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Properties of absolute-x-k-paranormal operators
and contractions for x-A(k) operators

Ilmi Hoxha, Naim L. Braha and Agron Tato

Abstract. First, we see if T' is absolute-x-k-paranormal for k > 1, then T is
a normaloid operator. We also see some properties of absolute--k-paranormal
operator and *-A(k) operator. Then, we will prove the spectrum continuity of the
class #-A(k) operator for k > 0. Moreover, it is proved that if T" is a contraction
of the class *-A(k) for k > 0, then either T" has a nontrivial invariant subspace
or T is a proper contraction, and the nonnegative operator

1
D= (T*|T‘2kT) BT \T*|2

is a strongly stable contraction. Finally if T € - A(k) is a contraction for k > 0,
then T is the direct sum of a unitary and C.o (c.n.u) contraction.
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1. Introduction

Throughout this paper, let H and K be infinite dimensional separable complex
Hilbert spaces with inner product (-, -). We denote by L(H, K) the set of all bounded
operators from H into K. To simplify, we put L(H) := L(H,H). For T € L(H),
we denote by ker(T') the null space and by T'(H) the range of T. The null operator
and the identity on H will be denoted by O and I, respectively. If T' is an operator,
then T™ denotes its adjoint. We shall denote the set of all complex numbers by C,
the set of all non-negative integers by N and the complex conjugate of a complex
number X by X. The closure of a set M will be denoted by M and we shall henceforth
shorten T'— Al to T — A. An operator T' € L(H), is a positive operator, T' > O,
if (T'x,z) > 0 for all x € H. We write by o(T'), 0,(T), and 0,(T) spectrum, point
spectrum and approximate point spectrum respectively. Sets of isolated points and
accumulation points of o(T') are denoted by isoc(T') and acco(T), respectively. We
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write r(T) for the spectral radius. It is well known that r(7') < ||T’||. The operator T
is called normaloid if r(T") = ||T|.
A contraction is an operator T such that | Tx| < ||z| for all x € H. A proper

contraction is an operator T' such that ||Tz|| < ||z|| for every nonzero x € H. A strict

contraction is an operator such that ||| < 1 (i.e., sup, 4o % < 1). Obviously, every

strict contraction is a proper contraction and every proper contraction is a contraction.
An operator T is said to be completely non-unitary (c.n.u) if T restricted to every
reducing subspace of H is non-unitary.

An operator T on H is uniformly stable, if the power sequence {T™}°_, con-
verges uniformly to the null operator (i.e., ||T™| — O). An operator T on H is
strongly stable, if the power sequence {T™}>°_; converges strongly to the null oper-
ator (i.e., |T™z|| — 0, for every « € H).

A contraction T is of class Cy. if T is strongly stable (i.e., |T™z| — 0 and
|ITz|| < ||z| for every x € H). If T* is a strongly stable contraction, then T is of class
Clo. T is said to be of class Cy. if lim, o0 [|T™|| > 0 (equivalently, if Tz 4 0 for
every nonzero z in H). T is said to be of class C.y if lim,—, o0 || T*™x|| > 0 (equivalently,
if T*™x 4 0 for every nonzero x in H). We define the class Cyp for o, 8 = 0,1 by
Cap = Cqa. N C.3. These are the Nagy-Foiag classes of contractions [21, p.72]. All
combinations are possible leading to classes Cyg, Co1, C1o and C11. In particular, T'
and T™ are both strongly stable contractions if and only if T is a Cyy contraction.
Uniformly stable contractions are of class Cyy.

For an operator T € L(H), as usual, |T| = (T*T)z. An operator T is said to be
a normal operator if 7*T = TT* and T is said to be hyponormal, if |T|?> > |T*|?. An
operator T € L(H), is said to be paranormal [11], if | T?z| > ||Tx||? for every unit
vector z in H. Further, T is said to be x-paranormal [1], if ||T?z| > ||T*z||? for every
unit vector x in H.

