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Applications of generalized fractional integral
operator to unified subclass of prestarlike
functions with negative coeflicients

Santosh B. Joshi, Sayali S. Joshi and Haridas Pawar

Abstract. In this paper, we have introduced and studied various properties of
unified class of prestarlike functions with negative coefficients in the unit disc U.
Also distortion theorem involving a generalized fractional integral operator for
functions in this class is established.
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1. Introduction

Let A denote the class of functions of the form
f(z) :z+Zan 2" (1.1)
n=2
which are analytic in the unit disc U= {z: |z| < 1}. Let S denote the subclass of A,

which consists of functions of the form (1.1) that are univalent in U.
A function f € S is said to be starlike of order (0 < p < 1) if and only if

Re{zf(z)}>u7 zeU

f(2)

and convex of order (0 < p < 1) if and only if

Re{1+ ZJJ:,(S)} >p, ze€ U

Denote these classes respectively by S*(u) and K(u).
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Let T denote subclass of S consisting of functions of the form
f(z) :z—Zan 2", an > 0. (1.2)
n=2

The classes obtained by taking intersections of the classes S*(u) and K(u)
with T" are denoted by T*(u) and K*(u) respectively. The classes T (u), K*(u)
were studied by Silverman [9].

The function

Su(z)=z2(1—2)720"0  0<pu<1, (1.3)

is the familiar extremal function for the class S*(u), setting

n

IT G—2w

i=2
_ 1 ={1,2.3,--- 14
Clum) = =5y meNV1), N={1,23,} (1.4
then
Su(z) =2+ C(p,n) 2" . (1.5)
n=2
We note that C(u,n) is a decreasing function in u, and that
1
00, u<g
1 = 1
e R
2
1
0 = .
) B> B

If f(z) is given by (1.2) and g(z) defined by
g(z):szbn z2", b, >0,
n=2
belonging to T, then convolution or Hadamard product of f and g is defined by
(fxg)(z)=2— Zan by, 2.
n=2

Let R, (a, B,7) be the subclass of A consisting functions f(z) such that
zh'(2)
h(z)

zh'(2) <8,

Th()
where, h(z) = (f * Su(2)), 0< a <1, 0<f<1, 0<y<1, 0<pu<l.
Also let C(«,3,7) be the subclass of A consisting of functions f(z), which
satisfy the condition

+1-(1+7a

2f'(2) € Ru(a, B,7).
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The classes R, (a, 8,7) and C,(a, ,7) of prestarlike functions was investigated by
Joshi [1]. In particular, the subclasses

Ru[aaﬂaf}/] = Rﬂ(avﬁa’)/) mTﬂ Cﬂ[oﬁﬂ,’ﬂ = Cy(%ﬂﬁ) nr )

were also studied by Joshi [1].
The following results will be required for our investigation.

Lemma 1.1. [1]. A function f defined by (1.2) is in the class R, [, B,7] if and only if
S Clun) {(n-1)+Bhn+1—(1+7)al} an <AI+N(1—0a).  (16)
n=2

The result (1.6) is sharp.
Lemma 1.2. [1]. A function f defined by (1.2) is in the class C,[c, 5,7] if and only if

> Clun)nf{(n—1)+Bhn+1-(1+val} an <B1L+y)(1—a). (17
n=2

The result (1.7) is sharp.

Further we note that such type of classes were extensively studied by Sheil-
Small et al. [8], Owa and Uralegaddi [4], Srivastava and Aouf [10] and Raina and
Srivastava [7].

In view of Lemma 1.1 and Lemma 1.2, we present here a unified study of the
classes R, [c, 8,7] and C),[a, B, 7] by introducing a new subclass P, («, 8,7, 0). Indeed,
we say that a function f(z) defined by (1.2) is in the class P,(«, 8,7, 0) if and only if

i =D+ Bhmt1-(ty)alf(l-oton) o0 0y (1.8)

A+ —a)

where, 0 < a<1,0<8<1,0<y<1,0<u<l, 0<o< 1.
Then clearly we have,

Py, 8,7,0) = (1 = o)Rula, B, 7] + 0Cple, B,7] (1.9)
where, 0 < o < 1. So that
PM(Q,B,’}/7O) = Rﬂ[aaﬁv,YL PH(CV,B7"/, 1) = Cﬂ[avﬁvw]' (110)

The main object of this paper is to investigate various interesting properties and
characterization of the general class P,(a, 3,7, 0). Also distortion theorem involving
a generalized fractional integral operator for functions in this class are obtained.

