Stud. Univ. Babes-Bolyai Math. 62(2017), No. 3, 367-376
DOLI: 10.24193/subbmath.2017.3.09

Characterization of ¢g-Cesaro convergence for
double sequences

Emre Tag and Cihan Orhan

Abstract. In the present paper we examine the Buck-Pollard property of 4-
dimensional g-Cesaro matrices. Indeed we discuss some questions related to the
g-Cesaro summability of subsequences of a given double sequence. The main re-
sult states that “ a bounded double sequence is g-Cesaro summable to L if and
only if almost all of its subsequences are ¢-Cesaro summable to 2' 7L,
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1. Introduction

Buck and Pollard [2] proved that a bounded sequence (s,,) is (C, 1) summable
if and only if almost all of its subsequences is (C,1) summable. Since this idea has
been introduced by Buck and Pollard, the property is to be called “Buck-Pollard
property”. The Buck-Pollard property is related to the convergence or summability of
subsequences of a given sequence. Taking into consideration ¢-Cesaro matrix instead of
(C, 1) matrix, similar results have been investigated in [7]. Recently the Buck-Pollard
property for (C,1,1) summability method has been examined and also provided a
new characterization of (C,1,1) summability for double sequences with respect to its
subsequences [10].

In the present paper we consider similar problems for four dimensional ¢-Cesaro
matrix on double sequences. We first introduce the notions of our interest related to
double sequences.

A double sequence s = (s;i) is said to be Pringsheim convergent (i.e., it is
convergent in Pringsheim’s sense) to L if for every € > 0 there exists an N € N such
that |sjr — L| < € whenever j,k > N ([9]). In this case L is called the Pringsheim
limit of s and the space of such sequences is denoted by ¢(2). A double sequence s is
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bounded if there exists a positive number H such that |s;i| < H for all j and k, i.e.,

51l (00,2) = sup || < o0
7.k

We will denote the set of all bounded double sequences by lg)). Note that in contrast
to the case for single sequences, a convergent double sequence need not to be bounded.

Throughout the paper when there is no confusion, ”convergence” means the
Pringsheim convergence.

Four dimensional ¢-Cesaro matrix (C,,1,1) = (cﬂ") is defined by

ﬁ ) 1§]§nand1§]g§m
ct =
7k
0 ) otherwise

where 0 < ¢ < oco. Observe that the case ¢ = 1 reduces to (C,1,1), 4-dimensional
Cesaro matrix. Also if ¢ # 1, g-Cesaro matrices (Cy, 1,1) cannot be RH regular, i.e.,
it cannot sum every bounded convergent sequence to the same limit.

There exist several versions of the concept of subsequences for double sequences
(3], 18], [12]). We adopt Definition 2 of [3] on subsequences of double sequences
throughout the paper.

Let X denote the set of all double sequences of 0’s and 1’s, that is

X ={z = (xjx) : xjx € {0,1} for each j,k € N}.
Let R be the smallest o-algebra of subsets of the set X which contains all sets of the
form
{{L‘ = (-Tjk) e X: Tjiky = A1y ey Tk, = an}

where each a; € {0,1} and the pairs {(j;k;)},_, are pairwise distinct.

There exists a unique probability measure P on the set R, such that
1
27’L
for all choices of n and all pairwise disjoint pairs {(j;k;)}.,, and all choices of ay, ..., a,
(see, [3]).

Let s = (s;x) be a double sequence and = = (z;;) € X. Following [3] we define
a subsequence of the sequence s by

sjk(:c):{ Sik o if Tjp =1

P({zx=(zju) € X Tjyky =01,y Tk, = An}) =

* , ifxjp=0

Mapping = — s (x) is a bijection from the set X to the set of all the subsequences of
the sequence s = (s;) [3].
An element z of X is said to be normal ([3]) if for each € > 0 there is a natural

number N, such that for n,m > N, we have ﬁ Z: Tk — % < e. Let 1 denote the
=n
E<m

set of all elements z in X that are normal. This implies that normal elements are

(C,1,1)-summable to 1. It is also known ([3]) that P () = 1.
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2. Subsequence Characterization of g-Cesaro Summability

In this section we characterize (Cy,1,1) summability of a double sequence. In
particular we study conditions under which (Cy,1,1) summability of a double se-
quence carry over to that of its subsequences, and conversely, whether these proper-
ties for suitable subsequences imply them for the sequence itself. We begin with the
following theorem which is analog to that of Buck and Pollard [2] for single sequences.

