Stud. Univ. Babes-Bolyai Math. 63(2018), No. 1, 79-108
DOLI: 10.24193/subbmath.2018.1.06

Solvability of BVPs for impulsive fractional
differential equations involving the
Riemann-Liouvile fractional derivatives

Yuji Liu

Abstract. In this paper, we study two classes of BVPs for impulsive fractional
differential equations. Some existence results for these boundary value problems
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1. Introduction

Impulsive fractional differential equations is an important area of study [1]. In
recent years, boundary value problems (BVPs) or initial value problems (IVPs) for
impulsive fractional differential equations (IFDEs) have been studied by many au-
thors. For example, in [2, 4, 3, 9, 11, 14, 15], the authors studied the existence or
uniqueness of solutions of BVPs for IFDEs with Caputo type fractional derivatives
and multiple starting points.

In [8], Kosmatov studied the following problem:

D2 a(t) = f(t (), t € [0,1]\ {tr,tar b,
(1.1)
D§+I(t-]:) - Dfx(t;) = Jk?(x(tk))7 i = 17 27 T, My, Ié;ax(O) = Zo,
where a € (0,1), D, is the standard Riemann-Liouville fractional derivative of order
¥, Be€(0,a),x0 ER,0=tp<t1 < - <t <tm1=1,Jp :R>R, f:[0,1] xR —
R are suitable functions.
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In [9], Liu studied the solvability of two classes of initial value problems of
nonlinear impulsive multi-term fractional differential equations on half lines. One
(IVP (1) for short) is as follows:

D& a(t) + q(t) f(t,x(t), DE x(t)) =0, t€ (tirtip1),i € Ny,

: 11—« _
im0 (t) = o, (1.2)

lim (¢ — t:)1 "~ w(t) = I(t;, o(t;), Dl a(t:))),i € Ny,
t—t}
and
Dya(t) + () fi(t, x(t), D} x(t)) =0, t€ (titit1),i € N,

i

lim t1=%x(t) = zo, (1.3)

t—0t

lim (t — ti)l_a.’lﬁ(t) = Il(ti, Q?(ti),Der Qi(ti))J S NT,
t—t tia

where a € (0,1), 0 < p < a, DZ+ is the standard Riemann-Liouville fractional

derivative of order b > 0 with starting point a, 2o € R, No™ = {0,1,2,--- ,m} and

NT = {1,2,37"‘ ,TTL}, O=th<ti <ta<tzg<---<tp <tm41 = 1,q: (0,1) — R

is continuous and satisfies that there exists [ € (—1,—a) such that |g(¢)] < ¢ for

m
all t € (0,1), ¢1 : U (ti,tit1) — R is continuous and satisfies that there exists

=0
k1 > —1,1; <0 such that |q(¢)] < (t — t;)¥ (t;y1 — )1 for all t € (t;,t;11)(i € Ny),
f:(0,1) x R? — R is a [-Carathéodory function, f; : (U (ti,ti+1)) x R? — R is
=0

a II-Carathéodory function, I, I; : {t; : i € N} x R? — R are discrete Carathéodory
functions.

In [14], the authors studied the existence of solutions of the following BVP for
IFDE

Dy, a(t) + At)z(t) = f(t,2(1), t € [0,1]\{tr, 2, tm},

IS x(th) — I8 (t7) = Ji(z(ty)), i=1,2,--+ ,m, "7 %(t)]=0 + t' "% (t)]1=1 = 0,
(1.4)
where ¢,a € (0,1), Dg+ is the Riemann-Liouville fractional derivative, I, is the
Riemann-Liouville fractional integral, 0 = ¢ty < t; < -+ < ty < t1 = 1, A €

C°([0,1],R) satisfies \g =: m[ax]/\(t) > 0, Ji : R — R is continuous, f is a given
te[0,1
piecewise continuous function. The following special case play a large role in the proof

of the main theorem:
Dg,x(t) + Xox(t) = f(t, (1), t € [0,1]\ {t1,t2,--- ,tm},

Ingl'(tj_) - Ig+ (tz_) = Jl(x(tl))a i=1,2,---,m, tl_qx(t”t:() + tl_q‘x(t”t:l =0
(1.5)
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In [17], Zhao studied the following higher-order nonlinear Riemann-Liouville
fractional differential equation with Riemann-Stieltjes integral boundary value condi-
tions and impulses

—Dg.x(t) = Aa(t) (¢, (2)), ¢ \ {t:}iZs,

#(0) = a'(0) = - =al"=2(0) = 0, #/(1) = [§ x(s)dH (s),
where Df, is the standard Riemann-Liouville fractional derivative of order n — 1 <
a < n with n > 3, the impulsive point sequence 0 = tg < t1 < tg < -+ <ty <

tmt1 = 1L,LA >0, f € C([0,1] x [0, 4+0),[0,+0)), a € C((0,1), [0, +00)), the integral
fol x(s)dH (s) is the Riemann-Stieltjes integral with H : [0,1] — R with

1
§=: /0 s*rdH(s) # a— 1.

Motivated by [8, 17], we investigate the solvability of the following two boundary
value problems for impulsive fractional differential equations

Dg,x(t) — Ax(t) = f(t,x(t)),a.e.,t € (t;, tip1],i € NT,
AL a(t) = 10 a(t]) — 10, a(t;) = L(t;, o(t)),i € Ny,

ADG a(ty) =: Dy w(tF) — Dy () = It w(t:)). i € Ny, j € Ny,

127°0(0) = 2, DETIw(0) = 25,5 € NP,
(1.7)
and

Dgya(t) = f(t,2(8)),t\ {t:i}i2s,

ADS T x(t) = Ij(ti, a(t;)),i € NP, j € NP1,
(1.8)
AIST%w(t; = In(ti, x(t;)),1 € N

I3 2(0) = Doy T2(0) = 0,7 € N»—2 DT (1) = folx s)dH (s

where m,n are positive integers, « € (n —1,n), 8 >0, A €R, 0=ty <t; < --- <
tm < tm+1 =1, 2; € R(j € N}, f:(0,1) x R = R is a Carathéodory fraction,
I :{t; : 1 e NJ"} x R — R is a discrete Carathéodory function (j € N7}).

The purposes of this paper are to establish existence results for solutions of IVP
(1.7) (e« — B —n = 0) and existence results for solutions of BVP(1.8) respectively.
The method used is based upon the fixed point theorems. The results in this paper
complement known ones in [8, 17] and generalize known ones [10].
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A function z : (0,1] — N is called a solution of IVP (1.7) (or IVP (1.8)) if

x € C(t;, tiy1], lim ( t;)" "%z (t) is finite for i € Ni* and D, |, 1,,1] = AT\t t,01] €
1=t}

L'(t;,ti11), and z satisfies all equations in (1.6) (or (1.8)).

The remainder of this paper is divided into three sections. In Section 2, we
present related definitions and preliminary results. In Section 3, we establish existence
results for IVP (1.7) and BVP(1.8) respectively. In Section 4, we give comments on
some published papers.

7‘,+1

2. Preliminary results

For the convenience of the readers, we firstly present the necessary definitions
from the fractional calculus theory. These definitions can be found in the literature
[5, 6, 7].

Let a < b. Denote L!(a,b) the set of all integrable functions on (a,b), C°(a, b]
the set of all continuous functions on (a,b]. For ¢ € L'(a,b), denote

b
6l = / 16(5)\ds.

