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Some properties of a new subclass of analytic
univalent functions defined by multiplier
transformation
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Abstract. The purpose of the present paper is to study the integral operator of

the form
z n 5
[ {75y
0

where f belongs to the subclass C'(n, «, 8, 1) and ¢ is a real number. We obtain
integral characterization for the subclass C'(n, «, 8, 1) and also prove distortion,
rotation and radii theorem for this class. Relevant connections of the results
presented here with various known results are briefly indicated.
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1. Introduction

Let A denote the class of functions f of the form
(oo}
f(2) :z—|—Zakzk, (1.1)
k=2

which are analytic in the open unit disk U = {z : z € C and |z| < 1} and satisfy the
normalization condition f(0) = f’(0) — 1 = 0. Let .S be the subclass of A consisting
of functions of the form (1.1) which are also univalent in U.

A function f of S is said to be starlike of order a(0 < a < 1), denoted by

f € S*(a), if and only if
%{Z}f;g)} >a, z€ U,
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and is said to be convex of order a(0 < e < 1), denoted by f € K(«), if and only if

21"(2)
§R{l+ 70 } >a, z€U.

The classes S* and K of starlike and convex functions, respectively, are identified
by $*(0) = S* and K(0) = K.

These classes were first studied by Robertson [17].

In 2003 Cho and Srivastava [2], (see also [1]) introduced the multiplier transfor-
mation for functions f of the form (1.1) as follows

k
IV f(z —z—l—Z(liz) w2t

For i = 1, the operator I} = I" was studied by Uralegaddi and Somanatha [22]
and for 4 = 0 the operator I} reduce to well-known Salagean operator introduced by
Salagean [19].

Using the multiplier transformation we introduce the class S(n, a, 1) of functions
of the form (1.1) satisfying the following condition

%{Z(ILLf(Z))}>a, zeU. (1.2)

Inf(z)

It is worthy to note that for u = 0 the class S(n, «, 1) reduce to the class S(n, «)
was first introduced by Salagean [19] and further studied by Kadioglu [4].
It should be worthy to note that S(0,«,0) = S*(a) and S(1, «,0) = K(«).
A function f of A belongs to the class C'(n,«, 3, ) if there exists a function
F € S*(a) such that
‘ 14(2)| _ pr

arg — B 5 ?
wheren € Np, 0<a<1,0<8<1, u>—1.

By specializing the parameters in C(n, «, 8, 1) we obtain the following known
subclasses of A studied earlier by various researchers.

(1) C(0,, 8,0) = CS*(a, ) studied by Mishra [9].

el,

(2) C(1,0,8,0) = C(a, B) studied by Mishra [9].

(3) C(0,0,3,0) = CS*(B) studied by Reade [16].

(4) C(1,0,3,0) = C(B) studied by Kaplan [5].

(5) C(0,0,1,0) = S* studied by Roberston [17], (see also [3], [21]).
(6) C(1,0,1,0) = K studied by Roberston [17], (see also [3], [21]).

In the present paper, we study the integral operator

h(z) = /0 {I‘?J;(t)}édt (1.3)

where n € Ny and ¢ is a real number. For n = 0 and n = 1 this integral operator
was studied by Kim [6], Merkes and Wright [8], Mishra [9], Nunokawa([10], [11]),
Pfaltzgraff [13], Royster [18], Patil and Tahakare [12] and Shukla and Kumar [20],
(see also [15]).
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To prove our main results, we shall require the following definition and lemmas.

Definition 1.1. Let P(a) denote the class of functions of the form
P(z)=1+ Zpkzk
k=1

which are regular in U and satisfy R {P(2)} > «a, z € U.

Lemma 1.2. Let
P(z)=1+ Zpkzk
k=1
be analytic in U. If R{P(2)} > a in U, then

alfs —67) < /992 R{P(re?)} do < 27(1 — a) + a6 — 61), (1.4)

where 0 < 01 < 0 <27, z=re? and 0 <r < 1.
Proof. Since
R{P(2)} > a.
It is easy to see that
(R{P(2)} —)|,_o=1—au

Then by mean value theorem, we have

6o 2T
re”)} —a re”)} —a =271 (1—a).
0< [P} ~a)ap< [ (R{Pe") —a)ar =20 (1 - )
or, equivalently

02
0< / (%{P(rew)}) do — a0y —0,) <27 (1—a),
01
or . |
(s — 6,) < /9 R{P(re'®)} db < 2n(1 — o) + a(6s — 0,).
O

The following lemma is a direct consequence of Lemma 1.2, and improves a result of
Patil and Thakare ([12], Lemma 2.2).