Theorem 2.1. If almost all subsequences of s = (s;i) are (Cq,1,1)-summable to a
value L then the sequence s = (s;i) is (Cy, 1,1)-summable to 2' =7 L.

Proof. If almost all subsequences of (s;i) are (Cy, 1,1)-summable to a value L then
the set G = {z € X : s(z) is (Cy,1,1)-summable to L} has probability measure 1.
We use the technique given in [3]. Now given a sequence z = (z;;) € X we define a
sequence T = (Z;x) by

- 0 ; Zf Tk = 1

xﬂ’“{ 1, ifa,=0
Let Y =GNnand Y = {(Z;) : x;; € Y}. Therefore we have Y = G N7 where G is
defined in the obvious way. Since the mapping (z,z) — (Z,x) preserves the measure
P, we get P (7) = 1 and hence P (Y ﬂ?) = 1. So Y NY is a non-empty set. If
r=(zj;) €EYNY, then we have x € G, x € p and & € G , T € 1. Hence we obtain

s(z) = L(Cy,1,1)
and

s(z) = L(Cy, 1,1)
with x,Z € . That is

n,m n,m
‘kzl Sk Tk ,kzl Sk Tk
. J.k=1, . J.k=1,
lim —-—"————% =Land lim —S———— =L
,Mm—00 n,m ,1M—>00 ,Mm
> Tjk > Tk
k=11 k=11
Also since x, T € n, we have
lim — Zjp=-and lim — Tjp = -.
n,Mm—>00 nmj7k:171 2 m,Mm—>00 nmmk:l’l 2

On the other hand, the (Cy, 1, 1)-summability of the sequence (s,) is equivalent
to the existence of the limit of the following expression

n,m n,m e n,m n,m 4 n,m
> Sk > Tk > SikTik > Tik S sikEk

j,k=1,1 J,k=1,1 j,k=1,1 J,k=1,1 4,k=1,1

- + )
ndmd ndmd n,m a ndmd n,m a
> Tjk Tjk
GE=1,1 JE=1,1
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So we get that

> sk
. G k=1,1 _ £ £  ol-g
A T T
which implies that the sequence (sjx) is (Cy, 1, 1)-summable to 2! 77L. O

In order to get the converse of Theorem 2.1, we need the following two lemmas
presented in [10]. The first lemma is an analog of the Khintchine inequality for double
sequences.

Lemma 2.2. Let

tam () = > SuTjk (%), Bapm= > S?k-
Gk=1,1 4,k=1,1
Then the following inequality
2r)!
E(tnm 2r)<( Bnmr
(tam)™") < ‘o (Bun)

1s fulfilled, where v is a positive integer.

The next result is an analog of the Marcinkiewicz-Zygmund inequality for double
sequences.

Lemma 2.3. Let

n,m n,m 9
tam () = > sjTjk (%), Bam= > Sik
Jk=1,1 Jk=1,1
and t},, (v) = max |t;i], where Kpm = {(j,k) :1<j<n,1<k<m}

(j7k)eK”L"YL
Then for a > 0 the following inequality

2 Bnm

E (eatim(”) < 320077

holds.
Now we are ready to provide the converse of Theorem 2.1.

Theorem 2.4. If the sequence (s;i) is (Cq,1,1)-summable to a value L and

n,m 5 anqu
Y=o

k=11 log log n9m4
then almost all subsequences of (s;1) are (Cy,1,1)-summable to 2971 L.