For ¢ € C°a,b], denote ||¢[|o = m[a)é] lo(2)].

For two integers a < b, denote N2 = {a,a +1,--- ,b}.
Let the Gamma and beta functions I'(«), B(p, ¢) and the Mitag-Leffler function

E, s(z) be defined by
+oo
I(«) :/ z* te % dx,
0

1
Blp.q) = [ o1 -0,
0
o
Ea 7 oD, 75
s(@ Zrk o) P > 0.

Definition 2.1. The Riemann-Liouville fractional integral of order oz > 0 of a function
g:(0,00) — R (may be piecewise continuous) is given by

ealt) = e [ =9 gl

provided that the right-hand side exists.
Definition 2.2. The Riemann-Liouville fractional derivative of order a > 0 of a function
g:(0,00) — R (may be piecewise continuous) is given by

Ldm [t g(s)
D - —
090 = T oy am /0 (t — s)a—nt1®
where n — 1 < a < n, provided that the right-hand side exists.

Remark 2.1. For a piecewise continuous function g which is continuous on (¢;,;41]
(i S N()",O =t <t < - <t < <y < g1 = 1), and t € (ti,ti+1]7 the
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Riemann-Liouville fractional integral of order o > 0 of g on (0,t] with ¢ € (¢;,¢;41] is

given by

1 ! a—1
T / (t— )2 g(s)ds

O ) glds [ () gl)ds
Z/ ot T

i

Iéig(t) =

provided that each term in the right-hand side exists.

Let @ € (n — 1,n) with n being a positive integer. For a piecewise continuous
function g which is continuous on (t;,t;41] (1 € N, 0 =tg <t1 < -+ < t; < -+ <
tm < tma1 = 1), and t € (t;,t;41], the Riemann-Liouville fractional derivative of order
a>0of gon (0,t] with t € (t;,t;41] is given by

1 (n)

D59(8) = Fr=y [ / (1 — 5o g(s)ds

| (n)
lﬁﬁ?w_@wwm@m+ﬁv—ﬂ“”@@“]

I(n—a)

provided that each term in the right-hand side exists.
Definition 2.3. We call F': (0,1) x R — R a Carathéodory function if it satisfies the
followings:

(i) t — F (¢, (t — t;)" *u) are measurable on (t;,;41)(i € N§*) for any u € R,

(ii) u+— F (¢, (t — t;)" “u) is continuous on R for all t € (t;,t,41)(i € NT),

(iii) for each r > 0, there exists M, > 0 such that |F' (¢, (t —t;)" %u)| < M, for
all t € (t;,ti41)(t € N§*) and |u| < 7.
Definition 2.4. We call G : {t; : i € NT"} xR — R a discrete I-Carathéodory function
if it satisfies the followings:

(i) w— G (i, (t; — t;—1)" *u) is continuous on R for all i € N7,

(ii) for each r > 0, there exists M,. > 0 such that |G (¢;, (t; — t;—1)" %u) | < M,
for all i € NT* and |u| < r.

Suppose that « € (n — 1,n), 0 =ty < t; < -+ < typy1 = 1. Denote

T|(ti,ti41] € Co(tiati+1],i € N¢°,

PCh_o(0,T]=¢x:(0,1] » R: ) .
lim (¢t —¢;)"*x(t), i € N{* are finite

t—tF
Define
[lz]| = ||z]|n-a = max{ sup (t — ;)" *x(t)],i € Na”} )
te(ti tiy1]
Then PC,,_,, is a Banach space with the norm || - || defined.

Theorem 2.1. Suppose that « € (n —1,n), A € R, h: (0,1) = R is continuous and
satisfies |h(t)| < t*(1 —t)! for all t € (0,1), where k > —1,1 <0 with 1 +k +1 > 0.



84 Yuji Liu

Then x € PC,,_,(0,1] is a piecewise continuous solution of
Dgva(t) — Ax(t) = h(t), a.e., t € (ti,tig1],i € N
if and only if there exist constants ¢, € R(v € N}, k € Ny) such that

() = /O (t = ) B0 (At — 8)%)h(s)ds

j n
+ 3D et — 1) Baa—vsr (At — t)%),t € (1, t511],5 € NY.

k=0v=1
Proof. We have

t’ﬂ*Oé

/o (t —8)* "B o (At — 8)*)h(s)ds

e AR /t Afxa k !
<o —_— t—s)” X*gf(1 — s)'ds
- XEZ:OF(XOM—&) 0( ) ( )

e A /1 _
= th—« "N xata 1— at+l—1+xa kd
2 Taray T

< gn—o Z | | txa+k+a+l/ (1 _ w)a+l—1wkdw
=" L Thata) ;

=B(a+ 1,k + 1)Eq (Mt - 0ast — 0.
Then t — ("~ fot(t — 8)* 1B, o (A\(t — 5)¥)h(s)ds is continuous on [0, 1].

(2.1)

(2.2)

Step 1. Assume z € PC,,_,(0,1] is a solution of (2.1). We prove x satisfies (2.2).

From (5.1)-(5.3) in [7], there exist constants ¢,o € R such that

t n
o(t) = / (t— )2 B a(A(t = 8))h(s)ds + 3 ot o vy 1 (M), ¢ € (to, t].
0 v=1

It follows that (2.2) holds for j = 0. Now suppose that (3.7) holds for i = 0,1,--- ,w <

m, i.e.,

x(t) = /0 (t —8)*  By.a(At — s)*)h(s)ds

7 n
)N ent = tr) Baa—vr1 (At — 1))t € (t),t541],5 € NG

k=0v=1

(2.3)

We will prove that (2.2) holds for i = w+1. Then by mathematical induction method,
(2.2) holds for all ¢ € Nj*. In order to get the exact expression of x on (t,41,tu+2],

we suppose that there exists ® such that

(1) :<I>(t)+/0 (t = ) Baa (At — 8)%)h(s)ds

YO ekt — th)*  Basamvi1 (Mt = t1)*),t € (futor, tusal-
k=0v=1

(2.4)
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Using Definition 2.2, (2.3) and (2.4), we know for ¢ € (ty1,tw+2] by direct computa-
tion that

[fot(t - s)”_a_lx(s)ds} .

D0+x( ) F(?’l—O()

(n)
[Z ftt:-&-l(t_ S)n_a_ll'(s)d5+ﬁi+l(t_ s)n—a—lx(s)dS]

p=0

I'(n—a)

[i /: (t—s)n (/OS@ —w)* T By o (A(s — w)*)h(u)du

P

P n (n)
+ Z Z k(s —th) "B a—vt1(A(s — i) ) ] /F n—q)
k=0v=1

ol (=9 (806 + [ 6= 0 B s — 0 (i

w (n)
D> k(s = 1) Easa—vp1(A(s — tk)“)> ds] /F(n —a)

k=0v=1
= D D(t)
Ld+1
(n)
= 2 = tpo+1 n—a—1 a—v «@
Zo kzo 21 Cuk ftp (t—s) (s — tk) Ea,a*l/+1()‘(3 —tx) )ds
p=0k=0v=
+ L(n—a)

/O (t — s)n—o— /0 (5 — 0)* Eu a(A(s — u)*)h(u)duds

w n ¢ (n)
+3 ) e /t (t—s)"—a—l(s—tk)a—"Em,,H(A(s—tk)a)ds} /F(n—a)

