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Conformable fractional approximation
by max-product operators

George A. Anastassiou

Abstract. Here we study the approximation of functions by a big variety of Max-
product operators under conformable fractional differentiability. These are posi-
tive sublinear operators. Our study is based on our general results about positive
sublinear operators. We produce Jackson type inequalities under conformable
fractional initial conditions. So our approach is quantitative by producing in-
equalities with their right hand sides involving the modulus of continuity of a
high order conformable fractional derivative of the function under approxima-
tion.
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1. Introduction

The main motivation here is the monograph by B. Bede, L. Coroianu and S. Gal
[4], 2016.

Let N € N, the well-known Bernstein polynomials ([7]) are positive linear oper-
ators, defined by the formula

BNuvww=§j(Z)xku—mN*f(§),xemJLfecqau» (1.1)

k=0
T. Popoviciu in [8], 1935, proved for f € C ([0,1]) that

5 1
By (1) (@) - F@) < S (£ )« vae L, (1.2
where
S (h0)= s |f@) - fW), >0, (1.3
z,y€[0,1]:

|z—y|<é
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is the first modulus of continuity.
G.G. Lorentz in [7], 1986, p. 21, proved for f € C*([0,1]) that

By (@)~ F @) £ e (£ 2 ) Ve, (1.4)
4\F VN
In [4], p. 10, the authors introduced the basic Max-product Bernstein operators,

Vilopn (@) f ()
Vilo oy (@)

BY" (f) (x) = , NeN, (15)

where \/ stands for maximum, and

pa o) = () et -t

and f:[0,1] = R4 = [0, 00).

These are nonlinear and piecewise rational operators.

The authors in [4] studied similar such nonlinear operators such as: the Max-
product Favard-Szasz-Mirakjan operators and their truncated version, the Max-
product Baskakov operators and their truncated version, also many other similar
specific operators. The study in [4] is based on presented there general theory of sub-
linear operators. These Max-product operators tend to converge faster to the on hand
function.

So we mention from [4], p. 30, that for f : [0,1] — R continuous, we have the
estimate

‘BJ(VM) (f) () _f(x)‘ < 12w, (f’\/Nl;—i_1

Also from [4], p. 36, we mention that for f : [0,1] — R, being concave function we
get that

), forall NeN, z€[0,1], (1.6)

‘BI(VM) (@) - f (ac)‘ < 2wy (f7 ]1[) , forall z €[0,1], (1.7)

a much faster convergence.

In this article we expand the study in [4] by considering conformable fractional
smoothness of functions. So our inequalities are with respect to wy (D2 f,6), § > 0,
n € N, where D7 f is the nth order conformable a-fractional derivative, a € (0, 1], see
1], [6].

We present at first some background and general related theory of sublinear
operators and then we apply it to specific as above Max-product operators.

2. Background
We make

Definition 2.1. Let f : [0,00) — R and « € (0,1]. We say that f is an a-fractional
continuous function, iff Ve > 03§ > 0: for any =,y € [0,00) such that |2* —y®| <
we get that |f (z) — f (v)| <e.

We give
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Theorem 2.2. Owver [a,b] C [0,00), a € [0,1], a a-fractional continuous function is a
uniformly continuous function and vice versa, a uniformly continuous function is an
a-fractional continuous function.

(Theorem 2.2 is not valid over [0,00).)
Note. Let 2,y € [a,b] C [0,00), and g () = 2%, 0 < a < 1, then

g () = ax :xfi—a’ for x € (0,00) .

Slncea<:r<bthen7> ;> 0and %5 > %5 > 0.
Assume y > x. By the mean value theorem we get

(07 o o
y& — % = fia (y —z), where ¢ € (z,y). (2.1)
A similar to (2.1) equality when z > y is true.
Then we obtain
a {07 (03

bl—_a|yfx|§|y 2% =g
Thus, it holds
e 2l <y -2t (2.3)

Proof of Theorem 2.2.

(=) Assume that f is a-fractional continuous function on [a,b] C [0,00). It
means Ve > 030 > 0: whenever z,y € [a,b] : |[z* — y¥| <6, then |f (z) — f (y)| <e.
Let for {z,},cy € [a,0] : {xn, = X € [a,b] & x; — A°}, it implies f(z,) — f(A),
therefore f is continuous in . Therefore f is uniformly continuous over [a, b] .

