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Abstract. In this study, we establish Ostrowski-Griiss type involving functions of
two independent variables for double integrals. Cubature formula is also provided.
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1. Introduction

In 1935, G. Griiss [7] proved the following inequality:
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i [F@@e - 2 [ e [g@as )

a

1
< i(qh —1)(P2 — ¢2),
provided that f and g are two integrable function on [a, b] satisfying the condition
1 < f(o) <Py and p2 < g(z) < @, for all z € [a,b]. (1.2)

The constant % is best possible.
In 1938, Ostrowski established the following interesting integral inequality for
differentiable mappings with bounded derivatives [9]:

Theorem 1.1 (Ostrowski inequality). Let f : [a,b] — R be a differentiable map-
ping on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e. ||f'|, =

sup |f/(t)] < co. Then, we have the inequality
te(a,b)

] (b—a) [l > (1.3)
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1 . .
for all x € [a,b]. The constant 7 is the best possible.

In 1882, P. L. Cebysev [2] gave the following inequality:

T(f,9)] < 12(b—a) 1 Moo 19"l » (1.4)

where f, g : [a,b] — R are absolutely continuous function, whose first derivatives f’
and ¢’ are bounded,

(f,9) (1.5)

b

—a/f x)dr — P /f 1a/g(m)dx

a

and |||, denotes the norm in Lu[a,b] defined as ||p||, = esssup |p(t)].
The following result of Griiss type was proved by Dragt(fr[zﬁ and Fedotov [4]:
Theorem 1.2. Let f,u: [a,b] = R be such that u is L-Lipshitzian on [a,b], i.e
|u(z) —u(y)| < L|x—y| for all x € [a,b], (1.6)
f is Riemann integrable on [a,b] and there exist the real numbers m, M so that

m< f(x) <M forall x € [a,b]. (1.7)

Then we have the inequality,

/f )du(zx b /f dx

From [8], if f : [a,b] — R is differentiable on (a,b) with the first derivative f’
integrable on [a, b], then Montgomery identity holds:

LM~ m)(b - a)

o \

b b
1
f@) = 5= [ swie+ [ Peos o, (19)
where P(z,t) is the Peano kernel defined by

=2 a<t<uz
t=b 0 g <t <b.

In [5], Dragomir and Wang proved following Ostrowski-Griiss type inequality using
the inequality (1.1) and Montgomery identity (1.8):

Theorem 1.3. Let f : I C R — R be a differantiable mapping in I° and let a,b € I°with
a<b If feLab] and

03 < f'(z) < @3, Vz € [a,b],
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then we have the following inequality

f@)—biajf@Mﬁ—ﬂQ_Jﬁw(m—a+b) (1.9)

—a 2
1
< Z<b —a)(®s — ¢s3),
for all x € [a,b].

Barnett and Dragomir established following Ostrowski inequality for double in-
tegrals in [1]:

Theorem 1.4. Let f : [a,b] x [¢,d] = R be a continuous on [a,b] X [¢,d], fuy = aa%afy
exists on (a,b) x (¢,d), and is bounded, i.e.,

O f(z,y)

lfeslo=  sup =2

(z,y)€(a,b)x(c,d)

‘ < o0
then we have the inequality

b d d
//j@@@ﬁ— w—@/f@@@ (1.10)

b

+(d—0) / Syt — (b—a) (d— ¢) f(zy)

i(bfa)2+ (ma;by [i(dc)2+(yc42rd>2

for all (z,y) € [a,b] x [c,d].

<

1 fyll oo

In [1], the inequality (1.10) is established by the use of integral identity involving
Peano kernels. In [10], Pachpatte obtained an inequality in the view (1.10) by using
elementary analysis. The interested reader is also refered to ([1], [6], [10],[11],[13]-[15])
for Ostrowski type inequalities in several independent variables.

Recently, Sarikaya and Kiris have proved the following Griiss type inequality for
double integrals in [12]:

Theorem 1.5. Let f,g : [a,b] X [c,d] = R be two functions defined and integrable on
[a,b] x [e,d]. Then for

¢ < f(2,y) < ® and v < g(a,y) < T. for all (z,y) € a,b] x [e,d]
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we have
1 b d
m//ﬂx?y)g(x,y)dydm (1.11)
1 b d ) b d
(EDIrEr / / fawivis | | =g / / o, )dds
1

< 1(‘1’ — )T —7).

Moreover, Cerone and Dragomir [3] extended Gruss type inequalities for
Lebesgue integrals on measurable spaces. This includes domaind from the plane pro-
vided in [12].

In this work, using the inequality (1.11), we will obtain an Ostrowski-Griiss type
inequality for functions of two independent variables.