In [13] authors Furuta, Ito and Yamazaki introduced the class A operator, re-
spectively the class A(k) operator defined as follows: For each k > 0, an operator T
is from class A(k) operator if

(T*|T|2kT) %ﬂ > |T|2,

(for k = 1 it defines class A operator), and they showed that the class A is a subclass
of paranormal operators.

In the same paper, authors introduced the absolute-k-paranormal operators as
follows: For each k£ > 0, an operator T is absolute-k-paranormal if

[T T > [|Ta|**,

for every unit vector x € H. In case where k = 1 it defines the paranormal operator.
The class A(k) operator is included in the absolute-k-paranormal operator for any
k > 0, [13, Theorem 2]).

B. P. Duggal, I. H. Jeon, and 1. H. Kim [5], introduced x-class A operator. An
operator T' € L(H) is said to be a x-class A operator, if |T?| > |T*|2. A *-class A is a
generalization of a hyponormal operator, [5, Theorem 1.2], and *-class A is a subclass
of the class of x-paranormal operators, [5, Theorem 1.3]. We denote the set of *-class
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A by A*. An operator T € L(H) is said to be a k-quasi-*-class A operator [20], if
T*k, (|T2| _ |T*|2> Tk Z O,
for a nonnegative integer k.

In [24] authors, S. Panayappan and A. Radharamani introduced the class *-A(k)
operator and absolute-x-k-paranormal operator.

Definition 1.1. For each £ > 0, an operator T is absolute-*-k-paranormal if
T T > ||T x|
for every unit vector x € H.
In case where k = 1 it defines the *-paranormal operator.
Definition 1.2. For each k£ > 0, an operator T is class *-A(k), if
(T[T PAT) > (TP,

In case where k = 1 it defines the A* class operators.
In this paper, we shall show behavior of the class - A(k) operator and absolute-
*-k-paranormal operator.

2. Properties of absolute-*-k-paranormal operator and *-A4(k)
operator

Theorem 2.1. If T is an absolute-x-k-paranormal operator for k > 0, then T is a
normaloid operator.

Proof. Let T be an absolute-x-k-paranormal operator. In case where £k = 1, T is a
s-paranormal operator, then by [1, Theorem 1.1] it follows that T" is a normaloid
operator. Following, it will be proved that for k£ > 1 the operator T is a normaloid
operator, because for 0 < k < 1, it was proved in [3](Theorem 2.9). Without losing
the generality, assume || T|| = 1. Since T is an absolute-x-k-paranormal, then

[T+ < [T T|[|2] < || T* [ IT|Te||l2]* < T |]*
for all z € H. Therefore,

|7 ]+
W < ||T2x|| < ||| (2.1)
for all z € H.
By definition of ||T*||, there exists a sequence {z;} of unit vectors such that
1Tz = 177 = T = 1. (2.2)
Put 2 = z; in (2.1), then we have.
T*l'i k+1
e <17 <l =1 (23)

so, [|[T2x;|| — 1, by (2.2) and (2.3), that is
172 =1 = ||T")*.
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Let us now suppose that
T 2] — 1, |[T" 22| — 1 and | T 3z, — 1 for n > 3. (2.4)
Put x = T" 2z, in (2.1), then we have

[T 2 || *+! _

W < Tl < T2l (2.5)
1

From Cauchy-Schwarz inequality we have

[T 2]

T3

From relations (2.5) and (2.6) we have

< |7 T 2. (2.6)

[ o i WA ST
[ T
respectively:
|7 g|[M2 |T2a 2 TTR  me (ay
||Tn73xi||k+1 - ||Tn73xl,||k+1 — ||Tn72l'i“k = il > ill- .

Hence, [|[T"z;|| — 1, by (2.4) and (2.7) that is ||T™| = 1 = ||T'||"™. Consequently
17" =1 =17",
for all positive integers n by induction. O

Example 2.2. An example of non-absolute-*-k-paranormal operator which is a nor-
maloid operator. Let us denote by

1 00
T=10 00
0 1 0
Then ||T"|| = ||T||™ for all positive integers n. However, the relation

1T T > ||+

does not hold for the unit vector es = (0,0,1). With which was proved that T is a
non-absolute-*x-k-paranormal operator, but it is a normaloid operator.