For the converse we use the following criterion:

Lemma 2.3. A necessary and sufficient condition that the function f is not a-fractional
continuous (a € (0,1]) over [a,b] C [0,00) is that there exist g > 0, and two se-
quences X = (z,), Y = (yn) in [a,b] such that if n € N, then 2% —y%| < 1 and
|f(xn) - f(yn)‘ > &o-

Proof. Obvious. O
(Proof of Theorem 2.2 continuous) (<) Uniform continuity implies a-fractional con-
tinuity on [a,b] C [0,+00). Indeed: let f uniformly continuous on [a,b], hence f
continuous on [a,b]. Assume that f is not a-fractional continuous on [a,b]. Then by
Lemma 2.3 there exist g > 0, and two sequences X = (z,), Y = (y,) in [a,b] such

that if n € N, then |z& —y%| < 1 and
|f (xn) - f (yn)| > £€0- (24)

Since [a,b] is compact, the sequences {z,},{yn} are bounded. By the Bolzano-
Weierstrass theorem, there is a subsequence {xn(k)} of {x,} which converges to an
element z. Since [a, ] is closed, the limit z € [a, ], and f is continuous at z.
We have also that
@

m|$n—yn|§|$g— ynl <

(2.5)

S
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hence
11—«

|xn - yn| S an . (26)

It is clear that the corrsponding subsequence (yn(k)) of Y also converges to z. Hence
[ (®ny)) = f(2), and f (yo@r)) — f(2). Therefore, when k is sufficiently large we
have ’f (acn(k)) —f (yn(k))’ < &g, contradicting (2.4). O

‘We need

Definition 2.4. Let [a,b] C [0,00), o € [0,1]. We define the a-fractional modulus of
continuity:
wi (f,0):= sup |f(x)—f(y), §d>0. (2.7)
z,y€la,b]:
|z —y~|<6
The same definition holds over [0, c0).
Properties.
1) wi' (f,0) = 0.
2) w (f,0) — 0asd |0, iff fisin the set of all a-fractional continuous functions,
denoted as f € Cy, ([a,b] ,R) (= C([a,b],R)).
Proof. (=) Let w{ (f,d) > 0asd 0. ThenV e >0,36>0 with w(f,0) <e, ie.
Va,y €la,b]:|z*—y* < weget |f(z)— f(y)] <e Thatis f € Cy ([a,b],R).
(<) Let f € Cy([a,b],R). Then V e > 0,3 > 0 : whenever |z* —y*| < 9,
x,y € [a,b], it implies |f () — f(y)| < e, ie. Ve >0,36>0:w(f,d) <e. That is
wi (f,0) > 0,as 6] 0. O
3) w is > 0 and non-decreasing on R .
4) w¢ is subadditive:
wi' (fit1 +t2) S wi' (f,11) +wi (f,t2) (2.8)
Proof. If |z® —y®| < ¢1 + t2 (x,y € [a,b]), there is a point z € [a,b] for which
2% — 2% <y, [y* — 27| <o, and [f (2) = f (W) < |f (@) = F () +|f (2) = F ()] <
wi' (f,t1) + i (f, t2), implying wi* (f, &1 +t2) < Wi (f, 1) + wi* (f,12). 0

5) w{ is continuous on Ry.

Proof. We get

Wit (fs 1+ t2) — Wi (f 1) < wF (ft2) - (2.9)
By properties 2), 3), 4), we get that w (f,¢) is continuous at each ¢ > 0. O
6) Clearly it holds
wi (fitr 4 o+ tn) Swd (fit) + o+l (f, 1), (2.10)
for t =t; = ... = t,, we obtain
wi (f,nt) = nw (f, ). (2.11)

7) Let A >0, A ¢ N, we get
wi' (f; M) < A+ wi (f,1). (2.12)
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Proof. Let n € Zy : n < XA <n+ 1, we see that
wi' (f, M) Swi (f, (n+1)1) < (n+ Dwi (f,8) < (A+ 1wt (f,1). 0
Properties 1), 3), 4), 6), 7) are valid also for w{ defined over [0, o).
We notice that w$ (f,0) is finite when f is uniformly continuous on [a, b].
If f:]0,00) = R is bounded then w{ (f,d) is again finite.
We need

Definition 2.5. ([1], [6]) Let f : [0,00) — R. The conformable a-fractional derivative
for & € (0,1] is given by

f(t+et=) = f(t)

D f () := lim - , (2.13)
Daf (0) = lim Daf (1). (2.14)

If f is differentiable, then
Dof(t) = tl_ufl (t), (2.15)
where f’ is the usual derivative.
We define D7 f = D"~ (D, f).

If f:[0,00) = R is a-differentiable at tg > 0, a € (0, 1], then f is continuous at
to, see [6].
We will use

Theorem 2.6. (see [3]) (Taylor formula) Let o € (0,1] and n € N. Suppose f is (n+ 1)
times conformable a-fractional differentiable on [0,00), and s,t € [0,00), and D+ f
is assumed to be continuous on [0,00). Then we have

n

=3 (Y s & [ (T oy e eae

« «
k=0

The case n = 0 follows.