2. Main results

First, we give the following notations to simplify the presentation of some inter-

vals.
A1 = [CL7{E] X [C, y]7 AZ = [CL7{E] X [yad]7
AS = [va] X [Cay]a Ay = [’I,b] X [yad}
Theorem 2.1. Let f : A : [a,b] X [¢,d] = R be a continuous on A, fz, = %@fy exists
on A°. If f integrable and
p < fxy(xay) <o, V(x,y) €A
then we have the following inequality
. b d ) d
—_— t,s)dsdt — d 2.1
(b_a)(d_c)//f(ﬂs)s (d_c)/f(x7s)8 ( )
a c c

b
1
+m / f(ty)dt — f(z,y)

_ f(b,4d) f((bb,_c)a)(j;(_a,ccj) + f(a,c) <I_ a;b) (y— c;d)‘

IA

(P =p)(®—¢)

> =

where
P=max{(x—a)(y—c),(b—z)(d—1y)}
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and

p=min{(z —a)(y —d),(x—b) (y — c)}
for all (z,y) € A.

Proof. Define the kernel p(z,t;y, s) by

Et—a)) ((5—(013, 1;[" ((t s))e[[a@]] x([c,yd]]
) L t—a)(s—d), it (¢ s)€ |a,z] X (y,
P@EYS) =0 (1 by (s—c). if (t,s) € (2,0] X [es)]
(t—=0)(s—d), if (¢,s)€ (z,b] x (y,d].
Then, we have
b d
//p(x,t;y,s)fts(t,s)dsdt (2.2)
= //t—a s—cftétsdsdt—i—//t—a s —d) fis(t, s)dsdt

a 'y
b

d
//tfb s—cftgtsdsdtJr//t—b d) fis(t, s)dsdt

= Lh+4+L+1I3+ 14

Let us calculate the integrals Iy, Is, Is and I4. Firstly, we have the equality
Ty
h://ﬁ—@@—@m@@@m (2.3)

x

= /(t_a‘) [(y_c)ft(tvy) _/ft(ta S)ds] dt

a

= (yc)](ta)ft(t,y)dt/y (/(t a) fi(t, s)dt) ds

=(—o [(w—a)f(:my) —/gﬂf(t’y)dt] —/y [(w—a)f(%é‘) —/If(taS)dt] ds
=@—a)ly—o)f(z,y) = (y—o j fty)dt — (z — a)/yf(x, s)ds + j/yf(t7 s)dsdt.
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Also, similar computations we have the equalities

I = fi(t —a)(s —d) fis(t, s)dsdt (24)
= (x—a)(d—y)f(w,y)—(d—y)jf(tyy)dt—(w—a)y/df(x,S)derjjf(tvs)dsdt,
I = /b / (t = b)(s — ) fus(t, s)dsdt (25)
=(b-z)(y - /bf t,y)dt — /yf(x,S)dSJr/b/yf(w)dsdt,

d b d
— (b= )~ )f(ag) ~ (d =) [ £t~ - [ fwsas [ [ sdsd

x

If we substitute the equalities (2.3)-(2.6) in (2.2), then we have
b d

//p x,t;y, 8) fis(t, s)dsdt (2.7)

=0b-a)({d-c)flz,y) — b—a/famsds—(d—c/ tydt+//ftsdsdt

Applying Theorem 1.5 to mappings p(z, .;y,.) and fts( .), we estabhsh
b d

ﬁ / / ple,t;y,5) (b, 8)dsdt (2:8)
_( b a) _C/b/dpxty, dsdt)
> ((b—a)//fts (t,s dsdt)

1@ o) 7).

IN
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where

and

sup p(z,t;y,s)
(t,s)eA

max{ sup (t—a)(s—c), sup (t—a)(s—d),
(t,s)eA (t,s)€A2

sup (t—0)(s—c), sup (t—b)(s—d)}

(t,s)€As (t,5)€A,

max {(z —a) (y —¢), (b—x) (d—y)} = P,

f t v,
(tlsr)le p(z,t;y,s)

i inf t— — inf t— —d
mm{ L - (s, it () (s d).

inf (¢t—0)(s—c), inf (t—b)(s—d)}

(t,s)EA3 (t,s)EA4

min{(z —a) (y —d), (z = b) (y — )} = p.

Also, we have the equalities

b d
//pxty, )dsdt

z Y T

d
//t—a s—cdsdt—l—//t—a (s — d)dsdt

by

b d
Jr//tfb S*Cdet‘F//t* s — d)dsdt

(x—a’@y—0o® (x—a) (d v)?

