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Applications of generalized fractional integral
operator to unified subclass of prestarlike
functions with negative coefficients
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Abstract. In this paper, we have introduced and studied various properties of
unified class of prestarlike functions with negative coefficients in the unit disc U .
Also distortion theorem involving a generalized fractional integral operator for
functions in this class is established.
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1. Introduction

Let A denote the class of functions of the form

f(z) = z +

∞∑
n=2

an z
n (1.1)

which are analytic in the unit disc U= {z : |z| < 1}. Let S denote the subclass of A,
which consists of functions of the form (1.1) that are univalent in U.

A function f ∈ S is said to be starlike of order µ(0 ≤ µ < 1) if and only if

Re

{
zf
′
(z)

f(z)

}
> µ, z ∈ U

and convex of order µ(0 ≤ µ < 1) if and only if

Re

{
1 +

zf
′′
(z)

f ′(z)

}
> µ, z ∈ U.

Denote these classes respectively by S∗(µ) and K(µ).
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Let T denote subclass of S consisting of functions of the form

f(z) = z −
∞∑
n=2

an z
n, an ≥ 0. (1.2)

The classes obtained by taking intersections of the classes S∗(µ) and K(µ)
with T are denoted by T ∗(µ) and K∗(µ) respectively. The classes T ∗(µ), K∗(µ)
were studied by Silverman [9].

The function

Sµ(z) = z(1− z)−2(1−µ) , 0 ≤ µ < 1 , (1.3)

is the familiar extremal function for the class S∗(µ), setting

C(µ, n) =

n∏
i=2

(i− 2µ)

(n− 1)!
, n ∈ N\{1}, N = {1, 2, 3, · · · } , (1.4)

then

Sµ(z) = z +

∞∑
n=2

C(µ, n) zn . (1.5)

We note that C(µ, n) is a decreasing function in µ, and that

lim
n→∞

C(µ, n) =


∞ , µ <

1

2

1 , µ =
1

2

0 , µ >
1

2
.

If f(z) is given by (1.2) and g(z) defined by

g(z) = z −
∞∑
n=2

bn z
n, bn ≥ 0 ,

belonging to T , then convolution or Hadamard product of f and g is defined by

(f ∗ g)(z) = z −
∞∑
n=2

an bn z
n.

Let Rµ(α, β, γ) be the subclass of A consisting functions f(z) such that∣∣∣∣∣∣∣∣
zh′(z)

h(z)
− 1

γ
zh′(z)

h(z)
+ 1− (1 + γ)α

∣∣∣∣∣∣∣∣ < β ,

where, h(z) = (f ∗ Sµ(z)), 0 ≤ α < 1, 0 < β ≤ 1, 0 ≤ γ ≤ 1, 0 ≤ µ < 1.
Also let Cµ(α, β, γ) be the subclass of A consisting of functions f(z), which

satisfy the condition

zf ′(z) ∈ Rµ(α, β, γ).
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The classes Rµ(α, β, γ) and Cµ(α, β, γ) of prestarlike functions was investigated by
Joshi [1]. In particular, the subclasses

Rµ[α, β, γ] = Rµ(α, β, γ) ∩ T, Cµ[α, β, γ] = Cµ(α, β, γ) ∩ T ,

were also studied by Joshi [1].
The following results will be required for our investigation.

Lemma 1.1. [1]. A function f defined by (1.2) is in the class Rµ[α, β, γ] if and only if

∞∑
n=2

C(µ, n) {(n− 1) + β [γn+ 1− (1 + γ)α]} an ≤ β(1 + γ)(1− α). (1.6)

The result (1.6) is sharp.

Lemma 1.2. [1]. A function f defined by (1.2) is in the class Cµ[α, β, γ] if and only if

∞∑
n=2

C(µ, n) n {(n− 1) + β [γn+ 1− (1 + γ)α]} an ≤ β(1 + γ)(1− α). (1.7)

The result (1.7) is sharp.

Further we note that such type of classes were extensively studied by Sheil-
Small et al. [8], Owa and Uralegaddi [4], Srivastava and Aouf [10] and Raina and
Srivastava [7].