Corollary 2.7. Let o € (0,1]. Suppose f is a-fractional differentiable on [0,00), and
s,t € [0,00). Assume that Dy f is continuous on [0,00). Then

¢
f(t)=1(s) +/ Do f (1) 7% tdr. (2.17)
Note. Theorem 2.6 and Corollary 2.7 are also true for f : [a,b] = R, [a,b] C [0, 00),
s,t € [a,b].
Proof of Corollary 2.7. Denote I2 (f) (t) := f: 271 f (x) dz. By [6] we get that
Dol3 (f) (8) = f(t), fort=s, (2.18)

where f is any continuous function in the domain of I,, a € (0,1).
Assume that D, f is continuous, then

D, I (Dof) (t) = (Dof) (t), VE>s. (2.19)
Then, by [5], there exists a constant ¢ such that
I3 (Duf) (6) = (1) + . (2.20)
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Hence
0 =13 (Daf) (s) = f(s) +c, (2.21)
then ¢ = —f(s).
Therefore
LE(Daf) ) = £~ 1) = [ (Dap)(r) 7o lar (222)
The same proof applies for any s > t. O

3. Main results
We give

Theorem 3.1. Let o € (0,1] and n € Z,. Suppose [ is (n+ 1) times conformable
a-fractional differentiable on [0,00), and s,t € [0,00), and D" 1 f is assumed to be
continuous on [0,00) and bounded. Then

nal 1 @ _ ga k o DZ'H 75 n o — g™
f(t)kzok‘!< a8> Dgf(s)ﬁwtasa H{Nr'(”‘*‘;)‘”’
. (3.1)

v s,t € [0,00), § > 0.
Note. Theorem 3.1 is valid also for f : [a,b] = R, [a,b] C R, any s,t € [a,b].
Proof. We have that

1 t a _ ~a\" Dn+1 t a _ ~a\"
(t aT> DI f(s)ro tdr = == f(s)/ (t T) T ldr

n! Jq

n! !
(by €= = ar®~! = dr® = ar®~ldr = Ldr* = 1o~ 1dr)
D3+1f(8) ! « a\n (e

(byt<7<s=1t*<7%=:2)<s%)

D) [ e, DR (7 s
antip! J. (t% —2)"dz = antln) n+1

_ Datl(s) (1= s\
 (n+ 1) a ’
Therefore it holds
L[t —re\" DrHLf(s) [t — s\
= Dyt *ldr = = : 4
n! J, ( a ) o J(8)7 ’ (n+1)! ( e > (34)
By (2.16) and (2.17) we get:

a_ ga k
ro=> 5 (55) e (35)
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() 0o - ) et

n!
Call the remainder as

R (5,8) = il/t (ta - TQ)n (DA f (r) — DI () 72 . (3.6)

(07

We estimate R, (s,t).
Cases:
1) Let t > s. Then

o< [ (5
ai / (5 > ¢ (DR f e ) dr (3.7)
— m/ (t — )" (D"“f, 0 =57 aa_ sa)> dr®

wtlx (DZva 6) ¢ o a\m T — 5¢ o
< i /q =" (14 3 dr
Cwf (D”Jrlf7 ) t* o n z — 8%
= —ri /a t*—2)" (14 3 dz
w& DZ'Hf,(S n o2
I[Ny

et (027 19) [“a S AR NURS e

E) ity () - D 9] e

(6 >0)

antin! n+1 0 T(n+3)

_ wf“ (D;’;""lf’ (S) l(tﬁ — sa)n+1 n! (ta . Sa)n+2‘|

(t* — sa)"“] (3.8)

1
antlp) n+1 + 5 (n+2)!

@ D’I’L+1 6 a o n+1 a a\n+2
antlipl n+1 0 (n+ )(n+2)
« DTL-‘rl 6 a o
:wl ( «a f’ )(ta_sa)n-‘rl 1+(t S )
antl (n+1)! (n+2)6
We have proved that (case of t > s)
w? (Dg+1f7 5) o a\n+1 (ta - Sa)
< A\ Te DT o A ,

where § > 0.
2) case of t < s: We have

() ooyt e ar
t

n 7t Si
R (s5,)] < - .
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% /ts (Ta ; to‘>n (DI f (1) — DIt f () 7 Mdr
<o (F25) - pptse) e (1)
— ﬁ /t (1% — )" W (DIFLf, 5% — 7°) dr®
(0>0)
e AT O I

o

W DZ+1f,5 s% o 1 s N B o (n _
:WM (2 —t%) dz+5/t (57 = 2)* ! (z — )Y 1dz] (3.12)

e o

w§' (DEt1f,6) l(sa — )" 1T (n+1)

- o _ o n+2
antlip! n+1 + 0 T'(n+3) (s ) ]

