operators B, . preserve the functions eg and ea+ae;, where e;(z) = 2',i=0,1,2.
For o = 0 the operator B, , reduces to the King operator (see [7]).

In this article we consider three g-operators of King type which fix the func-
tions ey and es + ae;. We study the convergence of the iterates of these operators.
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Rates of convergence are obtained by using the first and the second order modulus of
smoothness, i.e.

wi(f,8) =sup{|f(z+h)— f(x)]:z,xa+he€[0,1], 0<h <},

wa(f,0) = sup {|f @+ h) = 2 (@) + f(@ — W) : 2,0 £ h € [0,1], 0< h < 6},
where f € C[0,1] and 6 > 0. We get better results in the case of the considered
g-operators (¢ < 1) than in the classical case (¢ = 1).

Other quantitative results related to the convergence of the iterates of some
positive linear operators may be found in [1], [2], [3], [6], [9], [8], [12].

We remind some notations from g-calculus which we use in the construction of
the operators. For ¢ € (0,1) we have:

e ¢-integer:

e g-factorial:
[nlg! = [n]g[n —1g-..[1]g, n=1,2,..., [0]g! =1,

e ¢-binomial coefficients:

o g-integral

| t@de=a-0Y fa

n=0

2. Convergence of the iterates of the positive linear operators which
preserve some functions

Let 7 : [0,1] — [0,1] a continuous strictly increasing functions satisfying the
conditions 7(0) = 0 and 7(1) = 1.
Let P: C[0,1] — C[0,1] the operator given by

Pf(z) = (1 —=7(x)) f(0) + 7(2) f(1). (2.1)
The following theorem is a direct consequence of Theorem 3.1 from [5].

Theorem 2.1. Let L : C[0,1] — C[0,1] a positive linear operator which preserves the
functions e, T and has the set of interpolation points {0,1}. If there exists ¢ € C|0, 1]
such that
Le 2 ¢ on (0,1),
then
lim L™f = Pf,

m—r oo

uniformly on [0,1].



Convergence of the iterates of some King type operators 175

Theorem 2.2. [3] Let 7 : [0,1] — [0,1], 7 € C*0,1], strictly increasing, 7(0) =
7(1)=1,7(0)# 1, 7(1) # 1 and 7(z) # =, € (0,1). Let L : C[0,1] — CI0,1] b
linear positive operator which preserves ey and T and let
—9 2
c= sup r(@) — 227(z) + 2 (2.2)
0<z<1 |z —7(2)|
and
Om(x) = |L™ei(z) — 7(x)|, = €]0,1]. (2.3)
If

0<dm(x)<1/4, xz €(0,1),

then we have, for every x € [0, 1],

L7 (@) = Pf(@)| < /om(@wr(f,v/om(@) + (14 5) walfy v/om(@))

and

L™ () — PF(2)] < 26 f||+<\/ +”C) o (@)-

If we take
ey + aeq

1+«
with a > 0, then the operator P from (2.1) becomes

Pf(x) = (1- a)l(:_J;m + a)f(O) n x(lx—:aa)

and for the constant ¢ from (2.2) we get

)

f(1), z€[0,1], feC0,1]  (24)

c=a+2.

In the next sections we obtain estimations for d,,(z), € [0, 1] given by (2.3) for
three new operators which preserve ey and es + aey, a > 0. Using Theorem 2.2 we
get quantitative results for the convergence of the iterates of these operators.