— D% ()

u+1

(n)
Z Z Z Cvk ti,p+1(t - 5)n7a71(5 - tk)aﬂlEa,a—u-&-lO‘(s - tk)a)d5‘|

k=0 p=kv=1
+ I'(n—a)
t —g)nmae-l Ss—u"‘1 s—u uds
[t [ 0t B~ 0 hludud
+Zchk/t (t—8)"""Us —t1)* VBa.a—vii(A(s — tr)* ] /anoz
k=0v=1 w1
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(n)

_D (I)(t)+ |:f0t(t— n a— 1f — Oé 1Eaa()\(8_u)a)h(u)duds}
w+1 F(’I’L—a)
(n)
|:Z > Cukft (t—s) o™ 1(3—tk)04 Eq,a— V+1()‘(5_tk)a)dsj|

k=0v=1
’ F(n—a)

(n)
t_s mme (s — u)* XY dsh(u)du
O F X06+oc)

=Dy ®(t
i 20+ RS
(n)
kzo ”Z:l o XZO F(XO“JFO‘ v+1) ftk ) (s — tk)a_V+XadS]
+ S
by
S—Uu —w s — tk _
t—u - ’ t— tk -
(n)
t —u)xotn-1 L1~ w)yr—o—lye—14+xa guh(u)du
0 F(xoum) A
=Dy ot
w+1 ( )+ F(n - a)
at+n—v 1 e . N
kzo Zl o ZO re Xa+a Thata=vtD) (¢ = te)xe™ fo (1—w) Lya—v+x dw]
v X
+ (n -
(n)
)\X t—u) Xa-i-n 1
— .D w+1 t / Xa + n h(u)du]
XW:ZC MX(t — ¢y, )xotn—v (n)
=0 v—1 ka “T(xa+n—v+1)
)\Xt_ux+ Z0NX(t — )X
w)du + ¢ M (t = tg)x
w+1 / 162:0; kX 11_‘XQ V+1)
Thus
)\X t— yxet—1
D§ a(t) — Aa(t) = D% (t / ) Mt
w+1

AX(t — tg)X
+ZZ VkZFXa V—|—1)

k=0v=1 x=1

-\ |:(D<t) +/() (t — s)a—lEa’a()\(t _ S)Q)h(s)ds
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+2 D et = 1) Baavn (Mt — 1)) | = Dt ®(t) = A(t) + h(2).
k=0v=1

From D§, x(t) — Axz(t) = h(t), we have DfﬁrH(I)(t) —AP(t) =0 on (ty41, twt2]-
By (5.1)-(5.3) in [7], we know that there exists constants ¢,,+1 € R such that

D) = 3 rursr(t = tur)) B (At~ ts1)).

v=1
Substituting ® into (2.4). We know that (2.2) holds for ¢ = w + 1. By mathematical
induction method, we know that (2.2) holds for ¢ € Nj".
Step 2. We prove that = is a piecewise continuous solution of (2.1) if = satisfies (2.2).
Since z satisfies (2.2), we know that x|, ;] € C°(ti, tiy1] (i € N§*) and
lim (¢ —t;)" “z(¢)
t—tf
exists and is finite for all ¢ € N§'. Furthermore, by direct computation similarly to
Step 1, by Definition 2.1, we can get for t € (t;,t;41] that

fot(t — )" "ty (s)ds
I'a)

I7%x(t) =

j—1
Z ft”+1(t—s)nfafll’(s)dSJrfttj(t*s)niailx(s)ds

I'(n —a)

t o0 )\X Yo+ lh d
— t— at+n—
/ 5 Fra gt~ O

7 n

- AX xT+n—vrv
+ZZCW€ZF(on-l-n—v—i-l)(t_tk)x ’

k=0v=1 x=0

t
:/ (t— )" B (Mt — 5)%) ds+§ :chk (t = t1)" " Bamv i1 (At — t1)%).
0

k=0v=1
By Definition 2.2, we get for i € Ny~ t € (t;t;41] that

Uot (t—s) "> lz(s)ds
I(e)

} (n—1i)

DeCa(t) =

(n—1)
[Z ftp+1 n alx(s)ds_’_fti(t_s)nalir(s)ds‘|

I'(n—a)

(n—1) (n—1)
t O yx(+ _ . \xat+n—1
= /ZA (t—v) h(u)du
o 2 Thatn)

J )\X t— tk)anrn v

chykz Mxa+n—v+1)

k=0v=1
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)XaJrz 1
/ ———————h(u)du
Xa—i—z
J n
)\X(t—tk yxatizv t—tk

- /O (t = 0)i " B (Mt — w)®)h(u)du + Z Z ot — 1) By i1 (At — %)

k=0v=1

n
XY D et — te) T T Baasiovr1 (At — t)%).
k=0 v=i+1
We see that '
I(;L-F_ax|(tj,tj+1]? Dg:le(tj,tj+1](i € N;L_lhj € Ngl)
are continuous and the limits
lim I""“x(t), lim D 'x(t) (i€ NP~' je NI
t—tf 0 t—tf 0

are finite. By Definition 2.2, a € (n — 1,n), for ¢ € (t;,t;41], we have

[fg(t —s) 2 y(s)ds
I'a)

]("—i)

Diga(t) =

(n—1)
lz ft *1 yrmomly(s)ds + fttj (t — 8)na1$(3)d5]

I'n—a)
(n) j (n)
)\X t— u)xa+n 1 J n )\X t— tk)xa+n v
h(u)d v
[/ I(xa+n) (w)du * I;J;Ckz MNxa+n—-—v+1)
)\X t—u) I AX(t — ty)Xet—v
/ du—!—Zchk _—V_’_l),t S (t],t_]_;,_l]

k=0v=1 x=1
Then
Dgra(t) — Ax(t) = h(t), te (tj,tj+1], j €Ny~
So zx is a piecewise continuous solution of (2.1). The proof is completed. O
Remark 2.1. Lemma 2.1 (when A = 0) is one of the main results in [10] (see Theorem
3.2 in [10]). So our results generalizes the one in [10].
Theorem 2.2. Suppose that x is a solution of (2.1) and is defined by (2.2). Then

t
Ig+:17(t) = /0 (t — 5)* TP By 0t s(A(t — 8)%)h(s)ds
J n
+ Z Z o (t — tk)a+ﬁ_uEa,a+Bfu+1()‘(t — 1)),
k=0v=1
te (tj,thrl],j S N(Y)n (25)
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Ig;ax(t) = Z Z cuk(t — )" Ean—vr1 (At —t,)%)

k=0v=1
t
+/ (£ — u)" B n (Mt — w)*)h(w)du,
0
t € (ti,tiy1], i € N, (2.6)

and

DS a(t chyk t—t5) "V Ea iy (At — t)%)

k=0v=1

+ A Z Z Cuk(t - tk)a+j_VEa,a+j—V+1(/\(t - tk)a)

k=0v=j+1

t
+ / (t —u) " By j(A(t — u)*)h(uw)du,
0
t € (tiytizq), i €Np, j e NP1 (2.7)
Proof. We firstly prove (2.5). For t € (t;,t;11], by (2.2) and Definition 2.1, we get

ZZ [l (= 8)P L (s)ds + ftt (t = 5)a(s)ds

=0
10 a(t) =

L'(B)