. (,Ufé (DZ""lf’ 5) (Sa _ toz)nJrl 1 n! (Sa _ ta)nJrQ
- antlp) n+1 0 (n+2)!
« D’I’LJrl 6 o _ qa n+1 1 [ Te" n+2
— Wi ( a fv ) (S 13 ) 4= (S t ) (313)
antlinl n+1 0(n+1)(n+2)
« Dn+1 ’5 a __ a
:wl(a f)(sa_ta)n-‘rl 1+(s t).
antl (n+1)! (n+2)6
We have proved that (¢ < s)
wiX (D:+1f’ 6) n+1 (Sa - ta)
L (s )| < A e BT e ga 142 — ) 14
R (sv0)) < S B (o =) 14 (314)
0 >0.
Conclusion. We have proved that (§ > 0)
wi' (DRt f,96) nt1 |t — s
L (s,1)] < e D) e g 1+ —= 1|, Vs,tel0,00). 1
R (s.0) < St i — e 1 ] e o). (15)
The proof of the theorem now is complete. O

We proved that

Theorem 3.2. Let o € (0,1], n € N. Suppose f isn times conformable a-fractional dif-
ferentiable on [a,b] C [0,00), and let any s,t € [a,b]. Assume that DI f is continuous
on [a,b]. Then

’f(t) () b

k=0

w? (D2f75) « a|n |ta_8a|
< ZL 3 Tadn P e 12 =21
a™n! | i +(n+1)(5 ’
(3.16)

where § > 0.
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Proof. By Theorem 3.1. g

Corollary 3.3. (n =1 case of Theorem 3.2) Let o € (0,1]. Suppose [ is a-conformable
fractional differentiable on [a,b] C [0,00), and let any s,t € [a,b]. Assume that D, f
is continuous on [a,b]. Then

r -1 (555 par @

where § > 0.

¢ — 5°]

wi* (Daf,0)
«

<

Corollary 3.4. (to Theorem 3.2) Same assumptions as in Theorem 3.2. For specific
s € [a,b] assume that DEf(s) =0, k=1,....,n. Then

\f(ﬂ—f@)KM o — so|

ta_ a|n 1 L §
ann! | 5 { +(n+1)5

} . §>0. (3.18)

The case n = 1 follows:

Corollary 3.5. (to Corollary 3.4) For specific s € [a,b] assume that Do f (s) = 0. Then

w§ (Dyf, ) [t — s¥|
£ 1 () < D) li2 = =

‘We make

It — 5% [1+ ] §>0. (3.19)

Remark 3.6. For 0 < o <1, t, s > 0, we have
207 (2% 4 y®) < (w +y)* <2 +y* (3.20)
Assume that ¢t > s, then
t=t—s+s=>t"=({t—s+95)" <(t—s)"+s%

hence t* — 5@ < (t — 5)”.
Similarly, when s >t = s@ —t* < (s — ).
Therefore it holds

% — 5| < [t —s|%, Vit s€0,00). (3.21)

Corollary 3.7. (to Theorem 3.2) Same assumptions as in Theorem 3.2. For specific
s € [a,b] assume that DEf(s) =0, k=1,...,n. Then

w? (DZf,(S) no |t_5|a

t) — <L el Oy 1+-—

£ =1 (o) < R o |14

vVt € [a,b] C[0,00).

} . 6>0, (3.22)

Corollary 3.8. (to Corollary 3.3) Same assumptions as in Corollary 3.3. For specific
s € [a,b] assume that Dy f (s) = 0. Then

£(0)— £ (9] < Dl

vVt € [a,b] C[0,00).
‘We need

|t — s
26

[t — s|* [1 + } , 60>0, (3.23)
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Definition 3.9. Here Cy ([a,b]) := {f : [a,b] C [0,00) — R, continuous functions} .
Let Ly : Cy (Ja,b]) = C+ ([a, b]), operators, V N € N, such that

(1)

Ly (af)=aLy(f), Va>0,Vf e C4 ([a,b]), (3.24)
(ii) if f,g € C4 ([a,b]) : f < g, then
LN (f) < LN (g), VN € N7 (3'25)
(iii)
Ly (f+9) <Ln(f)+Ln(9), Vfg€Cr([ab]). (3.26)

We call {Ln} ey positive sublinear operators.
We need a Holder’s type inequality, see next:

Theorem 3.10. (see [2]) Let L : Cy ([a,b]) — C4 ([a,b]), be a positive sublinear op-

erator and f,g € Cy ([a,b]), furthermore let p,g > 1 : %—Fé = 1. Assume that

L((f()") (s4)5 L((g()7) (s4) > 0 for some s, € [a,b]. Then

L(f()g()(s0) < (LIS )P ()7 (L (g (D) ()7 (3.27)
‘We make
Remark 3.11. By [4], p. 17, we get: let f,g € C ([a, b]), then
Ly (f) (&) — Ly (9) (@) < L (If = gl) (@), ¥V €[a,b] C[0,00).  (3.28)