3. The King modified g-Bernstein operator

The classical Berstein operator is given by

ank <> Fec], «elo,1,
where

Prk(r) = (Z) ab(1— )"k

In [11] Phillips constructed the g-Bernstein operator:

By, o f(z ankq, (gj ) g€ (0,1, feCo,1], = €lo,1],
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where
n n—k—1
postaie) = | | o IT - ao)
q s=0
The King modified ¢-Bernstein operator is given by

K'}L,q,af(aj) = B"f(un7q7(¥(x))a f € C[Ov 1}7 T e [07 1]7
where 4y, q.o @ [0,1] — [0,1], n > 1 are continuous and strictly increasing functions
having the properties w, q.o(0) =0, U, q.o(1) = 1.
From properties of the the g-Bernstein operator we have
K’I’ll q,aeo(x) =1,

K} gae1(2) =t g.a(®),

Klﬂb 2(7) = (“n,q,a(x))Q + umq,a(x)(%n]—qun,q,a(x))-

Imposing that the operator K} n.q.a Dreserves the function ez + ey, a > 0 we get

o+l , [t 1P [ltes+ )
u”’q’a(m) - 2([n}q —1) " \/4([n}q —1)2 * [n]q -1

Particular cases:
e ¢ = 1 — the operator constructed in [4]
e ¢ =1, @ =0 — the King operator (see [7])
e oo = 0 — the ¢g-Bernstein King operator (see [8])

Theorem 3.1. The sequence of the iterates of the operator K} g,a Converges uniformly
to the operator P given by (2.4).
Proof. For every z € [0,1] we have
K,ll e eifz) —z = uUpgalzr)—2x (3.1)
_z(z—1)
], —1 [n]qa+1 rleatD? | [rly(aata?)
Il S+ S+ ) 4

It follows that
K}L’q’ael(x) —x <0, xz€]0,1],

with equality if and only if z € {0,1}. The conclusion follows from Theorem 2.1 by
taking ¢ = e;. g

Theorem 3.2. If

Ommaal®) = (Kpga)" ei(w) -

then we have the estimation

5L aal@) < <(a+2)([n}q_l)>mx(l_x) —Monaal@), z€0,1. (32)

x2—|—ax

760717
5o ©€0.1]
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Proof. For x € {0,1} we get 6 (z) =0 and (3.2) holds.

m,n,q,x
For z € (0,1), using (3.1) we get
K71L7q,a61(50) — < -1
z(1—x) = [nlga+2[n)g — 1

We observe that
K} ae1(x) — 22 B K}, oe1(z) —x .

z(l—x) - z(l-2) = [n]ga+2[n), —1°
It follows that

2 2

<+ ax 22 + az

Kngac1®) - lta Ky goei(z) — 2% +a® - Tra
o

= sz,q,ael(x) - x2 - o+ 11‘(1 — l‘)

(2 TEL S
[nlga +2[n], -1 a+1
_ (a+2)([ng—1) (x x2_|_a:v>
(a+2)[n]y—1 1+«
Taking into account that the operator K\ , , preserves (ez + ae1) /(1+ a) we obtain
m %+ ax a+2)([n]ly—1\" %+ ax
(K g0) " erle) - 00 < (02 Z D)7 (- o tor)

and the conclusion follows. O

Theorem 3.3. We have the following estimations:

(K g.0)" f(x) = Pf(2)] (3.3)
@
< \Phnge@er (£ Aga@) + (245 ) w2 (£ Minga@) s @€ 0,1]
and
|(K}L,q,a)mf(x) - Pf(.’L')’ (34)
3 9+«
< W a1+ (53 Mm@+ 25 % )l N gale). 2 € 0.1
Proof. The conclusion follows using Theorem 2.2 and Theorem 3.2. d

For ae = 0 the estimations (3.3) and (3.4) were obtained in [2].
The function h;,, , : [1,00) = R,m > 1 defined by

2 t—1)\"
Mot = (EreZL)
’ t(2+a)—1
is strictly increasing. If 0 < ¢1 < g2 <1 then [n],, < [n]q, and therefore
hm o ([0)gy) < Pa o ([1]gs), M > 1.

From Theorem 3.3 it follows that the estimation |(K}L,q17a)mf(x) — Pf(z)|,z €[0,1]
is smaller than the estimation [(K} . )™ f(z) — Pf(z)|, = € [0,1]. Taking 1 = q €
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(0,1) and g2 = 1 we get that the g-operator K % .o Provides better convergence of the

iterates than the classical operator K}L’La.