2. Main results
Theorem 2.1. A function f defined by (1.2) is in the class P,(«, 8,7,0) then

L B +9)(1-a)
"= Clum) (=) + Bhn+1— L+ y)al} (=0 +on)’

neN\{1}. (2.1)
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Equality holds true for the function f(z) given by

- 5L+ )(1— ) .
2) = Clp,n){n—=1)4+Byn+1—-1+v)a]}(1—0c+on) ’ GN\{;};)

Proof. The proof of Theorem 2.1 is straightforward and hence details are omitted. [

A distortion theorem for function f in the class P,(a, 5,7, 0) is given as follows:
Theorem 2.2. If the function f defined by (1.2) is in the class P,(c, 3,7,0) then
B+ —a)
— — 212 < [f(2)]
2{1+ 82y +1-(1+7)al} (1 -p)(1+o0)

Bl+~)(1-0a) )
A -ty aid-pa+a (2.3)

2| =

<zl +

and
_ Bl+v)(1—a) . "
1 {HB[%“—(H’Y)GHG—u)(1+o—)‘ | <1f'(2)
B+7)(1 -
§1+{1+ﬁ[27+1—(1+7)a]}(1_u)(1+0)|2|' (2.4)
Proof. Let

fz)=2- i anz"
n=2

Since f(z) € Py(«,B,7,0) and clearly C(u,n) defined by (1.4) is non-decreasing for
0<u< % and using (1.8) we get

- 50 +2)0 - a)
S I A - (o) "9

Then using (1.2) and (2.5) we get (for z € U),

FE < L2+ 132 lanl
n=2
B+ -«
< 2|+ 2{14_5[274_1—(1+'y)oz]}(1—,u)(1+0')|2|2
and
F@I = fel =122 Y Janl

_ 5(1 +FY)(1 70‘) |Z|2
2{1+ B2y +1-(14+y)a]} (1 -p)(d+0o)

which proves the assertion (2.3) of Theorem 2.2.

el



Applications of generalized fractional integral operator 63

Also for z € U, we find that

(=)l L+ 2] Y n fag)|
n=2

IN

U+ —-a)

1+ z
B 1 +al - wa+a)
and
1F() = 1= nlan]
n=2
> 1- ﬁ(l"i_’y)(l_a) |Z‘
- {I1+82y+1-QA+)al} (1 —-p)(1+0)
which proves the assertion (2.4) of Theorem 2.2
This completes the proof. O

We note that results (2.3) and (2.4) is sharp for the function f(z) given by

f(Z) - ﬂ(l +7>(1 — Oé) 22
2{1+ 82y +1-(1+7)e]} 1 -p)(1+0)

(2.6)

3. Closure theorems

In this section, we shall prove that the class P,(«, 8,7, o) is closed under linear
combination.

Theorem 3.1. The class P,(«, 3,7, 0) is closed under linear combination.

Proof. Suppose f(z), g(z) € Pu(«a,,7,0) and

f(z)=2—- Z anz"
n=2
and

g(z) =z — anz” .
n=2
It is sufficient to prove that the function H defined by
H(z) =Af(z) + (1= Ng(z) , (0<A<T)

is also in the class P,(a, 3,7, 0). Since
oo

H(z) =2=Y [Aan + (1= \bylz" .

We observe that

X {(n—=1)+Bm+1—(1+7)a]} (1 —0+on)
;2 Bl +7)(1—a)

Thus H € P,(«, B,7,0). This completes the proof. O

C(p,n)[Aan + (1 = XN)b,] < 1.
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Theorem 3.2. If
fiz) ==
and

o B(1+’y>(1_a) P n
S A (o . TR B (R Py Y (e To e IR

Then f € P,(a, B,7v,0) if and only if it can be expressed in the form

n=1

where/\nanndZ)\nzl.

n=1

Proof. Let
) = D Aafal2)
n=1

_ Ly B(L+)(1-a)
Z =)+ Bhm+1—(1+al} (1 —o+on)Clun)

o0
z— E an 2",
n=2

A 2"

where
_ Bl+v)(1—a) .
o {n=1)+B[ym+1-(1+9y)al}(1—0+0on)C(u,n) An 20, (n22).
Since,
3 B1+7)(1 - a)
n2:2|:{nl Jrﬂ ’7n+17(1+’y)a}}(1—0‘+0n)c(ﬂvn)
- +Bhm+1—-(1+7v)a]}(1—-0+0on)C(p,n) N
Bl+7)(1—a) "
:ikn=i/\n—A1:1—A1§1.

Therefore f(z) € P,(a, B,7,0).
Conversely, suppose that f € P,(a, 3,7,0) and since

AL+ -«

Ap =

Setting
{n=1D+8m+1-1Q+7)a]} (1 -0+ 0on)C(u,n)

An = B+ 7)1 - a)




Applications of generalized fractional integral operator 65

and -
A=1-)"A,.
We get . "
FE) =) Anfal2) -
This completes the proof. = O

4. Generalized fractional integral operator

In recent years the theory of fractional calculus operator have been fruitfully
applied to analytic functions. Moreover generalized operator of fractional integrals
(or derivatives) having kernels of different types of special functions (including Fox’s
H-function) have generated keen interest in this area. For details one may refer to
Kiryakova [2], Raina and Saigo [6], Srivastava and Owa [11] and Raina and Bolia [5].
Further we note that Riemann-Liouville fractional calculus operators have been used
to obtain basic results which include coefficient estimates, boundedness properties for
various subclasses of analytic and univalent functions.