Furthermore, we also have that

[Ly (f) (@) = f (@) < Ly (I () = f(@)]) () + | f (@) [Ln (eo) () = 1], (3.29)
vV x € [a,b] C[0,00); eg (t) = 1.
From now on we assume that Ly (1) = 1. Hence it holds
\Ln (f) (2) = f (@) < Ln (IF () = f (@)]) (), V@ € [a,b] € [0,00). (3.30)
Next we use Corollary 3.8.
Here D,f (z) = 0 for a specific z € [a,b] C [0,00). We also assume that
Ly (\ - m|a+1) (z), Ly (( - J:)Q(O‘H)) (z) > 0. By (3.23) we have

a 2c
70— f (@) < A DalD [|-x|a+ — ] 50,  (331)
true over [a,b] C [0, 00).
By (3.30) we get
wf (Daf,0) Ly (|- = 2P) @)

\Ln (f) (z) = f(2)] <

«

[LN (1 = al*) () + —— ] (332)

O 3 of (Daf.0) {@V (1) ) L (2 2) <x>>“a“]
- o 20

(3.33)
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(choose & := ((LN (( — x)2(a+1)) (sc))ail>; > 0, hence
5= (L (= 2 ) (@) 7)
wi (Daf, (£ ((=2y*e) (x))““a*”)

{(LN (=21 @)+ 5 (L (6= 0@ (@) ”)] L)

We have proved:

Theorem 3.12. Let a € (0,1], [a,b] C [0,00). Suppose f is a-conformable frac-
tional differentiable on [a,b]. Do f is continuous on [a,b]. Let an = € [a,b] such that
Dof(x) =0, and Ly : Cy ([a,b]) into itself, positive sublinear operators. Assume

that Ly (1) = 1 and Ly (\- - m|‘*+1) (z), Ly ((. - x)m“)) (r) >0,V N eN.

Then
a(-Daf, L (._ )2(a+1) ( ) 2<aa+1>)
ILN(f)(ﬂc)—f(l“)lSw1 (N< :: >m> '
[(LN (I =a""") @) =y % (Lv (=2 ) (@) ‘“} , VN eN. (3.35)
We make
Remark 3.13. By Theorem 3.10, we get that

Ly (| =) (@) < (Ln (¢ =2 ) @) (3.36)

As N — 400, by (3.35) and (3.36), and Ly (( - $)2(a+1)) (x) — 0, we obtain that
Ly (f)(x) = f (2).

We continue with

[N

Remark 3.14. In the assumptions of Corollary 3.7 and (3.22) we can write over [a,b] C
[0,00), that

w? (Dgfv 5) no | - x‘(n+1)a
If(’)f(x)lganmll.x t 5| 9>0 (3.37)

By (3.30) we get
Ly (f) () = f (2)| € —27—

Ly (] —2") (z) + ﬁLN (|. — x|<n+1>a) (x)}

(o (3:27) Wit (D2 f, )

(3.38)

ann!
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KLN <|- - mln(aﬂ)) (x))ﬁl + ﬁ (LN ((. - $)<n+1><a+1>> (m))a‘il}

n+1
[(here is assumed Ly (1) =1, and Ly <| — a;|”(°‘+1)) (x),
LN (( _ $)(n+1)(a+1)) (SC) > O, VY N € N),

(We take 6 = (LN ((. — x)(n"rl)(@“rl)) (.’L‘)) (n+1)(a+1) > O’ then

sl — (LN (( _ x)(n+1)(a+1)) (x))%ﬂ)]

Wt (Dgfa (LN (( — x)("+1)(0‘+1)) (x)) <n+1;¥(a+1>)

ann!

|:(LN (| — x|”(a+1)> (:10))°*Tl + @ Jlr 5 (LN (( _ x)(n+1)(a+1)) (m))wﬁvw]
(3.39)

We have proved

Theorem 3.15. Let « € (0,1], n € N. Suppose f is n times conformable a-fractional
differentiable on [a,b] C [0,00), and DI f is continuous on [a,b]. For a fized x € [a, D]
we have DEf(x) = 0, k = 1,..,n. Let positive sublinear operators {Ln}Nen

from Cy ([a,b]) into itself, such that Ly (1) = 1, and Ly <|._J;‘n(a+1)) (z),
Ly (( - x)(n+1)(a+1)> (£) >0,V N € N. Then

wit (Dgf, (LN ((. - x)(n+1>(a+1)) (I)> <+1>"<+1>)

[Ln (f) (x) = f (@)] < — (3.40)
n(a FEay 1 n o %
|:<LN <| 7x| ( +1)> (:1;)) + —+ (n+ 1) (LN (( 7;17)( +1)( +1)> (.Z‘)) 1) (at :| ,
vV N eN.
We make
Remark 3.16. By Theorem 3.10, we get that
Ly (|- = ") (@) < (Lw (¢ = 2) ") @) (3.41)

As N — +o0o, by (3.40), (3.41), and Ly (( - x)("ﬂ)(aﬂ)) (x) — 0, we derive that
Ly (f)(x) = f (2).
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4. Applications

Here we apply Theorems 3.12 and 3.15 to well known Max-product operators.
We make

Remark 4.1. The Max-product Bernstein operators B](ém (f) (z) are defined by (1.5),

see also [4], p. 10; here f : [0,1] — Ry is a continuous function.