Proof. The (Cy, 1,1)-summability of almost all subsequences of (s;x) is equivalent to
the convergence of the following expression

n,m

> SikTjk
7,k=1,1

n q
Tk
7,k=1,1

for almost all z.
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We can rewrite the above expression as follows for almost all

n,m 1 +7r " (x) n,m n,m
Z Sjk ( % 2n‘11m‘1 Z sjk + 2n‘11m‘1 Z sjkrjk ((E)
J,k=1,1 J:k=1,1 J.k=1,1

{ 3l (W)}qz nqlmq{ 3o <1+r2jk(x)>}q (2.1)
co Jk=11

where ;i () = 22, — 1 . Recall that the functions 7 are the Rademacher functions

(see [3]). Since P (n) = 1, observe that the denumerator of (2.1) converges to - for

24q
almost all z. To complete the proof, it suffices to establish that

1 n,m
nama > 8Tk (x) = 0, (as n,m — oo) for almost all z.
J,k=1,1
Let € > 0 and define
M= {w tthere is (n,m) with 2971 <n <27, 2871 <m < 2% such that [tnm (z)] > nqmqa}
and let
Gjr = {a: D ts on (x) > QQ(j—l)Qq(k—l)E} .

Notice that M;;, C Gjx. The proof will be completed if we prove that for every ¢ > 0,

00,00
Z P(G]k) < Q.
jk=1,1
Now using Lemma 2.3 we have
P (Gjp,) e 12 e < /eat;jﬂ’“(x)dp (z)=FE <6at;j’2k(w)) < 3260
X
Hence
P(Gj) < 32eazB§j2k —a200~1ga(k~De
k) < .
. (-1 ga(k—1)
Taking a = %7 we have
27 2k

£2924(j—1)92q(k—1)
P(Gj) <32  2Box (2.2)
e (2)™ (24)™
_ 396 2169By,

On the other hand it follows from the hypothesis that

szzk —0 1
(29)%7 (26)2¢ 7 \ log log 27924
which yields
BQij- 52
(27)29 (2k)?9 ~ 2.167 log log 27924
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Then (2.2) yields that
€2 6.16%log log 2792k4
P (Gjy) < 32e 2.167 g2
_ 3267310g10g 27agka
B 32
[(j + k) log 2]

0,00 .
jk; | TRtz < (see [1]),

Since

00,00

00,00 1
P(Gjp) < 32 S
j,;,l ’ 2 (G + k) log 29

jok=1,1
Hence we obtain lim P (Gj;) =0 and also lim P (M) = 0. This completes the
j,k—o00 j,k—o00

proof. O

A criterion for (Cy,1,1) summability of bounded double sequences is provided
in the next corollary.

Corollary 2.5. A bounded double sequence (sji) is (Cq,1,1)-summable if and only if
the almost all subsequences are (Cy, 1,1)-summable.

Theorem 2.6. If

. 1
lim
n,m—oo nImd

Z sierik () =0, for almost all x (2.3)
jik=1,1

then we have

1 n,m
im0 Y % =0.
n,m—00 n2a4m24 J
J,k=1,1

Proof. Let N[u,z] ={(j,k):u<j<morz<k<m}and

Tuemm (£) = D> sirje (@)

(4,k)ENu,z]
Hence
Tg,z,n,m (‘r) = Z S?k +2 Z Sj1k1Sj2kaTj1k: ((E) Tjaks (‘T) .
(4,k)EN[u,z] (J1,k1),(j2,k2) EN[u,z]

J1#j2 or ki#ka

Because of the Egoroff theorem there exists a set D C X with positive measure such
that the limit in (2.3) exists uniformly on D. Therefore,

/ T} .pm(@)dP(z)=P(D) Y s +K, (2.4)

D (4,k)EN[u,2]
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K=2 Z Sjrk1Sjaks /lekl (@) Tk, (x) dP ().
(jlvkl),(j2,/€2) EN[U,Z} D
J1 # jo or ki # ko

By the Holder inequality we have

1 1
2 2
|K| S 2 Z 8?11618?2162 Z UﬂzlklekQ
(jlvkl) ’ (j2>k2) € N[“’ Z} (jlvkl) ) (j27k2) €N [ur Z]
J1 # j2 or k1 # ko J1 # Jj2 or k1 # ko
(2.5)

where vj, iy joks = [ Tjrky () Tjoks () dP (x). We know that the functions rj i, (x)
D

and rj,, (z) are orthogonal on X (see [3]). So by the Bessel inequality [13] for double
sequences we get