4. The King modified g-Stancu operator
The ¢-Stancu operator constructed by Nowak in [10] is given by

Prafa) = 3wl (2)f ([’”) 020, qe(0,1], feC.1], x 0,1,

k=0 [l
where s . |
H (z + ali]q) (1 —q'z +alily)
q,a n =0 i=0
w”vk(l‘) - |: k :| n—1
q I (1 +alil)

Particular cases:

e ¢ =1 — the Stancu operator (see [13])

e a = 0 — the ¢-Bernstein operator (see [11])
We consider the King modified ¢g-Stancu operator

Kfz,(l»a,af(x) = P f(un,q,a,0(2)),

where Uy g.q,0 : [0,1] = [0,1], n > 1 are continuous and strictly increasing functions
having the properties uy q.4.0(0) =0, Up g ,q.o(1) = 1.
From [10] we have

K’?L,q,a,ozeo (37) = 17
2

Kn,q,a,ael(x) = u"h%‘ha(m)?
K72I,q,a,0462(m) — %4_1 (un,q,a,a(l’)(l]*umq,a,u(ﬂi)) + un,q,a,a(x)(x + un’q’a’a(x))) .

[nlq

If

n],(1+ a)(ax + x2
umq,a’a(w) = _ﬁn,q,a,a + ﬁ%,q,a,a + [ ]q( )E 1 )7
[n]q

where
_ 1+ [n]gla+a+aa)

(0 P

then the operator Kﬁ,q,a,a fixes the functions ey and eg + aey, a > 0.

Theorem 4.1. The sequence of the iterates of the operator Kﬁyq’aya converges uniformly
to the operator P given by (2.4).

Proof. We use Theorem 2.1 with ¢ = e;. Indeed, we have

K} 0,061 (@) = @ = tngaa(r) =7

and therefore

K2 e1(x) —x = sz —1) L+ [nga <0, (4.1)

ma,a,a — ’ n a)(az+tzx
[n]q 1 ﬁn,q,a,a + \/ﬁ%,q,a,a + [ ](I(lﬁr;]j(_l + 2) + x
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for all x € [0,1], with equality only for z € {0,1}. O

Theorem 4.2. If

x2+aac

) 60717
7o ©€0.1]

m
672n,n,q,a,a('r) = (K'?L,q,a,a) el(x)
then we have the estimation

5 (a+2)(n], - 1) Trl-=x)
é (x)§<( )

m,n,q,a,o ac +a +a+ 2) [n]q 1 1+a = m,n,q,a,a(x)y

for all x € [0,1].

Proof. From (4.1) it follows that

K2 "e(x) —x 1
( n»qﬁua) 1( ) S _ + [n}qa ,x c (0, 1)7
z(l—x) 2([nlg —1) 1+ Brg.a,a)
Using the same steps as in Theorem 3.2 we get the conclusion. O

Theorem 4.3. We have the following estimations:

(K2 g00)™ F(@) = PH@)| £\ N giaa @ (£ N (@)
+ (24 5) @ (£ X ngaa@) 201

and
’(Kfz,q,a,a)mf(x) - Pf(!E)‘ < 2)\%'1,n,q,a,oc(x) ||f||
3 9+«
+ (3 Pmana@ + 5% el N gaa@). 2 € 0.1
Proof. The conclusion follows from Theorem 2.2 and Theorem 4.2. O

The function b, , , : [1,00) = R, m > 1 defined by

([ @tai-1 \"
M a0 (t) = (t(2 +a+a+aa) - 1>

is strictly increasing. If 0 < ¢; < g2 < 1 then

M0 ([May) < B 06 ([]ga), m > 1.

m,a,x m,a,x

From Theorem 4.3 it follows that the estimation |(K2 , , )™ f(z) — Pf(z)|,z € [0,1]
is smaller than the estimation |(K27q2’a7a)mf(x) — Pf(z)|, « € [0,1]. In particular,
taking q; = ¢ € (0,1) and g2 = 1 we get that the g-operator K2 has a better

n,q,a,&

rate of convergence for the iterates than the operator K2 | , .
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5. The King modified gq-genuine Bernstein-Durrmeyer operator