We have B](\,M) (1)=1, and

6
BM (. —2)) (2 <—, Vzel0,1],VNeEN,
see [4], p. 31.
BJ(\],W) are positive sublinear operators and thus they possess the monotonicity

property, also since |- — x| < 1, then |- — x|ﬁ <1,Vzel0,1],V s >0.
Therefore it holds

6
Bgnﬁ_ﬂfw)@)g¢ﬁii,VxemJLVNePav5>o (4.1)

Furthermore, clearly it holds that

BUD (=) @) > 0,Y NN, ¥ f > 0andany v € (0.1).  (42)

The operator BJ(VM) maps C4 ([0, 1]) into itself.

We have the following results:

Theorem 4.2. Let a € (0,1], f is a-conformable fractional differentiable on [0,1],
D, f is continuous on [0,1]. Let x € (0,1) such that Dy f (x) = 0. Then

N D
Wi (Dafa<\/1\?7+> )

[

M
[BY (1) () - £ ()] < - (4.3)
= | 2T
(=) 3 (=) | v e
N +1 2 N +1
Proof. By Theorem 3.12. d

Theorem 4.3. Let a € (0,1], f is n times conformable a-fractional differentiable on
[0,1], and D7 f is continuous on [0,1]. For a fized x € (0,1) we have DEf (z) = 0,

k=1,....n €N. Then
a( WD @ETD
w1 (Dafa (\/]37“) )

a™n!

6 ot 1 6 D et
() + ( )  VNeN
N+1 (n+1) \V/N+1

Proof. By Theorem 3.15. O

(4.4)

BO (N (@) - £ @) <
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Note. By (4.3) and/or (4.4), as N — 400, we get Bj(\iw) () (z) = f(2).
We continue with

Remark 4.4. The truncated Favard-Szasz-Mirakjan operators are given by
N
(M) _ Visosvr (@) f (%
Ty (f)(x) = N
Vi—o sn.k (2)
_ (No)*

sk (x) = “=7—, see also [4], p. 11.
By [4], p. 178-179, we get that

), x€[0,1], NeN, feCy([0,1]), (4.5)

T&”(I-wl)(z)é%, Veel01, VN eN. (4.6)
Clearly it holds

T (|- = 27) () < €01, YNENYE>0.  (47)

3
— V=
VN
The operators TJ(VM) are positive sublinear operators mapping C, ([0, 1]) into itself,
with 73 (1) = 1.
Furthermore it holds

N (N2)* |k A
700 (- - ) (@) = Yi=0 v <]

k! N

N (No)f >0, Vze (0,1, VA>1,VNEN.
Vk:O k!

(4.8)
We give the following results:

Theorem 4.5. Let o € (0,1], f is a-conformable fractional differentiable on [0, 1].
D, f is continuous on [0,1]. Let x € (0,1] such that Do f (x) = 0. Then

o (Por (7))

T30 () (@) = 1 ()] < - (49)
3 \&1 1/ 3 \ @D
[(m) (%) 1 Tren
Proof. By Theorem 3.12. g

Theorem 4.6. Let o € (0,1], f is n times conformable a-fractional differentiable on
[0,1], and D™ f is continuous on [0,1]. For a fized x € (0,1] we have D% f (x) = 0,

k=1,...,ne€N. Then
T () (@)~ f (@) < — -

(3)& 1 <3><n+fﬁi‘a+1> YN eN
— +—= == : eN.
VN (n+1) \VN

Proof. By Theorem 3.15. O

(4.10)
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Note. By (4.9) and/or (4.10), as N — 400, we get TI(VM) (f)(z) = f(x).
We continue with

Remark 4.7. Next we study the truncated Max-product Baskakov operators (see [4],
p. 11)

U](VM) (f) (1,) _ foVZO bN7k (1‘) f (%)

Vo bk (z)

L zel0,1], fecy(0,1), NeN, (411)

where .
N+k-1 ) x
b T) = . 4.12
wla) = (7 T (112)
From [4], pp. 217-218, we get (x € [0,1])
2V3 (V2 +2)
(M) _2v3(va+2)
<UN (I x\)) ()< =5 N22 NeN (4.13)
Let A > 1, clearly then it holds
2v3 (V2 +2)
O (1 — g P il >
(UN (| z| ))(x)_ T YNz2NeEN (4.14)

Also it holds UZ(VM) (1) =1, and UJ(VM) are positive sublinear operators from C ([0, 1])
into itself. Furthermore it holds