It is known that there exists a linear operator 7', so that T"™ is compact oper-
ator for some n € N, but T itself is not compact. For instance, take any nilpotent
noncompact operator (If (e,), is an orthonormal basis of H then the shift defined by
T(e2n) = e2p41 and T(e2,41) = 0 is not a compact operator for which 7% = O).

In this context, we will show that in cases where an operator 71" is an absolute-
x-k-paranormal operator and if its exponent T" is compact, for some n € N, then T’
is compact too.

Theorem 2.3. If T' is an absolute-x-k-paranormal operator for k > 0 and if T™ is
compact for some n € N, then it follows that T is compact too.
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Proof. Compactness of T™ implies countable spectrum (consisting of mutually or-
thogonal eigenvalues ([26], Theorem 6)), this then implies 7™ normal compact, hence
T is normal compact. O

Corollary 2.4. If T, R are absolute-x-k-paranormal operators for k > 0 and if T™ and
R™ are compact for some n,m € N, then it follows that T & R is compact too.

Corollary 2.5. If T, R are absolute-x-k-paranormal operators for k > 0 and if T™ is a
compact operator for somen € N or R™ is a compact operator for some m € N, then
it follows that T ® R is compact too.

Lemma 2.6. [16, Hansen Inequality] If A, B € L(H), satisfying A > O and |B|| <1,
then
(B*AB)° > B*A°B for all § € (0,1].

Lemma 2.7. [12, Lowner-Heinz Inequality] If A, B € L(H), satisfying A > B > O,
then A% > B? for all § € [0,1].

A subspace M of space H is said to be nontrivial invariant(alternatively, T-
invariant) under T if {0} # M # H and T(M) C M.

Theorem 2.8. If T is a class %-A(k) operator for 0 < k <1 and M is its invariant
subspace, then the restriction T |pr of T to M is also a class x-A(k) operator.

Proof. Since M is an invariant subspace of T, T' has the matrix representation

(A B _ n
T—(O C) on H=M® M-—.

Let P be the projection of H onto M, where A =T |y and <A

(0]
o O> =TP = PTP.

Since T is a class *-A(k) operator, we have
1
P ((T*|T\2T) T |T*|2) P>0.

By Hansen inequality, we have

‘A*|2 O - |A*|2 |B*|2
O O -
< (PT* P\T|2kPTP)T
Since
P|TP*P < (P|T|*P)",
then

PT*P|T|**PTP < PT*(P|T|*P)*TP.
By Lowner-Heinz inequality we have

(PT*P|T|? PTP)™ < (PT*(P|T|?P)*TP)™" |

(47 ) < (e o)

So, we have
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Hence, A is a class - A(k) operator on M. O

Theorem 2.9. If T is a class x-A(k) operator, has the representation T = A @® A on
ker(T — \) @ (ker(T — \))*, where X # 0 is an eigenvalue of T, then A is a class
x-A(k) operator with ker(A — X) = {0}.

Proof. Since T=X® A, then T = ()\ O) and we have:

O A
o2k T ez (IAPETD @ FTOARE 0
(T ‘T| T) |T ‘ - < 0] A*‘A|2kA o) |A*‘2

_ (e o _<A|2 o>
O (A*]A]RA)=T OV

(o 0
- 19) (A*‘A|2kA)m—|A*|2

Since T is a class - A(k) operator, then A is a class x-A(k) operator.
Let z2 € ker(A — A). Then

(T =) (fg) = (8 a2 A) (i) N (8> ‘

Hence my € ker(T — )). Since ker(A — \) C (ker(T — \))*, this implies 2o = 0.
Representation of T implies A — X is injective and by Theorem 2.8 A is x-A(k). O

3. Spectrum continuity on the set of class x-.4(k) operator

Let {E,}nen be a sequence of compact subsets of C. Let’s define the infe-
rior and superior limits of {F,},en, denoted respectively by liminf, ,..{E,} and
lim sup,,_, .. {Fn} as it follows:

1) liminf, oo{Fn} = {\ € C: for every e > 0, there exists N € N such that

B\ e)NE, #0 for all n > N},

2) limsup,,_,..{En} = {X € C: for every € > 0, there exists J C N infinite

such that B(A,e) N E,, # () for all n € J}.