The ¢-genuine Bernstein-Durrmeyer operator introduced in [9] is given by

Un,qf () = Pno(q; ) f(0) + pnn(q; x) f(1) (5.1)

1
’ﬂ - ]- Z q pn k Qa )-/0 pn72,k71(q; qt)f(t)dqta

for every f € C[0,1] and every z € [0,1]. For ¢ = 1 we get the classical genuine
Bernstein-Durrmeyer operator.
We consider the King modification of the g-genuine Bernstein-Durrmeyer operator

K’z,q,af(x) = Unﬂf(un,q,a(x))a

where 4y, q.o @ [0,1] — [0,1], n > 1 are continuous and strictly increasing functions
having the properties w, q.o(0) =0, U, q.o(1) = 1.
From [9] we have
3 —
Kn ,q, a® ( ) - 13
K3 a€1(7) = tn g (1),

K;Q,l a a€2(m) _ (un’z’i(ax))Q + [2]1171’”"17(1(‘%‘)(1 — unﬁqﬂ(x)) )

[n+1],
It
i) = It oo+ 2l \/ (in+ g +[2? | [0+ Uglaz+22)
2([n +1]q = 2]4) Aln+ 1y =121 [n+1]g— 2
then the operator K32 preserves the functions ey and ey + aey, a > 0.

n,q,o

Theorem 5.1. The sequence of the iterates of the operator K3 g,0 COnverges uniformly
to the operator P given by (2.4).

Proof. We have

Kr?;,,q,ael(x) T = Ungalr) -2
__ale-n) B
T —P n+1]q (ax+x
[’ﬂ,+ }q [ ]q "qu,a‘k\/f)/%,q,a‘km%»x
where
[n + 1,0 + [2),
Tn,q,a

B 2([n + Hq - [2]q).
It follows that
Kﬁyq’ael(x) —x <0, z€][0,1],

with equality only for « € {0,1}. Using Theorem 2.1 with ¢ = e; we get the conclu-
sion. O
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Theorem 5.2. If
% + ax

0,1
1+a7x€[7]a

673n,n,q,a (Z‘) = (Kz,q,a)mel (Jﬁ)

then we get

3 (@+2)(n+1]y—2)\" 2@ —2) 4
6m,n,q,o¢( )S ( (a+2) [n—l—l]q— [Q}q ) 1+a - m,n,q,oc(x)a

for all x € [0,1].

Proof. We get the conclusion using the same steps as in Theorem 3.2 and taking into
account the inequality

(K%q,a)m 61(.1‘) — X [2]q
x(1— ) S Tt Dnt 1, 2, z € (0,1). O

Theorem 5.3. We have the following estimations:

(K g.0)" f(2) = Pf(z)| < (5:3)

N @ (£ N ng@) + (24 5 ) w2 (£ gal@) @€ 10,1]

and
|(K2,q,a>mf(x) - Pf($)| < (54)
3 9+«
2 a0 @ U1+ (53 Mm@ + 25 )2l Mgl 2 € 0.1
Proof. The conclusion follows from Theorem 2.2 and Theorem 5.2. O

For ae = 0 the estimations (5.3) and (5.4) were obtained in [3].
The function h3 :(0,1] = R, m > 1 defined by

m,mn,o

b (q):(( (@ +2)(¢% — g™+ )m

e a+2)(1—g*tt) — 1+ ¢2
is strictly increasing. From Theorem 5.3 it follows that if 0 < ¢; < g2 < 1 then
the estimation |(K,3L)ql’a)mf(x) — Pf(z)|, # € [0,1] is smaller than the estimation
|(K73L,q2,oc)m (z) = Pf(z)|, z € [0,1]. Taking q; = ¢ € (0,1) and go = 1 we get that
the convergence of the iterates of the g-operator Kg,q,a is better than that of the
operator K%La.
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