A generalized fractional integral operator involving the celebrated Fox’s H-
function [2, 3] defined below.

Definition 4.1. Let m € N, 8 € R and vy, 6 € C, YV k = 1,2,--- ,m. Then the
integral operator

m)s(Om 3 Ym )5 (61, ,0m
I 1) = TG )
1 1
R P (R B
= 7/ Hm:'?n ~ L f(t)dta
z Jo z ( +1- L ;)
Vk Br’ B 1,m
for > Re(6x) >0, (4.1)

= f(z), fordy=---=6,,=0,

is said to be a multiple fractional integral operator of Riemann-Liouville type of mul-
tiorder 6 = (01, ,0m).

Following [2], let A denote a complex domain starlike with respect to the origin
z = 0, and A(A) denote the space of functions analytic in A. If A,(A) denote the
class of functions

Ap(A)={f(2) =2"f(2) : f(2) € A(A)}, p=0; (4.2)
then clearly A,(A) C Ay(A) C A(A) for p>v>0.
The fractional integral operator (4.1) includes various useful and important frac-

tional integral operators as special cases. For more details of these special cases, one
T(A+k)
IOV

may refer to Raina and Saigo [6]. Throughout this paper () stands for
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The following results will be required for our investigation.

Lemma 4.2. [2]. Let v, > -2 =1, 6, <0 (V k =1,---,m). Then the operator
((;:))_’7(3’") maps the class AP(G) into itself preserving the power functions f(z) = 2P
(up to a constant multiplier):
m (T (l e+ 1)
m),(Om B
g e =11 : = (43)

b D (& + e+ 0+ 1)

Theorem 4.3. Let m € N, hy € Ry, and vk, 0 € R such that 1 + v + 6 > 0

(k=1,---,m), and
m 1 2h
H (1 + 9%+ 2hi)y,, <1 (4.4)
P (1 + 9% + 0k + 2hi),,,

and f(z) defined by (1.2) be in the class P,(c, 3,7,0) with0 < a <1, 0 < f <
1,0<y<1,0<pu<3, 0<0 <1 Then

(Ym)+(dm) 1 SCR LR
I(hm)m f(z )‘ {H<F(1+7k+5k+hk)>
EE R )}
L 2Ry T el (o) S

(4.5)
and
70m) (6m) 2 L+ 9k + he)
Totyom 1z ‘S{U< 1+’Yk+5k+hk)>
[| . A*B(1+7)(1 - a) |z|2]}
2{1+B27+1-(1+7)e]} (1 —p)(1+0) ’
(4.6)

for z € U. The inequalities in (4.5) and (4.6) are attained by the function f(z) given

by (2.6), where
ﬁ (1 + vk + hi)y, (4.7)
i | (T + 0k + Py, | '

Proof. By using lemma 4.2, we get

" L (1+ 9%+ hi)
Fm o) _ { ;
(A" )5 1) s LD (L4 + 6k + hie)
=5 L'(1+9% +n he)
- W2 4.
ZH{F(l‘F’Yk-HSk-i-nhk)}az (48)

n=2 k=1
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Letting
T [T+, + 0+ he) |
G — 3 I ’YT),(ém)
) 1};[1 { (1 + 7y, + hi) } iy 1)
= z-— Z d(n) an 2", (4.9)
n=2
where,

L4 + 0k + )y (n—1)

H{ (1475 + P )iy (1) } (n e N\{1}). (4.10)

Under the hypothesis of Theorem 4.3 (along with the conditions (4.4)), we can see
that ¢(n) is non-increasing for integers n (n > 2), and we have

m { (14 vk + he)y,
(

0<¢(”)§¢(2>:l€1;[1 Ltk + 0k + i)y,

} — A" (neN\{1}).  (4.11)

Now in view equation (1.8) and (4.11), we have

G(2) = |2l = 6(2) [2* ) an
n=2
A T (14 + he)
- {l:ll(r(1+7k+5k+hk))
|:|Z|— A*5(1+7)(1_O‘) |Z|2:|}
' 2{14+B2v+1 -1 +y)a]} (1 —p)(1+0) '
and

IG(2)] < [zl +6(2) |2 Zan

i L1+~ + hg)
= {kl:[l (F(1+%+5k+hk)>
A8+ 7)1 - a)
'{'Z”2{1+m2v+1—<1+v>a]}<1—m<1+o>'z'2]} '

It can be easily verified that the following inequalities are attained by the function
f(2) given by (2.6).

LG (5m) 1 (T4 + he)
(hm sm 1z )‘ {k[[l (F(1+’Yk+5k+hk)>
- A8(1+7)(1— ) |}
' 2{1+B2y+1-(1+7)al}(1-p(1+0) ’
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LG o) - U (14 + h)
(Zm)m fle )‘ {H<F(1+’}’k+5k+hk)>

A8 )(1— a) )
{'Z'+2{1+m2~y+1<1+v> i ]} |

Which are as desired in (4.5) and (4.6). This completes the proof of Theorem 4.3. O
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