Lemma 1.3. If f € S*(«a), then

B 02 Zf/(Z) B B
04(02 91) < /91 %{ f(z) }d@ < 271'(1 OL) + 04(92 91), (15)

where 0 < 01 < 0y <271, z=7e" and 0 <r < 1.

In the following lemma, we obtain integral characterization for the class C(n, «, 3, u).
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Lemma 1.4. If f € C(n,a, B, 1), then
2 (1)
I f(z)

where 0 < 6 < 0y < 27, z = re® and 0 < r < 1. Conversely, let f be analytic and
satisfying I} f(2) # 0 in U, if

72 2 £y 4
/91 %{W}d9> —ﬁﬁ+04(92—91)

02
—pT+ 01(02 — 91) < / R

} do < B+ 27(1 — a) + a(f: — 61), (1.6)
01

then f € C(n,«, B, 1).
Proof. f € C(n,a,f,n) implies that there exists a function F' € S*(«) such that

‘arg I%{S) < 6—;, zelU.

Therefore
—%ﬁﬂ' <arglf(z) —arg F(z) < %ﬂﬂ'.
Let 0 < 61 < 0y < 27. Then with z = re*?2, we have
—%67‘(‘ < arg[ﬁf(rem?) —arg F(re'??) < %,871’. (1.7)

and with z = re'?1, we have

—%,877 < —arg I;}f(rewl) + arg F(re) < %ﬁﬂ'. (1.8)
Combining (1.7) and (1.8), we obtain

— B + arg F(re'®) —arg F(re'') < arg Iﬁf(rei92) —arg Il’ff(rei‘gl)
< Br + arg F(re'??) — arg F(re'?),

or

02 02 02
ﬂ7r+/61 darg F(re') < /91 darg]ﬁf(reie) < 57r+/91 darg F(re®),
or
3 02 2F'(2) b2 z (Iﬁf(z))/
w0 < %{ 7T IC

02 2F'(2)

<ﬁ7r+/61 §R{ o) }dﬁ. (1.9)

But F' € S*(«), then using Lemma 1.3 in (1.9), we have

01 Iif(z)

and this completes the proof of direct part of the lemma.

— B + a(f — 04) </62§R{Z(Igf(z))}d9<ﬁ7r+27r(1—a)—|—a(02—91)
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To prove the converse part, we follow the techniques of Kaplan [5] and Patil and
Thakare [12] and can obtain the desired result.
O

Remark 1.5. If we put n =1, 4 = 0 in Lemma 1.4, we obtain the following result
If f e Cla,p), then

—ﬂw+aw2—eg<i£%%{1+fﬁé?}d@<5w+2ﬂ1—a)+aw2—og,uim

where 0 < 6, < 0y < 27, z = re? and 0 < r < 1. Conversely, let f be analytic and
satisfying f'(z) # 0 in U, if

02 "
/01 %{14‘ fo/(ij)}d9> —B7T+Oé(92—€1) (1.11)

then f € C(a, ).

2. Main results
Theorem 2.1. If f € C(n,«, B, 1), then h € C(n,~), provided

it v+2(1—n)
Frai-a) =S Feai-a)

The result is sharp when (i) vy =0 (i) n =10,y = 1.
Proof. From relation (1.3) we have

W(s) = {”“}5

z

Applying logarithmic differentiation and then taking real parts of both sides, we

obtain

h'(z) Iif(2)
For 6 > 0, using Lemma 1.4, we get
02 zh"(2) B b2 z (Iﬁf(z))l
/91 Re{l—i— W) }d95/91 Re{w do + (1 —6)(02 — 61)
> 6[=pm + a(fy — 01)] + (1 — 6)(62 — 61)
= —for+[1 — (1 — «)d](02 — 64).

To prove that h € C(n,7), we have to show that the right hand side of the above
inequality is not less than —ym + n(fy — 1), provided

v+ 2(1 =)
S0S T

(2.2)
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Similarly, for § < 0, using Lemma 1.4, we get

02 zh”(z)
/01 §R{1+ W) }d9>§[[3ﬁ+2(1a)+a(9291)]+(15)(0201).

To show that h € C(n,v), we have to prove that the right-hand side of the above
inequality is not less than —ym + n(f2 — 61), provided
-’
f+2(1-a)
Combining (2.2) and (2.3), we obtain (2.1).
Thus the proof of Theorem 2.1 is established.
To show the sharpness, let us take the function f(z) defined by the relation

n - z
Lif(z) = (1 2)2(1-a)+8’

<6<0. (2.3)

(2.4)

then it is easy to see that this function belongs to C'(n,a, 8, ) with respect to the
function (1_2)% belonging to S*(«). Then

N dt
h(z) = /0 (1= )Ra-a)+aD (2.5)
and from condition (1.11) this functions belongs to C(0,1) if and only if
-1 3

T EY A T ey -y

Again for v =0, from (2.5) we have
{2(1—a)+B}0
1+zh”(z) B 1+ [1—2(1—f)}2
n'(z) 1—2z
and 3%{1 + Zhh,/ié(zj)} > n if and only if
{2(1 —a)+B}6 2(1—n)
—_— > <o —M——. O
2 =00 g oo

Remark 2.2. The undermentioned results are particular cases of Theorem 2.1.