In view of Lemma 1.1 and Lemma 1.2, we present here a unified study of the
classes Rµ[α, β, γ] and Cµ[α, β, γ] by introducing a new subclass Pµ(α, β, γ, σ). Indeed,
we say that a function f(z) defined by (1.2) is in the class Pµ(α, β, γ, σ) if and only if

∞∑
n=2

{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)

β(1 + γ)(1− α)
C(µ, n)an ≤ 1 , (1.8)

where, 0 ≤ α < 1, 0 < β ≤ 1, 0 ≤ γ ≤ 1, 0 ≤ µ < 1, 0 ≤ σ ≤ 1.
Then clearly we have,

Pµ(α, β, γ, σ) = (1− σ)Rµ[α, β, γ] + σCµ[α, β, γ] , (1.9)

where, 0 ≤ σ ≤ 1. So that

Pµ(α, β, γ, 0) = Rµ[α, β, γ], Pµ(α, β, γ, 1) = Cµ[α, β, γ]. (1.10)

The main object of this paper is to investigate various interesting properties and
characterization of the general class Pµ(α, β, γ, σ). Also distortion theorem involving
a generalized fractional integral operator for functions in this class are obtained.

2. Main results

Theorem 2.1. A function f defined by (1.2) is in the class Pµ(α, β, γ, σ) then

an ≤
β(1 + γ)(1− α)

C(µ, n) {(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)
, n ∈ N\{1}. (2.1)
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Equality holds true for the function f(z) given by

f(z) = z − β(1 + γ)(1− α)

C(µ, n) {(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)
zn, n ∈ N\{1}.

(2.2)

Proof. The proof of Theorem 2.1 is straightforward and hence details are omitted. �

A distortion theorem for function f in the class Pµ(α, β, γ, σ) is given as follows:

Theorem 2.2. If the function f defined by (1.2) is in the class Pµ(α, β, γ, σ) then

|z| − β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2 ≤ |f(z)|

≤ |z|+ β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2 , (2.3)

and

1− β(1 + γ)(1− α)

{1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z| ≤ |f ′(z)|

≤ 1 +
β(1 + γ)(1− α)

{1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z| . (2.4)

Proof. Let

f(z) = z −
∞∑
n=2

anz
n

Since f(z) ∈ Pµ(α, β, γ, σ) and clearly C(µ, n) defined by (1.4) is non-decreasing for
0 ≤ µ ≤ 1

2 and using (1.8) we get

∞∑
n=2

an ≤
β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
, n ∈ N\{1}. (2.5)

Then using (1.2) and (2.5) we get (for z ∈ U),

|f(z)| ≤ |z|+ |z|2
∞∑
n=2

|an|

≤ |z|+ β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2

and

|f(z)| ≥ |z| − |z|2
∞∑
n=2

|an|

≥ |z| − β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2.

which proves the assertion (2.3) of Theorem 2.2.
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Also for z ∈ U , we find that

|f ′(z)| ≤ 1 + |z|
∞∑
n=2

n |an|

≤ 1 +
β(1 + γ)(1− α)

{1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|

and

|f ′(z)| ≥ 1− |z|
∞∑
n=2

n |an|

≥ 1− β(1 + γ)(1− α)

{1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|.

which proves the assertion (2.4) of Theorem 2.2
This completes the proof. �

We note that results (2.3) and (2.4) is sharp for the function f(z) given by

f(z) = z − β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
z2. (2.6)

3. Closure theorems

In this section, we shall prove that the class Pµ(α, β, γ, σ) is closed under linear
combination.

Theorem 3.1. The class Pµ(α, β, γ, σ) is closed under linear combination.

Proof. Suppose f(z), g(z) ∈ Pµ(α, β, γ, σ) and

f(z) = z −
∞∑
n=2

anz
n

and

g(z) = z −
∞∑
n=2

bnz
n .

It is sufficient to prove that the function H defined by

H(z) = λf(z) + (1− λ)g(z) , (0 ≤ λ ≤ 1)

is also in the class Pµ(α, β, γ, σ). Since

H(z) = z −
∞∑
n=2

[λan + (1− λ)bn]zn .

We observe that
∞∑
n=2

{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)

β(1 + γ)(1− α)
C(µ, n)[λan + (1− λ)bn] ≤ 1.