—Fl e —g)F1 szuo‘*l s —u)*)h(uw)du
zzj/ (1= ([ 6= 0 Banl3s = 0w
+3 3 eunl(s = k) Eaamvr1(A(s — ) > ds/F

k=0v=1

Jr/tt(t — )t </Os(s —u)* T Eq.0(A(s —u)*)h(u)du

+ Z Z k(s —te)* VEq,a—v+1(A(s — i) > ds/F

ii:l ft“ﬂ (t =)~ i i k(s —te)* VEq a—vt1(A(s — tg)¥)ds

07t k=0v=1
- L'(B)
JEt =971 S S conls — 1)°  Baa—u1 (A(s — 1))ds
+ k=0v=1
IN()

[t = )P~ [ (s — u)* ' Ea,a(Ms — u)*)h(u)duds
I'(8)
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i—1 1—1

> Z1 vk ftt:ﬂ (8= )77 (s = t)™" Z F(Xa+a (s — tk)Xds

_ F=0p=kv=
L'(3)
= Z Cn J,,(t = )P (s — t)o Z oy (5 — k)X ds
L(3)
(:fi(t - 8)571( - )a ! Z F(x(y+(y) (5 - U)XadSh(u)du
’ e
i—1 i—1

n o0
D Cuk Dl Wx—u—&-l) [l (= 8)P (s — ty) 2TV TXds

"

I'(B)
Z Z Cuk Z F(XaJra v+1) ft t_s)ﬂ 1(S_tk)a vixa s
+
I'(B)
Z F(Xa+a) fO f t— 8 ﬂ 1( u)a_l-‘rxadsh(u)d’u,
+
I'(B)
n tput1—tk
E Ek; Zl Cuk Z F()(a-i-a y+1)t —tk)xa+a+ﬁ DIM th (1 _w)ﬁ—lwa—v+xadw
_ v =t}
I'(B)
i n o0 atatp—v 1 B—1, a—vtxa
Z Z vk Z F(XomLa T(xata—v+1) (t_tk)x fti’tk (1 —’IU) w X daw
+k:0 v=1 =ty
I'(B)
Z F(Xa-‘ra) fO tfu)XOri’aJrB 1f lfw) 1wa71+xadwh(u)du
+
I'(B)
S at+a+B8—v 1 -1, a—vt+xa
kX_:O 21 vk Z 1“(><Oc+0¢ v+1) (= tr)xe® o fo (1 *w)ﬁ LTV du
- )
Z (Xa+a) fO t_u xa+a+pB— 1f 1_ ) 1wa—1+xadwh(u)du
x=0
+
I'(B)
X
= » t—t xata+p—v
kz‘;;ckz X0é+0z+,5—1/+1)( k)

A ! at+a+pB—1
%Wwﬁ)/o (¢ =W ()



Solvability of BVPs for impulsive fractional differential equations 91

_ /O (t = )P 1B 0 s(A(t — 5)*)h(s)ds

+ Z Z ok (t — tk)a+B_VEa,a+va+1(>‘(t —t)*),t € (i tiva] i € Ng'
k=0v=1

Thus (2.5) is proved. Hence (2.6) holds by 5 =n — a.

Now, we prove (2.7). In fact, for ¢ € (¢;,t;11], we have by using 2.2 and Definition 2.2
that

(n—3)
[J}f(t - 3)”_a_1x(s)ds}
D0+ x( )= T(n—a)

i—1 (n—3)

lzo(t — )"y (s)ds + f; (t— S)n_a_lx(s)d3‘|
._ I'(n—a)

tut1 7877,70471 s Siuail e .

L;/t (t—s) </0( )e 1 B a(A(s — u)®)h(u)d

noon

(n—j)
DD conls = )" Baa—usi (A(s = tk)a)> ds] /F(n —a)
k=0v=1
+ [/tt(t - s)"*afl (-/05(8 — u)aflana()\(s . U)a)h(u)du

7 n (n—j)
+3°5 enls — )™ Baacwri (A(s — m%) ds} / T'(n—a)

k=0v=1

(n—j)
lz ft;wrl _ n a—1 Z Z Cyk(S_tk) Ea7a_u+1(A(S—tk)a)dS]

I'(n—a)
(n—3)
[ftﬁ(t— yn—a-1 z S (s — t)o~ Ea,wﬂ(A(s—t,@)Q)ds]
) =0v=1
+ I(n—a)
‘ (n—3)
[yt = 9= (s = u)* "B a(A(s — w)*)h(u)duds|
I(n—a)
= +1 1 s AX (n ])
Z Zk Z Con [Tt = )" (s — 1) XZOW(S — ty)Xds
= u V_ =
I'n— )
) (n—3)
>3 ek fy (=) T s — 1) Y rraramry (8 — te)¥ds
n k=0v=1 x=0

I'(n—a)
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(n—3)
t pt n—o— a— x o
fO fu(t o s) 1(‘9 - u) ! ZO F(X)\TXJrQ)(S - U)X dSh(u)du]
X=

i I(n—a)
i—1i=1 n . (n—j)
[z Z X e 3 wrtamarm o 8" “—1<s—tk>a—v+xadj
]CIO[L:}CI/Zl X=O

I'(n—a)

3

(n—3)
3 3 X ¢ n—oa— a—v+xa
X 2 vk 2 ToataorD) Ju, (=)™ (s — )27 Hx ds]
= V= X:

i I'(n—a)
(n—j)
Z F(Xa+a) Jy it —s)mmei(s u)"‘lJrX“dsh(u)du]
" I'(n—a)
i—1 i—1 n [e's)
AX
Cuk Z (t _ tk)xa+n—y
k=0 p=k v=1 X()FXO‘+O‘*V+1)
tut1—tk (n—j
o e
tu—tk
i n o (n—3)
at+n—v 1 n—o— a—vtya
> D ek X omtasrrn (E— )XY fuzn (1 - w) Lya—vtx dw]
k=0v=1 x=0 t—tp

|

I(n—a)

(n—j)
lz F(Xa+a) fo (t —u)xetn= 1f w)nalwa1+xadwh(u)du]

>

k=

I'(n—a)

(n—3)
n 0o o - )
Z Cvk Z an+oz V+1)(t_tk)xa+n Vfo (l_w)n amlye V+Xad'w]
v=1 0

0 X=

I'in—a)

(n—j)
[Z F(Xa+a fo (t —u)xetn=t f w)7l_a_1wa_1+xadwh(u)du]

I(n—a)
% n [eS) X (n—3)
> T
[ o S That+n—v+l)
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o0

AX ¢ Xa+”_1h d ")
+ ;F(Xoﬂrn)/o(t_u) (u)du

v : - )\X (03 v
722% u+1)(t £~ +ch”kzrxa+] u+1)(t*t’“)x +i-

k=0v=1 k=0v=1 x=1

> s [ up
+ —_— t—u)X* 7 h(uw)du
XZOF(XOH'J) 0

iJ

; g Xa+]_y+ )(t—tk)xwrj—y

k=0

% n 00 AX
5 t— ty)Xetizv
DID LD e B

k=0v=j+1

+/O (t—u)! " Eq (At —w)*)h(u)du

= Z Z okt — te) VBt (A — te)®)

k=0v=1

+A Z Z C,,k(t — tk)a+j7VEa,a+j_y+1(/\(t — tk)a)

k=0v=j+1

‘ _ )it ; — uw)Nh(u)du.
+Aa V1B (At — w)*)h(u)d

Banach space PC,,_,(0,1]. Let n be a positive integer, a € (n — 1,n) and 0 = t5 <
t1 < -+ <tme1 = 1. Choose