> ok < / (xp (£))2dP (z) = P(D).
1<j1<je <0 X
1<k <k <o0

For sufficiently large v and z, we have

Nl=

P (D)
2
Z vj1k1j2k2 < 4 .
(j1, k1), (42, k2) € N [u, 2]
j1 # jo or ki # ko

It follows from (2.5) that

3

P(D) _P(D)
2 2 9
|K| S Z SjlklstkQ 2 S 2 Z Sjlkl'
(jlakl)a(j27k2) S N[U,Z] (j1,k1)EN[u,z]

jl#jg Orkl#kg
Combining this with (2.4) we get

[T @ aP@=PD) Y Rtk

D (4,k)EN[u,z]

ZP(QD) T e

(4,k)ENu,z]
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By (2.3) we have that

1
n, }rllrgoo n2am?24a Z Jk =0 and n, }q}bgoo n2qm2q Z S
(4,k)EN[u,z] Jok=1,1
Hence the result follows. O

In the next examples we present a sequence so that it is (Cy, 1,1) summable but
almost none of its subsequences are (Cy, 1,1) summable.

Example 2.7. Consider the double sequence s, = (—1) (-=1)* /jvk. Then

oo 1 7 > oo 1 7 1
Z M = Z u is convergent in the ordinary sense for ¢ > —

1 )
P =1 2
and
'S k 00 k
(D" VE (-7 1
,; 1 = ];1 e is convergent in the ordinary sense for g > ok

On the other hand the double series Z
G k=1,1
90). Also since

= (=1 (1)
E ~——3——— is convergent in the ordinary sense for k = 1,2, ...
2

j:l jq_ﬁkq
and
[e'e] _] 1)k}
Z 1 ~——5———— is convergent in the ordinary sense for j = 1,2, ...
=1 ]q k93
ISl
then the double series Z ~—————— is convergent in the restricted sense by
sk JUT PR

Theorem 1 of [5]. Since the double series Z (=)’ ()" Vivk

is convergent in

jaka
Jk=1,1 J1k
n,m ]
the restricted sense, we get that the sequence ﬁ Z (—1)’ (fl)k \/}\/E con-
k=11

verges to zero in the Pringsheim sense [6]. Hence the sequence ((—l)j (—1)* /G \/E)
is (Cy, 1, 1)-summable to zero. On the other hand, for the case of ¢ =

lwo

4

n,m

1 2| 1 nn+l)ym(m+1)
n2a4m2q ; kz::l 1‘7k - <n2qm2q 2 2
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the double sequence does not converge to zero. Hence we have, by Theorem 2.6, that

n,m

lim—— 3" (=1) (~1)* /vy () £ 0

n,m ndm4a
k=11

So almost none of its subsequences are (Cy, 1, 1)-summable to zero.
Example 2.8. Consider the double sequence s;; = (—1) (=1)" jk. Then

> &

q
- Y j=1

(=1
= Z 1 is convergent in the ordinary sense for g > 1,
J

<.

and

M8

o (—=1)" . . :
= Z a1 is convergent in the ordinary sense for ¢ > 1.
k=1

=~
Il
—

N G e
On the other hand, the double series Z — T
4,k=1,1 gk

is convergent (see [1], page

90). Also since

oo j k

Z j’l 1k(1 1) is convergent in the ordinary sense for k = 1,2, ...
j=1

and
= (-1 (-1)*
Z gy is convergent in the ordinary sense for j =1,2, ...
J
k=1

R Vi

then the double series Z is convergent in the restricted sense by

) jq—l ka—1
7,k=1,1
00,00 j k
Theorem 1 of [5]. Since the series Z % is convergent in the restricted
gk=1,1 J
n,m
sense, we get that the sequence { —1— Z (=1)? (=1)* jk % converges to 0 in the
jk=1,1

Pringsheim sense [6]. Hence the sequence ((—1)j (—1)kjk) is (Cy, 1, 1)-summable to
0. On the other hand, for the case of ¢ = %,

1 R B 1 nn+1)2n+1)m@m+1)(2m+1)
22 ) = G )

jk=1,1 n2m2
3k=1,

the double sequence does not converge to zero. Therefore, Theorem 2.6 implies almost
none of its subsequences are (Cy, 1, 1)-summable to zero.
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