If

liminf{F, } = limsup{E,},
n—00 n— o0

then lim, . {E,} is said to exists and is equal to this common limit.

A mapping p, defined on L(H ), whose values are compact subsets on C is said to
be upper semi-continuous at T, if T,, — T' then limsup,,_,. p(T},) C p(T'), and lower
semi-continuous at T, if T, — T then p(T) C liminf, . p(T,). If p is both upper
and lower semi-continuous at 7', then it is said to be continuous at 7" and in this case

The spectrum o : T — o(T') is upper semi-continuous by [15, Problem 102}, but
it is not continuous in general, [25, Example 4.6]
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We write «(T') = dimker(T"), S(T) = dimker(T*). An operator T' € L(H) is
called an upper semi-Fredholm, if it has closed range and «(7T") < oo, while T is called
a lower semi-Fredholm if 8(T") < co. However, T is called a semi-Fredholm operator if
T is either an upper or a lower semi-Fredholm, and 7T is said to be a Fredholm operator
if it is both an upper and a lower semi-Fredholm. If T' € L(H) is semi-Fredholm, then
the index is defined by

ind(T) = o(T) — B(T).

An operator T € L(H) is said to be upper semi-Weyl operator if it is upper semi-
Fredholm and ind(7T") < 0, while T € L(H) is said to be lower semi-Weyl operator if
it is lower semi-Fredholm and ind(7") > 0. An operator is said to be Weyl operator if
it is Fredholm of index zero.

Lemma 3.1. [22] If{T},} C L(H) and T € L(H) are such that T,, converges, according
to the operator norm topology, to T then

isoo(T) C liminf o(T5,).
n—oo

Lemma 3.2. [2] Let H be a complex Hilbert space. Then there exists a Hilbert space
Y such that H CY and a map ¢ : L(H) — L(Y) with the following properties:

1. ¢ is a faithful x-representation of the algebra L(H) on'Y, so:
o(In) =1Iy , o(T") = (o(T))" , ¢(T'S) = e(T)p(S)
o(aT + BS) = ap(T) + Bp(S) for any T,S € L(H) and o, B € C,
2. o(T) >0 for any T >0 in L(H),
3. 04(T) = 04(p(T)) = 0((T)) for any T € L(H),
4. If T is a positive operator, then o(T%) = |p(T)|*, for a > 0,
Lemma 3.3. If T is a class x-A(k) operator, then o(T) is a class *-A(k) operator.

Proof. Let ¢ : L(H) — L(K) be Berberian’s faithful x-representation and let T be a
class #-A(k) operator. Then, we have

1

(@) (D)) T — TP = (pT)o(ITPRe(T)) T = |o(T*)
- ( T*|T\2’“TT7¢<|T*|2>)
P

thus ¢(T') is a class *-A(k) operator. O

¥
(P — |7 2) > 0

Theorem 3.4. The spectrum o is continuous on the set of class x-A(k) operator for
k> 0.

Proof of the theorem is based in idea’s given in the paper [6].

Proof. Since the function ¢ is upper semi-continuous, if {T},} C L(H) is a sequence
which converges, to T' € L(H), by operator norm topology. Then limsup,, , ., o(T},) C
o(T). Thus, to prove the theorem it would suffice to prove that if {7}, } is a sequence
of operators so that it belongs to class - A(k) operator and lim,,_, ||T;, — T'|| = 0 for
some class #-A(k) operator T, then o(T") C liminf,, o 0(73,). From [25, Proposition
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4.9] it would suffice to prove o,(T") C liminf,, o(T},). Since o(T) = o(o(T)), o(Ty,) =
o(p(T)y) and 04(T) = 04(o(T)) we have
(T

n) <= 0a(@(T)) C liminf o(p(T),).