$|(ti,t¢+1] € Co(ti’tiJrl]ai € Ngb’

PCh_0(0,1]]=¢2:(0,]] » R: ) )
lim (¢ — ;)" “x(t), i € N§* are finite

t—t]

Define

[lz]| = ||z]|n-a = max{ sup (t—¢;)""x(t)],7 € N(’)"} .

te(titiva]

Then PC,,_,(0,1] is a Banach space with the norm || - || defined.
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Theorem 2.3. Suppose that a+ 3 =n, h € L'(0,1] aj;,b; € R. Then x € PC,,_,(0,1]

s a solution of

Dg,x(t) — Ax(t), a.e., t € (ti, tip1],4 € NY° h(t),a.e.,t € (ti,tiy1],7 € Ny
AlST%w(t;),i € N ani,t € N
ADS 7 x(t;),i € NP, j € Np—* = ajii € NP j e Nyt
I “x(0) by,
Dy (0),j € Ny~ bj,j €Ny~
(2.8)

if and only if

2(t) = /0 (t = 8)°  Ea,a(A(t — $))A(s)ds + > byt Eq ampr1 (M)

v=1

i n
+ Z Z auk(t - tk)a_VEa,a7V+1()\(t - tk)a)vt € (tj7 tj+1]aj € Ngn
k=1v=1

Proof. Suppose that x is a solution of (2.15). By Theorem 2.1, there exist constants

e € R(v € N7, k € Np) such that

() = /O (t = ) Baa (At — 8)%)h(s)ds

7 n
)0 en(t = 1) Baa—vr1 (At — t)%),
k=0v=1
te (tj,tj+1], j € Nan

Then Theorem 2.2 implies

o) = [ (6= )" B (A= 5) ()

YD ekt =) PV Eaarpovin (At — £1)%),

k=0v=1
te (tj,tj+1], j € Nom

I(;L-%— ax Z Z Cuk t - tk: Ea,n—l/+1(/\(t - tk)a)

k=0v=1

t — )t —u)*)h(u)du
+ /O<t )" B (At — w)°)h(u)du,

t € (ti,tiv1], i € Ny,

(2.10)

(2.11)
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and

DO+ l‘ Z Z Cuk t — tk Ea’jfy+1()\(t — tk)a)

k=0v=1

FAD D anlt =) T Eaar vt (A(E — 8)®)
k=0 v=j+1

' _qu)it : —w)Y)h(u)du
+ / (t — u)I " B (A(t — u)®)h(u)du,

t € (titig], i €NJ', jeNPL (2.12)

By D{772(0) = b; and (2.12), we get cjo = b;,j € Ny L.

By I %x(0) = b, and (2.11), we get cpo = by.

By ADg.” oty = aji, i € NP, j € NP1 and (2.12), we get ¢;; = aj; for i € NJ*,
n— 1

j € Nj

By Alg;aac(t ) = an;,i € NT* and (2.11), we get ¢ = ani, @ € N

Hence

x(t) = /0 (t —8)* ' "Eya(At — 8)*)h(s)ds + Z bt " Eq a—v41(AtY)

v=1

J n
+ Z Z auk(t - tk)a_uEa,a—u+1 ()\(t - tk) ) te (tjat]+l] ] € I\IO
k=1v=1

The proof is completed. O
Theorem 2.4. Suppose that

SozfnJrl

1 M ptutr
M=t [ g
MNa—n+2) = MNa—n+2)

H(s)#0, he L'(0,1], aji,b; € R.

Then x € PC,_4(0,1] is a solution of

Dg,x(t), a.e.,t € (titiy1],i € N h(t),a.e.,t € (t;, tiy1],7 € N
Al %x(t;),i € N Gpi, i € N
ADS 7 a(t;),i € NP, j € N1 aji,i € NP j € Ny~
17°z(0) - 0
DE72(0) = 0,5 € Np2 0,j € Ny ~?

DA (1) — [ a(s)dH(s) 0
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if and only if

§— 1) (1 —tp)> po—n+1
+kzluz‘:ayk </t mdms)* r(a_y+1)) T(a—n+2)

(t— )" ,
+22ayk t e (t;,t;], j € NP

—1v=1 Ma—v+1)

Proof. By using Theorem 2.1 (A = 0), we get the proof similarly to that of Theorem
2.3 and the proof is omitted. O
Define the nonlinear operators Ty, T» on PC,,_,(0,1] by

(Thz)(t) = /0 (t —8)* ' Ba.a(Mt — 8)%) f(s,2(s))ds + Z Tt VEq,q—vt1(ALY)

v=1

n J
N (= 1) Baa it A= 1)) L (b, 2(th)), € (4, t511], € NG
v=1 k=1
and

(Ty)(t) = / “_P(i);f(s,x(s))ds

n. o m 1 S—t 1 — ¢ )V tafnJrl
+ZZ( r((a_ky+ dH(S)_r((a_l;)+1)>f"(t’“’x(t’“)) Ta—n+2)

n J
(t—tk a v )
F 0D Py et w0, L€ (tstial, G E NG

Theorem 2.5. Both Ty : PC,_,(0,1] — PC,_,(0,1] and To : PC,_,(0,1] —
PCp—4(0,1] are well defined and are completely continuous and x is a solution of
IVP (1.7) if and only if x is a fized point of Th, x is a solution of BVP(1.8) if and
only if x is a fized point of Ts.

Proof. The proof is standard and is omitted. O

3. Main results

In this section, we establish existence results for IVP (1.6) when ao+ 5 > n.
Theorem 3.1. Suppose o + 8 = n and there exist constants o, A, B,C; > 0 and mea-
surable function ¢ € L*(0,1) such that

|f(t7 (t - tz)a_nu) - qj)(t)' < A|u‘oat € (ti7ti+1]ai € N6nau € Rv

|Ij(t,’, (ti — ti_l)a_"u) — Oz| < B|u\",i S NT,’U, € R.
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Then IVP (1.7) has at least one solution if o € [0,1) or o =1 with

Eoo(JA -
# +mZEa,a—V+1(|)‘|) <1

v=1

or o > 1 with
Bl 4 B ()] (527) Rl <
where

B(t) = /O (t = 8)" B a(A(t — 5)")6(s)ds + 3 2t B i1 (A7)

v=1
nJ
YD (=) Eaa—vr1 (At — t:)*)Cyy t € (t,t501], j € NG
v=1k=1
Proof. By the definition of ®, we know ® € PC,,_,(0,1]. For r > 0, denote
Q, ={x € PC,,_p(0,1] : ||z — || < r}.