4 4
oy’ ooy
(== 0-27] |-~ (@~ v)’]

4

oo 1) -5

169

(2.10)

(2.11)
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and
b d
//fts(t,s)dsdt = f(b,d) — f(b,c) — f(a,d) + f(a,c). (2.12)

If we put the equalities (2.7) and (2.9)-(2.12) in (2.8), then we obtain the desired
inequality (2.1). O

Corollary 2.2. With the assumptions in Theorem 2.1, if | oy (z,y)| < M for all (x,y) €
[a,b] X [¢,d] and some positive constant M, then we have

b d
1
o [ [ S
1 0 1 b
_lm_@/?uﬁm&+@_@/f@wﬂ_f@w4

f(b,d)—f((bb,_C)a)—(cJ;(jg)wa(a,C) <x a;h) (y c+d)‘

<

(P—p)M

DN =

where
P=max{(r —a)(y—c),(b-2)(d-y)}
and
p=min{(z —a)(y—d),(z—0b)(y — )}
for all (z,y) € [a,b]  [c,d].

Corollary 2.3. Under assumptions of Theorem 2.1 with x = %% and y = =E, we

2
have the following inequality

d

b—a d—o) //ftsdsdt[d_ / <a+b ) .
S |

< Lh-a)d-0@—p).
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Corollary 2.4. Under assumption of Theorem 2.1 with x = b and y = d, we get the

inequality
1 b d
m//ﬂt,s)dsdt

d

(d_c)/f(bsds+ /ftddt £(b,d)

C

_f(bvd)_f(bvc)_f(a’d)"_f(a’c)
4

< Lb-a-9@-p).

3. Applications for cubature formulae

Let us consider the arbitrary division I, : a = 29 < 21 < ... < &, = b, and
Jpic=yo <Y1 < ... <ym=d, h; =1 —2; (1=0,...,n—1),and lj :=yj41—vy;
(.] :Oa"'am_1)7

v(h) :=max{h;| i=0,..,n—1},
u(l) :=max{l;| 7=0,...,m—1}.
Then, the following theorem holds.

Theorem 3.1. Let f : [a,b] X [¢,d] — R be as in Theorem 2.1 and & € [x;,Tit1]
(t=0,.,n=1), n; € [y;,yj+1] (j =0,....,m—1) be intermediate points. Then we
have the cubature formula:

b d
//f(t,s)dsdt (3.1)

n—1m-—1 Yitt n—1m-—1 Titt
- ZZhl/fgz, s+ > 1 / (t,m;)dt

=0 j=0 ;. =0 j=0
n—1m-—1

=2 D hlif (&)
i=0 j=0
n—1m—1

+Z Z Lf (@i, yj41) = F(@iv1,y5) — (@6, y541) + f (24,95)]
i=0 j=0

T+ X i Y
% <§lel+1> <77j%2%+1>

R(ganalna Jma f)
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where the remainer term R(&,n, I, Jm, [) satisfies the estimation
1
[RE 0, Iny T, f)] < qo(h)pll) max (Pyj — pig) (2 = ) (3.2)
where
Pij =max {(& — i) (nj — ;) (@iv1 — &) (Y41 — )},

and
pij = min {(§ — x5) (n; — yj41), (& — wir1) (0 —y5)}-

Proof. Aplying Theorem 2.1 on the bidimentional interval [x;, z;y1] X [y, y;+1], We
get

Tit1 Yj41

/f(t,s)dsdt (3.3)
T4 Yj

Yi+1 Tit1
b [ fgsds vy [ stem)de— bty i)

Yi i

—[f @i, y541) — f (@iv1,y5) — £ (@0, 95401) + £ (24,95)]

Ti+ Tip1 Yi T Yj+1
(o) (g

1
< Zhilj (Pij — pij) (Pij — ©ij)

where

D = sup [fes(t,8)l, iy = inf |fis(t, )]
(t,8)€[zi,zip1] X [Y5,Y541) (t:s)€lwi,zita] X [y;,y5+1]
foralli=0,1,...n—1;7=0,1,....m— 1.
Summing the inequality (3.3) over ¢ from 0 to n — 1 and j from 0 to m — 1 and
using the generalized triangle inequality, we get

1 n—1m-—1
(R Loy Ty )] < 7 0> hily (P —pig) (Bi — 9i5)
i=0 j=0
1 n—1m-—1
< ZU(h)ﬂ(l)H}%X(PZ‘j *Pij)nﬁx (@ij — wij) Z Z 1
’ i=0 j=0
nm
= Tv(h)ﬂ(l) max (Pij — pij) (2 — ).

This completes the proof. O
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