n—oo

0a(T) C hm mfa

Let A € 04(¢(T)). Then A € o,(p(T)).
By Theorem 2.9, ¢(T) has a representation

©(T) =A@ A on H =ker(p(T) — \) @ (ker(p(T) — \)* and ker(A — \) = {0}.
Therefore A — X is upper semi-Fredholm operator and «(A — A) = 0. There exists a
€ > 0 such that A— (\—po) is upper semi-Fredholm operator with ind(A—(A—po)) =
ind(A — A) and a(A — (A — po)) = 0 for every po such that 0 < |ug| < e. Let’s set
= X— pg, and we have p(T) — p = (A — p) @ (A — p) is upper semi-Fredholm
operator, ind(o(T) — p) = ind(A — p) and a(e(T) — p) = 0.

Suppose the contrary, A ¢ liminf,, ., o(¢(T),). Then, there exists a § > 0,
a neighborhood Ds(A) of A and a subsequence {¢(T),,} of {©(T),} such that
o(o(T)n,) N Ds(A) = 0 for every I > 1. This implies that ¢(T),, — p is a Fredholm
operator and ind(¢(T),, — u) = 0 for every p € Ds(A) and
i |[(o(T)n, — ) = (o(T) = p)|| = 0.

n—oo

It follows from the continuity of the index that ind(o(T) — p) = 0 and
o(T) — p is a Fredholm operator. Since a(p(T) — p) = 0, p & o(p(T)) for every
1 in a e-neighborhood of A. This contradicts Lemma 3.1, therefore we must have
A€ liminf, o o(0(T)y). O

It is well known Index Product Theorem: ”If S and T are Fredholm operators
then ST is a Fredholm operator and ind(ST) = ind(S) + ind(7T")”. The converse of
this theorem is not true in general. To see this, we have operators on [s:

T(z1,22,23,...) = (0,21,0,29,0, z3,...) and S(z1,z2,z3,...) = (T2, T3, T4, ...).

We see ST = I, so ST is a Fredholm operator, but S and T are not Fredholm
operators. However, if S and T are commuting operators and if ST is a Fredholm
operator then S and T are Fredholm operators. This fact is not true in general if .S
and T are Weyl operators, see [19, Remark 1.5.3].

Theorem 3.5. If S and T are commuting class x-A(k) operators for 0 < k <1, then
S, T are Weyl operators <= ST is Weyl operator.

Proof. If S and T are Weyl operators, by Index Product Theorem, we have that ST
is a Weyl operator.
The converse, since ST =TS then

kerS UkerT C ker(ST) and kerS™ U kerT™ C ker(ST)",

then S and T are Fredholm operators.

Since S and T are class *-A(k) operators, from [26, theorem 2] S and T are
class absolute-k*-paranormal operators and by [26, theorem 6] we have ind(S) < 0
and ind(T) < 0. From

ind(S) + ind(T") = ind(ST) =0
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we have ind(S) = 0 and ind(7") = 0, so S and T" are Weyl operators. O

4. Contractions of the class x-A(k) operator

Definition 4.1. If the contraction T is a direct sum of the unitary and C. (c.n.u)
contractions, then we say that 7" has a Wold-type decomposition.

Definition 4.2. [9] An operator T € L(H) is said to have the Fuglede-Putnam com-
mutativity property (PF property for short) if 7*X = X J for any X € L(K, H) and
any isometry J € L(K) such that TX = X J*.

Lemma 4.3. [8, 23] Let T be a contraction. The following conditions are equivalent:

1. For any bounded sequence {Ty }nenujoy C H such that Txp 11 = x, the sequence
{leal}nenuioy i constant,

2. T has a Wold-type decomposition,

3. T has the PF property.

Fugen Gao and Xiaochun Li [14] have proved that if a contraction T' € A* has
no nontrivial invariant subspace, then (a) T is a proper contraction and (b) The
nonnegative operator D = |T?| — |T*|? is a strongly stable contraction. In [17] the
authors proved: if T belongs to k-quasi-*-class A and is a contraction, then T has a
Wold-type decomposition and 7" has the PF property. In this section we extend these
results to contractions in class - A(k).