We will seek r > 0 such that 779, C ,.. Then Schauder’s fixed point theorem implies
that 77 has a fixed point in §2,.. Thus IVP (1.7) has a solution by Theorem 2.5.
For z € Q,, we have ||z|| < r + ||®|| and

[f(t2(t) — ()] = [f (£ (£ = )" " (t = )" x(t)) — o(1)]
S A=) 2(0)]” < All2||” < Alr+ (|27, ¢ € (&, tia], @ € NG,
|1 (ti, 2(t:)) — Ci| < Bl[[|” < Blr + [[®[]7, i € NY".
For t € (t;,t;41], we have
(t —t;)"|(Th)(t) — @ ()]

S (t _ tj)n—a

/0 (t— )% B a (At — 8)%) [/ (s, 2(s)) — $(s)]ds

Z(t — )Y "B a—v1 (At — )| L (e, (tr)) — Ck|
1h=1

NE

+

v

noJ

(t =) "Eaa(ADlr +[1217ds + > Baacvr1(A)[r +[[2[])7

v=1k=1

<(t=t)"

S~

M + mZEa7a—y+1(|)‘D

v=1

Case 1. 0 €[0,1). It is easy to see that there exists r > 0 such that

[+ [12[]7

B 4 8 B (D] -+ 0] <

a
v=1
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Case 2. o = 1. It is easy to see that there exists » > 0 such tha

E,. () -
# + mz Ea7a—l/+1(|)\|)

v=1

[r 2l <

by
Eo.o(|A])

- +m > Baa-vi(A]) < L.

v=1

Case 3. o > 1. Choose r = % > 0. By

|:E°‘=€;(/\|) +m Z Ea,a—u+1()‘|):| (ﬁ) ||@HU*1 < #’

v=1

we know that
Eq,a(|A)

o +mZEa,afu+l(|/\|)

v=1
From above discussion, we know 719, C ,. Then Schauder’s fixed point theorem
implies that 77 has a fixed point in §2,. Thus IVP (1.7) has a solution by Theorem
2.5. The proof is completed. O
Theorem 3.2. Suppose that there exist non-decreasing functions ¢y, ¢ : [0,00) —
[0,00) such that

Lf(t, (t— 1) u)| < dp(|ul), t € (i tiya], i € NG, v €R,

[r+[[[[)7 <

|Ij(ti, (ti — ti,l)"‘_"u)| < ¢Z(|u|), 1€ Nin, u € R.
Then VP (1.8) has at least one solution if there exists r > 0 such that

f (i amo - S ) st

k=

+er(afu+1)

v=

1 1 1
[I‘(a+1) +Wr(a—n+2)

11
IM|T(a—n+2)

NE

+

v

Il
3 =

or(r) <r.

Proof. For r > 0, denote Q, = {x € PCp,_»(0,1] : ||z]| < r}. We will seek r > 0 such
that 750, C Q... Then Schauder’s fixed point theorem implies that T has a fixed
point in €2,.. Thus VP(1.6)8 has a solution by Theorem 2.5.
For = € Q,., we have
[fQ (@) = |f( (= 2)" " (= ta)" ()] < op(I(t = )" z(t))])
< ¢s(llzll),t € (ti; tia], @ € N,
12 (i, x(ta))| < di(ll=]]), i € NP".

For t € (tj,tj+1], we have
t _ e\a—1
| S s atsas
0

(t —t;)" |(Tax) ()] = (¢t = 15)" "
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v [ (] S ams) - S st

ta—n+1

n m 1 (s_t)a—u (1_t)(x_y
B8 ([ i () )]

+ Z > Ffoj_tkyj_ 0 I (te, x(tk))

v=1k=1

a—1

<=t [l s lelas

RIS D G o C) R ) i DTN
Jr\M|1“(a—n+2)/0 (/ I'(a) dH(s) T(a) >¢f(|| [)d

1 n o m 1 (S_tk)a—u (1_tk)a_y
|M\Fo¢—n+2 ;;1(/ wdH(s)_w>¢I(lw|l)
HE—t) ZZF(E; S or(lel
< ooy (llal)

S T(at+1) 7
L; 1 1 (S—u)Oﬁl B (1 7u)a71 N
M T@—n+t2) / </u T(a) dH(s) Ta) >¢f(|| D
n m 5 — tk) (1 _ tk)a—u
\M|ra—n+2 ZZ(/ a—l/—i—l)dH(S)_I‘(a_y_,_l)> ¢1([l])

v=1k=1

+; mdn(llzl\)
1 1 1
< +

< [r<+1> sl ([ St - )

v=1 k=1

Jrzl“ 1/+1

By the assumption of theorem, we have (¢t — ;)" |(Tox)(t)| < r for all t € (¢;,ti41],
i € N§'. Then ||T2z|| < r. Hence T8, C €,.. The proof is completed. O

} b5(r)

1 1
|M|T( —n +2)

¢](T).
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4. Comments on published paprs

We have the following result:
Theorem 4.1. Consider the homogenous form of BVP(1.7):

Dgﬁrfﬂ(t) — )\(E(t) =0,te (ti,ti+1]77; S N6n7
AP a(ty) = I0, a(t]) — IP «(t;) = 0,i € NP,

(4.1)
ADg? () = DD‘+JJ:( ) —Dgs Tx(t;) =0,ie NJ*, j e N7~ 1,

I"*2(0) = Dy 72(0) = 0,5 € Ny~

Then IVP (4.1) has infinitely many solutions if a+ 5 > n and IVP (4.1) has a unique
solution z(t) =0 if a + 5 =n.

Proof. By Theorem 2.1 and D, x(t) — Ax(t) = 0,t € (t;,ti41],4 € NI, we get that
there exist constants ¢, € R such that

=3 Y cunlt — 1) Baavr1 (At — tr)%),t € (ti tiga],i € Ny
k=0v=1
By Theorem 2.2, we get

1) S0 3 et — )" Bt (AE — 1)%),1 € (b1, tig], i € N,
k=0v=1

% n
= Z Z Cuk(t - tk)a—i_ﬁ_yEa,oH»ﬁvarl()\(t - tk)a)u te (tia tiJrl]vi € N7On7

k=0v=1
DY a(t chyk (t—t1)Y " Eaj w1 (At — tr)%)
k=0v=1
K3 n
XYY cn(t—t) T Ba s jovrt (At —tR)%), t € (i, tin], i € NG, j € NPT
k=0v=j+1

(i) By Igf‘)‘x(O) = 0 and the expression of I\, “z, we get cno = 0.

(i) By D§72(0) = 0,5 € Ny~ and and the expression of Dg:jx, we get
cjo =0 for all j € Ny~ 1

(iii) By AD;’x(t;) = 0,i € N{*,j € N7~ and the expression of Dgfjx, we
get cj; =0 for all i € N7, j € NP~ 1.
Then

)= can(t — tr)* "Ba,acns1 (Mt — 1))t € (£, tiga],i € N

and

$) P B apont1 (At — tr)¥),t € (ti,tip1],i € Ny
k=1
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Case 1. a+ 3 =n.
By AP a(t;) = IV (t]) — IV, x(t;) = 0,i € NY*, we get c,,; = 0 for all i € N},
It follows that 2(t) = 0 is a unique solution.
Case 2. a+ (3 >n.
By AIngx(ti) =: I('?er(tj) - Iéia:(ti) = 0,7 € NJ", we get
i—1
= ennlti — tr) P Baatponi1 (Mt — £,)*) =0, i € NJ".
k=1

Hence c,,; = 0 for all 7 € N’ln_l.

Then
0, t€ (titipa],i € NI,
x(t) = (4.2)
Cnm(t - tm)a_nEa,afnJrl(A(t - tm)a)yt € (tm; tm+1]-
Here ¢, € R is a constants. Hence it has infinitely many solutions defined. O

In [8], Kosmatov studied the solvability of IVP (1.1).
Define the operator T, : PC,(0,] = PC,(0,1] by

(Tar)lt) = prstet 4 o ( ) t,iw-ajk(m(tk))) =

0<tp<t

t a—1
(t—>s)
— ds, t € (0,1].
+ [ S reatods, te 0.1]
Result 4.1. (see page 1296 in [8]). x is a solution of (1.1) if and only if z is a fixed
point of T,, in PC,(0,1].