1—

(i) If we put n = 0 and n = 1 with g = 0 in Theorem 2.1 we obtain the corresponding
results of Mishra [9)].

(ii) fwe put n =1,8 = 0, = 0 with = 0 we obtain a result of Patil and Thakare

[12].

(iii) If we put n = 1,8 = 0, = 0 with & = 0 we obtain a result of Patil and Thakare
[12].

(iv) If we put n =1, = 0, = 0 with g = 0 we obtain a result of Patil and Thakare
[12].

(v) If we put n =0,8 = 0,7 = 0 we obtain a result of Patil and Thakare [12].
(vi) fweput n=1,a0=0,8=0,7=0 and v = 1 with 4 = 0 we obtain a result of
Nunokawa [11] as well as that of Merkes and Wright [8].
(vii) If we put n =0, =0,8=0,7=0 and v = 1 with © = 0 we obtain a result of
Nunokawa [11] as well as that of Merkes and Wright [8].
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(viii) If we put n =1, =0,8=1,7=0 and v = 1 with © = 0 we obtain a result of

Nunokawa [11] as well as that of Merkes and Wright [8].

(ix) If we put n = 0, = 0,7 = 0 with p = 0 we obtain a result of Shukla and Kumar
[20].

(x) Tweput n=0,a0a=0,8=1,7=0and v =1 with 4 = 0 we obtain a result of
Kim [6].

(xi) If we put n =0, =1/2,6=0,7=0 and v =1 with 4 = 0 we obtain a result
of Nunokawa [11] as well as that of Merkes and Wright [8].

Theorem 2.3. Let f € C(n,a, B, u). Then for |z| =1

1—7)8
<1+(>ﬂ+)<> <) <

The result is sharp.

r(l+ r)B
(1 — r)ﬂ+2(170‘)

Proof. By definition f € C(n,«a, 8, 1) if and only if there exists a function P € P(0)
and F(z) € S*(«) such that

Therefore
I3 f(2)| = [P(2)|°|F(2)].

Now using the well-known inequalities (see [3])

1—r 147
<|P <
1—|—7"_| (Z)I_l—r
and r r
(1 +7")2(1_a) S ‘F(Z)| S (1 — 7“)2(1_0‘)7

we obtain the required inequalities.
Sharpness follows if we take f(z) connected by the relation

n L+2)°
Iﬂf(z):(lz(Z)ngzgzl@

and

Theorem 2.4. If f € C(n,«, 3, 1), then
‘ ’1f( )
arg

2
< fBsin —|—Tr2 +2(1 —a)sin™tr.

The result is sharp.
Proof. It f € C(n,a, B, ), then
D)
F(z)
for some P(z) € P(0) and F(z) € S*(«).
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Thus I
arg “J;()‘ < alarg P(z)| + |arg iz)’ . (2.6)
Now using the well-known results
2
larg P(z)| < sin~" 1+TT2 (2.7)
and a result of Pinchuk [14]
F
argf)‘ <2(1—a)sin"tr, (2.8)

Using (2.7) and (2.8) in (2.6) we get the required result.
Sharpness follows if we take f(z) to be the same as in Theorem 2.3. O

Theorem 2.5. If f € C(n,«, 8, 1), then f € S(n) for |z| < ro, where

ro = (1—&—5—04)—\{04_22—04250[4—5(24-@7 when « # 1/2

and
1

1+28°

ro = when o = 1/2.
The result is sharp.

Proof. f € C(n,a, B, ), if and only if there there exists a function P € P(0) and
F(z) € S*(a) such that

I,’}f(z) _ )18
L
I f(z) = [P(2)]"F(2). (2.9)

Logarithmic differentiation of (2.9) yields
2L f(z) 6ZPI(Z) L 2
e P T Fe)
Now by a result of MacGregor [7], we know that
2P'(2) 2r
Piz) |~ 1—1r2%
2P'(2)

%{W}Z%{;())}‘B P(2)

1—(1-2a)r 2r
2 1+7r _6<1r2>

(1-2a)r? —2(1+ B —a)r+1
1—r2 ’
The right hand side of the above inequality is not less than or equal to zero provided

|z2| =7 < ro, where r( is as given in the statement of theorem. Sharpness follows if
we take f(z) to be the same as in Theorem 2.3. O

Therefore
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