Lemma 4.4. [4, Holder-McCarthy inequality] Let T be a positive operator. Then, the
following inequalities hold for oll x € H:

1. (Trz,z) < (Tx,z)"||z)|>)=") for0<r <1,
2. (TTx,x) > (Tx,z)"||z)|>)=") forr > 1.

Proof of the theorems below is based in idea’s given in the paper [7].

Theorem 4.5. If T is a contraction of class x-A(k) operator, then the nonnegative
operator

is a contraction whose power sequence {D™}°; converges strongly to a projection P
and T*P = O.

Proof. Suppose that T is a contraction of class x-A(k) operator. Then

D= (T*|T|2’“T)%“ —|T*> > 0.
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Let R = D= be the unique nonnegative square root of D. Then for every = in H and
any nonnegative integer n, we have

(D"g 2y = ||R""z|> = (DR"z, R"x)
_1
= (TP T) " R, R ) — (T 2R e, R

1

(T[T TR, Ry ™ || R "4~ — |[7* R |2

T FT R || 757 | R |27 — || 7% R

T/ T # | R e |* — | T R |2

IR ||* — |7 R™=||*

IR"2||* = (D", x)

Thus R (and so D) is a contraction (set n = 0), and {D™}52, is a decreasing sequence

of nonnegative contractions. Then, {D"}52 ; converges strongly to a projection, say
P. Moreover

IN AN IA

m m
ST R z|* <> (IR ] — R 'a|?) = [l|® = |[R™ ) < [«
n=0 n=0

for all nonnegative integers m and for every x € H. Therefore | T*R"z|| — 0 as
n — 0o. Then, we have

T*Pz =T* lim D"z = lim T*R*"z =0,

n— oo n— oo

for every x € H. So that T*P = O. g

Theorem 4.6. Let T be a contraction of class x-A(k) operator. If T has no nontrivial
imvariant subspace, then
1) T is a proper contraction;
2) The nonnegative operator
1
D= (T*|T|2kT) E= ‘T*|2
18 a strongly stable contraction.

Proof. Suppose that T is a class x-A(k) operator.
1) From [18, Theorem 3.6] we have

T*Tx = ||T||*z if and only if |Tz|| = ||T||||z| for every = € H.

Put M = {z € H : |Tz| = ||T||||=z]|} = ker(|T|*> — ||T||?), which is a closed
subspace of H. In the following, we shall show that M is a T—invariant subspace. For
all z € M, we have

IT(T2)|? < |TIPNT=|* = | TI|=l* = [NT)*]* = |T*T|

1 1
< | (THTPRT) ST Ta||| T < || (T(T1PFT) 7 Ta|| T |-
So,
_1
Tl ]1* < || (T*|T A7) =7 Tl || T[],
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thus,
T3 ]| < || (T*IT\Q’“T) " T
and
1
1 2 5
”(T*\T|2kT) “Tra| = (TP T, )
1
< ((TTP7)° T, Ta) ™ | 7o) )
1 1— 1
= |||\ T)P*TT2 || | Tz || A~ 70
< \T) R | T )
= |IT|[|]|.
Hence,
|22l = || (T*|T]*T) F T T, (4.1)

From relation (4.1) we have

ITIPall = || (|7 P2T) 7 Ta|

1

<(T*|T|2’“T)’%+1 Ta,To)’

< <<T*|T|2kT)2vaTw>m||Tx||<1ﬁ>
= IIT*IT\%TTOJHMIITSUII )
< |77 (T |7 || T O D
Then,
ITI?ll2]l < |1 T(T2)|| = |ITI? |||l = |T(T2)],
respectively,

IT(T2)ll = | TIP|l=| = 1T T].

Thus, M is a T-invariant subspace.