Thus H ∈ Pµ(α, β, γ, σ). This completes the proof. �
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Theorem 3.2. If

f1(z) = z

and

fn(z) = z − β(1 + γ)(1− α)

{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)C(µ, n)
zn , (n ≥ 2).

Then f ∈ Pµ(α, β, γ, σ) if and only if it can be expressed in the form

f(z) =

∞∑
n=1

λnfn(z)

where λn ≥ 0 and

∞∑
n=1

λn = 1 .

Proof. Let

f(z) =

∞∑
n=1

λnfn(z)

= z −
∞∑
n=2

β(1 + γ)(1− α)

{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)C(µ, n)
λnz

n

= z −
∞∑
n=2

an z
n ,

where

an =
β(1 + γ)(1− α)

{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)C(µ, n)
λn ≥ 0, (n ≥ 2).

Since,
∞∑
n=2

[
β(1 + γ)(1− α)

{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)C(µ, n)

{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)C(µ, n)

β(1 + γ)(1− α)

]
λn

=

∞∑
n=2

λn =

∞∑
n=1

λn − λ1 = 1− λ1 ≤ 1 .

Therefore f(z) ∈ Pµ(α, β, γ, σ).
Conversely, suppose that f ∈ Pµ(α, β, γ, σ) and since

an =
β(1 + γ)(1− α)

{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)C(µ, n)
λn ≥ 0, (n ≥ 2).

Setting

λn =
{(n− 1) + β [γn+ 1− (1 + γ)α]} (1− σ + σn)C(µ, n)

β(1 + γ)(1− α)
, (n ≥ 2)
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and

λ1 = 1−
∞∑
n=2

λn .

We get

f(z) =

∞∑
n=1

λnfn(z) .

This completes the proof. �

4. Generalized fractional integral operator

In recent years the theory of fractional calculus operator have been fruitfully
applied to analytic functions. Moreover generalized operator of fractional integrals
(or derivatives) having kernels of different types of special functions (including Fox’s
H-function) have generated keen interest in this area. For details one may refer to
Kiryakova [2], Raina and Saigo [6], Srivastava and Owa [11] and Raina and Bolia [5].
Further we note that Riemann-Liouville fractional calculus operators have been used
to obtain basic results which include coefficient estimates, boundedness properties for
various subclasses of analytic and univalent functions.

A generalized fractional integral operator involving the celebrated Fox’s H-
function [2, 3] defined below.

Definition 4.1. Let m ∈ N, βk ∈ R and γk, δk ∈ C, ∀ k = 1, 2, · · · ,m. Then the
integral operator

I
(γm),(δm)
(βm);m f(z) = I

(γ1,··· ,γm),(δ1,··· ,δm)
(β1,··· ,βm);m f(z)

=
1

z

∫ z

0

Hm,0
m,m

 t
z

(
γk + δk + 1− 1

βk
, 1
βk

)
1,m(

γk + 1− 1
βk
, 1
βk

)
1,m

 f(t)dt,

for

m∑
i

Re(δk) > 0, (4.1)

= f(z), for δ1 = · · · = δm = 0 ,

is said to be a multiple fractional integral operator of Riemann-Liouville type of mul-
tiorder δ = (δ1, · · · , δm).

Following [2], let ∆ denote a complex domain starlike with respect to the origin
z = 0, and A(∆) denote the space of functions analytic in ∆. If Aρ(∆) denote the
class of functions

Aρ(∆) = {f(z) = zρf̄(z) : f̄(z) ∈ A(∆)}, ρ ≥ 0; (4.2)

then clearly Aρ(∆) ⊆ Av(∆) ⊆ A(∆) for ρ ≥ v ≥ 0 .
The fractional integral operator (4.1) includes various useful and important frac-

tional integral operators as special cases. For more details of these special cases, one

may refer to Raina and Saigo [6]. Throughout this paper (λ)k stands for Γ(λ+k)
Γ(λ) .
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The following results will be required for our investigation.