U (\- - a:|>‘> (z) >0, Yoe(0,1], YA>1 ¥ NeN. (4.15)
We give

Theorem 4.8. Let o € (0,1], f is a-conformable fractional differentiable on [0,1].
D, f is continuous on [0,1]. Let x € (0,1] such that Dy f (x) = 0. Then

o 0v3(vate) ) 2EFD
Wy <Dafa <(N+1)> )
<

U () @) - £ (@)] < a . (4.16)
2v3 (V2 +2) =1y 2v3 (V2 +2) D
(]V—f—l) +2<\/m , VN>2 NeN.
Proof. By Theorem 3.12. g

Theorem 4.9. Let o € (0,1], f is n times conformable a-fractional differentiable on
[0,1], and D" f is continuous on [0,1]. For a fized x € (0,1] we have D% f (x) = 0,

k=1,..,n €N. Then
o n 2\/§ \/5_;’_2 m
wy <Dafa <(N+1)> )

U () @) - £ ()] < —

2v3 (V2 +2) ot 1 2v3 (V2 +2) (R CEeY
N +1 +(n+1) N f1 ’

(4.17)
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VN>2 NeN.
Proof. By Theorem 3.15. O

Note. By (4.16) and/or (4.17), as N — 400, we get that U](VM) (f)(z) = f(x).
We continue with

Remark 4.10. Here we study the Max-product Meyer-Kéning and Zeller operators
(see [4], p. 11) defined by

Viosna @) f (%)
B \/ZO:() SN,k (.13)
sk (x) = ( N;k ) zF 2 €0,1].
By [4], p. 253, we get that
(14 V5) Vi (1 - )

7200 (f) (x)

L VNeEN, fed, (01])), (4.18)

8
ZM (|- = 2)) (2) < ,Vzel0,1],VN>4, NeN. (4.19)

3 N
As before we get that (for A > 1)
8(14+V5) Va(1—x)
O (1A () < .:
Zn (I z| ) (z) < 3 N p(z), (4.20)
Vxel0,1], N >4, N eN.
Also it holds Z](VM) (1) = 1, and Z](VM) are positive sublinear operators from
C4 ([0,1]) into itself. Also it holds
7 (\- - x|*) (z) >0, Vze(0,1), VA>1,VNeN. (4.21)
We give

Theorem 4.11. Let o € (0,1], f is a-conformable fractional differentiable on [0,1].
D, f is continuous on [0,1]. Let x € (0,1) such that Dy f (x) = 0. Then

of (Daf, (o @)™ )

200 (1) @) - £ (@) < . (1.2
(@) 4 @)™ |, v Nze, Nen
Proof. By Theorem 3.12. d

Theorem 4.12. Let o € (0,1], f is n times conformable a-fractional differentiable on
[0,1], and D7 f is continuous on [0,1]. For a fived x € (0,1) we have D f (z) = 0,
k=1,..,n€N. Then

wf (Daf. (p (@) 7= )

ann!

237 (£) (@) - £ ()] < (4.23)

1
(n+1)

o)+ ()T, v N 24 NeN
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Proof. By Theorem 3.15. g

Note. By (4.22) and/or (4.23), as N — 400, we get that Z(M) (f)(x) = f(x).
We continue with

Remark 4.13. Here we deal with the Max-product truncated sampling operators (see
[4], p. 13) defined by

N k k
Vi S bn) ¢ (k)

M
Wi (f) () = S Neh (4.24)
\/k 0 Nz—kn
and :
\/k Osm (Nz— kﬂ' f(i)
M Nz—kn)? N
KJ(V )(f) (JJ) ( sin?(Nz— kﬂ') ) (425)
\/k 0 (Na: km)?
Vael0,n], f:[0,7] = Ry a continuous function.
Following [4], p. 343, and making the convention % = 1 and denoting
SN,k (z) = %, we get that sy g (kﬂ) =1, and sy (%) =0, if & # 7,
furthermore W](VM) (f) (%) =f (W)? for all j € {0,...,N}.

Clearly W(M) (f) is a well-defined function for all « € [0, 7], and it is continuous
on [0, 7], also W(M) (1)=1.

By [4], p. 344, W](\, ) are positive sublinear operators.

Call If;(z) = {ke€{0,1,..,N};sni(z) >0}, and set zny = 57 &k €
{0,1,..., N}.

We see that
\/kg;(m) snk (@) f (2N k)

Wi () () = (4.26)
N \/keI;(z) snk (@)
By [4], p. 346, we have
wM (|- = 2)) (z) < % VNEN, Vaelon]. (4.27)
Notice also |zy — x| < m, V x € [0,7].
Therefore (A > 1) it holds
A1 A
(M) (1 _ A s T _ T
W (| 2| )(:c)_ =g Vaelm,VNeN. (4.28)
Ifz e (]ﬁ (j';)w), with j € {0,1,..., N}, we obtain nx — jm € (0,7) and thus
_ sin(Nx — jm)
sy, (@) = Nz —jn >0,

see [4], pp. 343-344.
Consequently it holds (A > 1)