Now, let T be a contraction, i.e., |[Tz|| < z, for every x € H. If ||T]| < 1,
thus T is a strict contraction, then it is trivially a proper contraction. If ||T|| = 1,
thus T' is nonstrict contraction, then M = {x € H : ||Tz| = ||z||}. Since T has
no nontrivial invariant subspace, then the invariant subspace M is trivial: either
M ={0} or M = H. If M = H then T is an isometry, and isometries have invariant
subspaces. Thus M = {0} so that |Tz| < |z| for every nonzero x € H. So T is
proper contraction.

2) Let T be a contraction of class *-A(k) operator. By the above theorem, we
have D is a contraction, {D"}22 ; converges strongly to a projection P, and T*P = O.
So, PT = O. Suppose T has no nontrivial invariant subspaces. Since ker P is a nonzero
invariant subspace for T whenever PT = O and T # O, it follows that kerP = H.
Hence P = O, and so {D"}32, converges strongly to null operator O, so D is a
strongly stable contraction. Since D is self-adjoint, then D € Cyy. O
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Corollary 4.7. Let T be a contraction of the class x-A(k) operator. If T has no non-
trivial invariant subspace, then both T and the nonnegative operator

1
D = (T*|T)**T) " — |T*?
are proper contractions.

Proof. Since a self—adjoint operator T' is a proper contraction if and only if T is a
Coo contraction. O

Theorem 4.8. If T is a contraction and class x-A(k) operator for k >0 , then T has
a Wold-type decomposition.

Proof. Since T is a contraction operator, the decreasing sequence {T™T*"}2° ; con-
verges strongly to a nonnegative contraction. We denote by

5= ( lim T"T*”)% .

n— oo

The operators T and S are related by T*S?T = S?, O < S < I and S is
self-adjoint operator. By [10] there exists an isometry V : S(H) — S(H) such that
VS = ST*, and thus SV* = TS, and ||[SV™z| — ||z| for every z € S(H). The
isometry V' can be extended to an isometry on H, which we still denote by V.

For an x € S(H), we can define z,, = SV"z for n € NU {0}. Then for all

nonnegative integers m we have

T" Ty = TSV g = SV*MY ™0y = SV = 1,

and for all m < n we have
T" %y = Tpem.-

Since T is class *-A(k) operator for k > 0 and nontrivial x € A(H) we have

lzall* = ITzpiall* < (T T@nia ||z
_1
< (TITPET) S Tanga | T2 [[|2n )12
1
< {(@ITPT) T, Tanga )T T2 |50 T [ |
_1 1
= | TTP* T T2 |77 |2 | 0 |2 | 21 |2
1 2k+1 9
< T T2 |7 | &7 g |
1 2k+1
S Y (2 [ (st P
hence
1 2k+42 1
lenll < et 75 llzn 355 < g (lanal + (26 + 2)[2n i)

Thus

2k +2) ([lznall = llznl)) = lzall = [len-ll
Put, b, = ||zn|| — |Zn-1]|, and we have

(2k + 2)bpt1 > by (4.2)
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Since z,, = T(xp+1), then
@]l = IT2p 1]l < l[#n sl for every n €N,
then sequence {||2n}nenuqoy is increasing. From
SV™ = Svryrtt = syt

we have
lznll = 1SV | = TSV || < |SV™Ha| < 2],

for every x € S(H) and n € NU {0}. Then {llzx || }nenugoy is bounded. From this we
have b,, > 0 and b,, — 0 as n — oo.

It remains to check that all b, equal zero. Suppose that there exists an integer
i > 1 such that b; > 0. Using inequality (4.2) we get b11 > 525 > 0, 50 biy1 > 0.
From that and using again inequality (4.2), we can show by induction that b, > 0 for
all n > 4. This is contradictory with that b, — 0 as n — oo. So b, =0 for all n € N
and thus ||z, 1| = ||z, for all n > 1. Thus the sequence {||zy||},enugo} is constant.

From Lemma 4.3, T has a Wold-type decomposition. (|
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