Remark 4.1. By Lemma 2.1 (n = 1, A = 0), x is a solution of Df, z(t) = f(t,x(t)),
t€[0,1]\ {t1,t2, - ,tm} if and only if there exist constants ¢; € R such that

d t a—1
a— (t — S) . m
J?(t) = ;Cj(t — tj) 1 +A Wf(s,x(s))ds,t S (tiati+1]az S NO .
We can get by direct computation that

g _ S)oz—ﬁ—l

D) = 32 i et =+ [ st

t € (ti,tit1], 1 € NJ.
By 8 € (0,a), we know a — § — 1 < 0. We find that D}, 2(t) is singular at ¢t = t;.
Hence the impulse functions are unsuitable.

From above discussion, we know that Result 4.1 [8] is unsuitable. O
Result 4.2. (Lemma 2.7 in [14]). Suppose that ¢,a € (0,1). Then z is a solution of
(1.3) if and only if z is a fixed point of the operator T, : PC,(0,1] — PC,(0, 1], where
T, is defined by
L(q)t" By o (= Aot?)

1+ T(q)Eqq(—Xo0)

(Toz)(t) =
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" Ji(x(t:)) ! q-1 _ —8)N) f(s, z(s))ds
g [; D(Q)tS T By g ra(—Aot?) 7/0 (1= 8)T " Eqq(=Ao(L = 5)")f(s,2(s))d
Ji(z(t:))

—t17 B, (= ot?) —
4,9 Z ¢ +q 1Eq,q+o¢(_>\0t;’1)

t<t;<1 i

+/ (t — )1 By o (= Xo(t — 5)7) f(s,2(s))ds. (4.4)
0

Remark 4.2. Result 4.2 is incorrect.
Proof. By Lemma 2.1 ((n = 1)), if « is a solution of BVP (4.3), then there exists
constants ¢; (i € N*) such that

z(t) = Z co(t — tv)q_lEq,q(_)‘O(t — 1))

v=0
+/0 (t— s)qflEq,q(—)\o(t — ) f(s,xz(s))ds, t € (t;,t;41], J € Ng*.  (4.5)

By Definition 2.1, we get for t € (¢;,t;41] that

Ep_ gja-l jil f::“ (t —s)* La(s)ds + ftt] (t —s)* La(s)ds
IS x(t) :/0 (t F((i) z(s)ds = =2 (o)

T

- <j§:1 /tT+1 (t=a [Z co(s = 1)1 B q(—Ao(s — ,)7)
r=0"tr v=0
+/0 (s—u)q1Eq’q(—)\0(s—u)q)f(u,x(u))du} ds) /F(a)

+ (/t (t— )t lzcv(s—tv)q-lEq,q(—Ao(s—tv)q)

J v=0

[ s =0 Byl — ()] s ) /1)

T

T 5 e [ (= )0 (s — )0 By g(—No(s — £,)0)ds

_ 7=0v=0
INE))

change the order of sum and integral

+ (Z Co /t (t—5)* s —t,) T By q(—o(s — t,)V)ds
v=0 J

# [0 [ =0 Bl — ) atw)duds ) /1)

0
I i tri1 1 1
Zo 2 Co ftT (t—98)* s —t,)T ' Eq o(=Ao(s — t,)?)ds

I(a)
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change the order of sum

+ (;cv /tj (t = $)* (s — t,) T "By q(—o(s — £,)9)ds
+/Ot/ut(t—S)Q—l(S—u)q—lquq(—)\O(s—u) Vds f (u, 2 (u du) /F

change the order of integral

= <Uz_%cv /tu(t_s)a1(5_tv)q1Eq,q(_>‘0(5—tv)q)ds
+/0t/ut(t—s)°‘1(s—u)qlqu( No(s — w))ds f (u, x(u du) /F

<zz/

v=0 x=0
t
/ + /(tfs)o‘*l(s w)XI Vs f (u, z(u) ) du /F a)
Xq q
by
s —ty S—u
_ = w7 = W
t—1, t—u
J o — o)X (t—ty xq+a+qg—1 1 a— _
ZO Co ZO (=X0) (Ft(xtqlq) fo (1—w) LypXxata—1 g
_ = X=
- I'(a)
X Xq+a+q 1
ot ZO( Ao)* 1(“(Xq+q) fo (1 — w)oLwXa+ a1y £ (u, z(u))du
x=
* I(a)
J o -
)\ t—t Xq+a+g—1
Soe, Yy Aot
== I(xq+a+q)
t (=o)X (t — u)xatata-l
+/ flu, z(u))du
(ot (xq+a+q) (w2{w)

=3 et — 1) T By g (—Ao(t — £,)7)

v=0

+/ (= u)™ T By (Mot — 0)?) f(u, 2())du.
0
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It follows that

J
Igea(t) = Z Co(t — 1) T By atq(—Ao(t — £,)7)

v=0
t
4 / (t— w2 T By oo (<No(t — u)?) (s 2(us))ds,
0
t € (tj,tj+1], j € Ng" (4.6)

Case 1. a+q < 1. From Ig,z(t]) —Ig (t;) = Ji(z(t;)),i = 1,2,--- ,m, and (14.11),
we get J;(x(t;)) = oo(i € NT*). This is a contradiction. So BVP (4.2) is unsuitable
proposed.

Case 2. a+gq =1 From I, z(t])—I5 (t;) = Ji(z(t;)),i =1,2,--- ,m, and (14.11),
we get J;(x(t;)) = ¢;(i € NT*). From t'792(t)|;=0 + t'792(t)|t=1 = 0 and (14.10), we
get

oty cv(Hv)q—lEq,q(_xoa_tv)m/o (1=8)9 By o (= Ao(1—8)) £ (5, 2(s))ds = 0.
v=0

Then

+f (1= 57 B (a1 - f(s2(s))ds) /(14 Byg(-a).

Hence z is a solution of BVP (4.2) if and only if

a(t) = — <Z Jo(@(t)) (1 = )" Egq(=Ao(1 — t0)7)

+/0 (1- S)q_lEq,q(_)‘O(l —8)")f (s, x(s))d8> /(1 + Eq,q(_)‘O))tq_lEq,q(_)‘(th)
+ Z Ly (z(t))(t - tv)q_lEq,q(_)‘O(t —t,)9)

[ (= 9T By (Nl = ) (5,05t (b G € NG

Case 3. a+q > 1. From I§, a(t]) — I, (t7) = Ji(z(t;)),i = 1,2,--- ,m, and (14.11),
we get J;(z(t;)) = 0(i € N7*). From t'792(t)|;=¢ + t' ~%2(t)|4=1 = 0 and (14.10), we
get similarly as in Case 2 that
> Cv(l_tv)q_lqu(_)‘O(l - tv)q)+fol(1_S)Q_lEq,q(_)‘O(l_S)q)f<5ax(s))ds
v=1

14+ Eg4q4(—Xo)

Co=——
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Hence z is a solution of BVP (4.2) if and only if

5 eo(1=00)7 By g (Ao(1—10))+ o (1)1 By g (-Ao(1-5)7) (s, 2(s))ds
1+ Eg.(—Xo)

i
Xt B (= Aot?) + Y eu(t — 1) By g(—Xo(t — 1))

v=1
t
—l—/ (t —8)T "By o (= ot — 8)1) f(s,2(s))ds, t € (tj, tj41],5 € NG
0
Then x is a solution of BVP (4.2) if and only if
Y colt—t,) T By 4 (Ao (1—1,) 1)+ [ (1 EaaCAo(1=5)1)f (s, 2(5))ds
14+ Egq4(—Xo)