Viert ) SNk (@) [ TNk — x|)‘
WA (1= o) (@) = =R >0, Vaelon], (429)

vkel;{,(ar) SNk ()
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such that © # xy, for any k € {0,1,...,N}.
We give

Theorem 4.14. Let o € (0,1], f is a-conformable fractional diﬁerentiable on [0, 7].
D, f is continuous on [0,7]. Let x € [0, 7] be such that x ;é , ke {0,1,...N},V

N eN, and D, f (z) =0. Then
( af,< 2(a+1))2(aa+1>)
- .

o T 1 2(a+1) 2(aa+1)
V-

(e

WP () @)~ 1 @) <

G

wi
(2N)2(a+1)

s

[ &],VNGN (4.30)
(a+1) 2 (QN) 2(a+1)

Proof. By Theorem 3.12. g

Theorem 4.15. Let o € (0,1], n € N. Suppose f is n times conformable a-fractional
differentiable on [0, 7], and D f is continuous on [0, ]. For a fited z € [0, 7] : z # KT

ke€{0,1,..,N},V N €N, we have DX f (x) =0, k =1,....n. Then

Oé "L
( af (2N) "FDGTD )

W () @)~ 1 @) <

a™n!
no no
G T |, VNeN (4.31)
(2N)@+D (n+1)(2N)®FDe+D
Proof. By Theorem 3.15. g

Note. (i) if z = &7, j € {0,..., N}, then the left hand sides of (4.30) and (4.31) are
zero, so these 1nequahtleb are trivially valid.
(ii) from (4.30) and/or (4.31), as N — +oo, we get that WI(VM) (f)(z) = f(x).
We make

Remark 4.16. Here we continue with the Max-product truncated sampling operators
(see [4], p. 13) defined by

Vil S e g (k)

V sin?2(Nz—kw) ’
k=0 (Nz—km)2

KQ" (f) (x) = (4.32)

YV x €[0,x], f:]0,7] = R4 a continuous function.

1n(0) .
=5~ =1 and denoting

Following [4], p. 350, and making the convention

sin® (Nz — km
st = S
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we get that sy (%’T) =1, and sy (JW) =0, if k # j, furthermore

(M) JTN _ (7
Ky (f)<N)_f<N>’
for all j € {0,...,N}.

Since sy ; (N) =1 it follows that

G () 2100

for all j € {0,1,..., N}. Hence K (f) is well-defined function for all z € [0, 7], and

it is continuous on [0, 7], also K( ) (1) = 1. By [4], p- 350, K](VM) are positive sublinear
operators.

Denote p j, := %”7 ke{0,1,..,N}.

By [4], p. 352, we have

KQY (- —2)) (@) € 5o YN EN, Yae0,n]. (4.33)

Notice also |y —z| <7, ¥V 2z € [0,7].
Therefore (A > 1) it holds

A—1 A
(M) (. _ A <7T T_ T
K (| | )(x)f =g Vaelm, VNeN. (4.34)

Itz e (JW U‘}”“), with j € {0,1,..., N}, we obtain nz — jr € (0,7) and thus

sin? (Nz — jm)

sy (z) = >0,
~j (%) (Nz — jm)*
see [4], pp. 350.
Consequently it holds (A > 1)
(M) A Vg s (@) o — )
Ky (|~ — )(x) = 1E=0 : >0, Vazel0m], (4.35)

Vo sk (%)
such that « # xy, for any k € {0,1,...,N}.

We give

Theorem 4.17. Let o € (0,1], f is a-conformable fractional diﬁer@ntiable on [0, 7].
Do f is continuous on [0,7]. Let x € [0,7] be such that x # %% k € {0,1,...,N}, V

N €N, and D, f () =0. Then
2t D)\ 3@rD
ot (Dt (252) ™)

o

K00 () @) - £ (@)] <

ey

g0\ GHT ]/ p2(et])\ D
' <2N) +2( 2N )
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(D / (2N 2<o<+1>> I @
= — + - , VN eN. (4.36)
a (2N)@+D

Proof. By Theorem 3.12. O

Theorem 4.18. Let « € (0,1], n € N. Suppose f is n times conformable a-fractional

. . ne - . . km
differentiable on [0, 7], and D], f is continuous on [0, 7]. For a fived x € [0,7] : x # 57,

ke {0,1,...,N},V N €N, we have DEf (x) =0, k =1,....n. Then

a nf, 1+1)
’K](VM) (f) (:c) _ (x)‘ < ( (2N) A FD (@ FT)

a™n!
) [ T |, ¥NeN (4.37)
(2N)@+D (n+1) (2N)&FDEFD
Proof. By Theorem 3.15. O

Note. (i) if x = ” , 7 €40,..., N}, then the left hand sides of (4.36) and (4.37) are
zero, so these mequahtles are trivially valid.

(ii) from (4.36) and/or (4.37), as N — +oo, we get that KJ(VM) () (z) = f(x).
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