Lemma 4.2. [2]. Let γk > − p
βk
− 1, δk ≤ 0 (∀ k = 1, · · · ,m). Then the operator

I
(γm),(δm)
(βm);m maps the class ∆p(G) into itself preserving the power functions f(z) = zp

(up to a constant multiplier):

I
(γm),(δm)
(βm);m {zp} =

m∏
k=1

 Γ
(
p
βk

+ γk + 1
)

Γ
(
p
βk

+ γk + δk + 1
)
 zp . (4.3)

Theorem 4.3. Let m ∈ N, hk ∈ R+, and γk, δk ∈ R such that 1 + γk + δk > 0
(k = 1, · · · ,m), and

m∏
k=1

{
(1 + γk + 2hk)hk

(1 + γk + δk + 2hk)hk

}
≤ 1 (4.4)

and f(z) defined by (1.2) be in the class Pµ(α, β, γ, σ) with 0 ≤ α < 1, 0 < β ≤
1, 0 ≤ γ ≤ 1, 0 ≤ µ ≤ 1

2 , 0 ≤ σ ≤ 1. Then∣∣∣I(γm),(δm)

(h−1
m );m

f(z)
∣∣∣ ≥ { m∏

k=1

(
Γ (1 + γk + hk)

Γ (1 + γk + δk + hk)

)
.

[
|z| − A∗β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2
]}

,

(4.5)

and∣∣∣I(γm),(δm)

(h−1
m );m

f(z)
∣∣∣ ≤ { m∏

k=1

(
Γ (1 + γk + hk)

Γ (1 + γk + δk + hk)

)
.

[
|z|+ A∗β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2
]}

,

(4.6)

for z ∈ U . The inequalities in (4.5) and (4.6) are attained by the function f(z) given
by (2.6), where

A∗ =

m∏
k=1

{
(1 + γk + hk)hk

(1 + γk + δk + hk)hk

}
. (4.7)

Proof. By using lemma 4.2, we get

I
(γm),(δm)

(h−1
m );m

f(z) =

m∏
k=1

{
Γ (1 + γk + hk)

Γ (1 + γk + δk + hk)

}
z

−
∞∑
n=2

m∏
k=1

{
Γ (1 + γk + n hk)

Γ (1 + γk + δk + n hk)

}
anz

n . (4.8)
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Letting

G(z) =

m∏
k=1

{
Γ (1 + γk + δk + hk)

Γ (1 + γk + hk)

}
I

(γm),(δm)

(h−1
m );m

f(z)

= z −
∞∑
n=2

φ(n) an z
n , (4.9)

where,

φ(n) =

m∏
k=1

{
(1 + γk + hk)hk(n−1)

(1 + γk + δk + hk)hk(n−1)

}
, (n ∈ N\{1}) . (4.10)

Under the hypothesis of Theorem 4.3 (along with the conditions (4.4)), we can see
that φ(n) is non-increasing for integers n (n ≥ 2), and we have

0 < φ(n) ≤ φ(2) =

m∏
k=1

{
(1 + γk + hk)hk

(1 + γk + δk + hk)hk

}
= A∗ , (n ∈ N\{1}) . (4.11)

Now in view equation (1.8) and (4.11), we have

|G(z)| ≥ |z| − φ(2) |z|2
∞∑
n=2

an

≥

{
m∏
k=1

(
Γ (1 + γk + hk)

Γ (1 + γk + δk + hk)

)
.

[
|z| − A∗β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2
]}

.

and

|G(z)| ≤ |z|+ φ(2) |z|2
∞∑
n=2

an

≤

{
m∏
k=1

(
Γ (1 + γk + hk)

Γ (1 + γk + δk + hk)

)
.

[
|z|+ A∗β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2
]}

.

It can be easily verified that the following inequalities are attained by the function
f(z) given by (2.6).∣∣∣I(γm),(δm)

(h−1
m );m

f(z)
∣∣∣ ≥ { m∏

k=1

(
Γ (1 + γk + hk)

Γ (1 + γk + δk + hk)

)
.

[
|z| − A∗β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2
]}

,
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and∣∣∣I(γm),(δm)

(h−1
m );m

f(z)
∣∣∣ ≤ { m∏

k=1

(
Γ (1 + γk + hk)

Γ (1 + γk + δk + hk)

)
.

[
|z|+ A∗β(1 + γ)(1− α)

2 {1 + β [2γ + 1− (1 + γ)α]} (1− µ)(1 + σ)
|z|2
]}

.

Which are as desired in (4.5) and (4.6). This completes the proof of Theorem 4.3. �
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