J
<t B g (= Aot?) + Y et — 1)1 By g (= Xo(t — £,)7)

+/0 (t— s)qflEq,q(f)\o(t —8)N) f(s,z(s))ds,t € (tj,tj41],5 € Ny

and J;(z(t;)) = 0(i € NT*).
Hence from Case 1-Case 3 Result 4.2 is incorrect. O
In [17], Zhao studied the existence of solutions of BVP(1.7) for the higher-order
nonlinear Riemann-Liouville fractional differential equation with Riemann-Stieltjes
integral boundary value conditions and impulses Lemma 2.4 [17] claimed:
Result 4.3. If H is a function of bounded variation

1
0= / s*YdH(s)a — 1
0
and h € C([0,1]), then the unique solution of

—Dgrx(t) = (D), t\ {t:}ile,
ASC(tl) = [1(I(tz))7 1= 1,27 cee M,

1

2(0)=2'(0)=---=2"20=0, 2’(1) = | (s s
| (0) = 2/(0) 0=0, /(1) / (s)dH (s),
/Gts §)ds + 71 Z BT e(ty), te (0,1, (47)

where G(t,s) = G1(t,s) + Ga(t, s) and

101 (1-g)* "2 _($—g)*~ 1
(o) , 0<s<t<1,

Gl(t,s) =
Pl (1 gy 2

(o) , 0<t<s<1,
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t(x 1 1
Golt, s) = m/o G (7, 8)dH (7).

Remark 4.3. Result 4.3 is wrong.
In fact, we re-write (4.7) by

B t (t _ S)a—l a1 m+1
w(t) == | gy hs)ds + Myt t € (toa, ta] b € NPT
0 ()

where

m 1 _ )2
My, = t57I;(a(ty) +/0 uwl)h(s)ds
j=k

1 1 1
T /O /O G (v, 8)dH (7)h(s)ds.

One finds from Definition 2.2 for ¢ € (¢;,¢;41] that

[fot(t - s)”_"‘_lx(s)ds} "

D0+x( ) F(TL—O&)

(n)
[Zo ft Y Yy ly(s)ds + ftt (t— s)”“lx(s)ds]

I'n— )
B ()
[Z ftlwl et (_ fos (S_pl(b()l) h(u)du + MM+1Sa_1) ds]
B I'(n—a)
s (s—u a—1 a— (’I’L)
[j;t (t —s)n—ot (— Jo ( F(L) h(u)du + M; 15 1) ds}
I'in —a)

) (n)
i—1
tuti,  A\n—a—1,a—1 (n)
lﬂ;o M;H—l ftu (t 5) S dS] [MiJrl ftt (t o s)nfaflsaflds}

- I'in—a) * I(n—a)
[— fot(t -t [0 (S_F’g;ﬂ h(u)duds} "
I(n—«)

) (n)
i—1

tut _ n—a—1_a—1 (n)
e e R Y ety

I'(n—a) - I'(n—«a)

[ fof (t—s)"" a—1(s= F( ) dsh( )du}(n)
I'(n—a)
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vt
t

. (n)
i—1 tptl
[E My t" =t [0 (1— w)"‘a_lwa_ldw]
=0 =+

I'(n—a)

1 o1 1 (n)
[MH_l f%(lfw)" a~lye dw}

I'n—«a)
t t n—1 1 1 n—a—1 wo‘_ld hiuw)d ™)
. [ Jo (==t [ (1= w) e e dwh(u)du
I(n—a)
- t (n)
= Iptl
Z M;J,Jrltn_l ft;tt (1 _ w)n—a—lwa—ldw‘|
n=0 a
= —h(t
() + L(n—a)
(n)
[Mi+1 [e(1— w)"’o‘*lwo‘*ldw}
I'(n— «) '
It is easy to see that D, x(t) # —h(t) on (t1,12]. In fact, we find that D, x(t) # —h(t)
on (t1,t9] if and only if My = Ms. O

References

[1] Agarwal, R., Hristova, S., O’'Regan, D., Stability of solutions to impulsive Caputo frac-
tional differential equations, Electron. J. Diff. Equ., 58(2016), 1-22.

[2] Ahmad, B., Nieto, J.J., Ezxistence of solutions for impulsive anti-periodic boundary value
problems of fractional order, Taiwan. J. Math., 15(2011), no. 3, 981-993.

[3] Bai, Z., Dong, X., Yin, C., Ezxistence results for impulsive nonlinear fractional differential
equation with mized boundary conditions, Boundary Value Problems, 1(2016), 1-11.

[4] Belmekki, M., Nieto, J.J., Rodriguez-Lépez, R., Ezxistence of solution to a periodic bound-
ary value problem for a nonlinear impulsive fractional differential equation, Electron. J.
Qual. Theory Differ. Equ., 16(2014), 27 pages.

[5] Hilfer, R., Application of Fractional Calculus in Physics, World Scientific Publishing
Company, Singapore, 2000.

[6] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., Theory and Applications of Frational Dif-
ferential Equations, Elsevier Science B.V., Amsterdam, 2006.

[7] Kilbas, A.A., Trujillo, J.J., Differential equations of fractional order: methods, results
and problems, I, Appl. Anal., 78(2001), 153-192.

[8] Kosmatov, N., Initial value problems of fractional order with fractional impulsive con-
ditions, Results. Math., 63(2013), 1289-1310.

[9] Liu, Y., Studies on impulsive differential models with multi-term Riemann-Liouville frac-
tional derivatives, Journal of Applied Mathematics and Computing, 522016, no. 1-2,
529-565.

[10] Liu, Y., On piecewise continuous solutions of higher order impulsive fractional differen-
tial equations and applications, Appl. Math. Comput., 287(2016), 38-49.



108 Yuji Liu

[11] Liu, Y., Survey and new results on boundary-value problems of singular fractional dif-
ferential equations with impulse effects, Electron. J. Differ. Equ, 16(2016), 296.

[12] Mawhin, J., Topological degree methods in nonlinear boundary value problems, in: NS-
FCBMS Regional Conference Series in Math., American Math. Soc. Providence, RI,
1979.

[13] Rehman, M., Eloe, P.W., Ezistence and uniqueness of solutions for impulsive fractional
differential equations, Appl. Math. Comput., 224(2013), 422-431.

[14] Wang, H., Lin, X., Anti-periodic BVP of fractional order with fractional impulsive con-
ditions and variable parameter, J. Appl. Math. Comput.

[15] Wang, J., Zhang, Y., On the concept and existence of solutions for fractional impulsive
systems with Hadamard derivatives, Appl. Math. Letters, 39(2015), 85-90.

[16] Wang, J., Zhou, Y., Feckan, M., On recent developments in the theory of boundary
value problems for impulsive fractional differential equations, Comput. Math. Appl.,
64(10)(2012), 3008-3020.

[17] Zhao, K., Impulsive fractional differential equation higher order problems of the higher-
order fractional differential equation with eigenvalue arguments, Adv. Differ. Equ.,
382(2015) 16 pages.

Yuji Liu

Department of Mathematics and Statistics
Guangdong University of Finance and Economics
Guangzhou 510320, P.R. China

e-mail: 1iuyuji888@sohu. com



