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Ball convergence of a stable fourth-order
family for solving nonlinear systems under
weak conditions

Ioannis K. Argyros, Munish Kansal and Vinay Kanwar

Abstract. We present a local convergence analysis of fourth-order methods in
order to approximate a locally unique solution of a nonlinear equation in Banach
space setting. Earlier studies have shown convergence using Taylor expansions and
hypotheses reaching up to the fifth derivative although only the first derivative
appears in these methods. We only show convergence using hypotheses on the
first derivative. We also provide computable: error bounds, radii of convergence
as well as uniqueness of the solution with results based on Lipschitz constants not
given in earlier studies. The computational order of convergence is also used to
determine the order of convergence. Finally, numerical examples are also provided
to show that our results apply to solve equations in cases where earlier studies
cannot apply.
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1. Introduction

Let By, By be Banach spaces and D be a convex subset of B;. Let also L(By, Bs)
denote the space of bounded linear operators from B; into Bs.

In the present paper, we deal with the problem of approximating a locally unique
solution xz* of the equation

F(x)=0, (1.1)
where F': D C By — By is a Fréchet-differentiable operator.

Numerous problems can be written in the form of (1.1) using Mathematical
Modelling [3, 5, 8, 9, 12, 13, 18, 19, 22, 26, 28, 29, 30]. Analytical methods for solving
such problems are almost non-existent and therefore, it is only possible to obtain
approximate solutions by relying on numerical methods based on iterative procedure
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[1-24]. In particular, we present the local convergence of the methods studied in [14]
and defined for each n =0,1,2,3,... by

Yn = Tn — F/(xn)_lF(mn)7

on = Y — %F’@@*lF(yn), (12)

zn+1 = Zn — F/(:CTL)71 (OéF(yn) + 6F(Zn))v

Wherea:2f%fﬂ, £ € R\{0} and o € R.

Method (1.2) has fourth-order of convergence, except for 8 = 1/5. For this partic-
ular value, method attains fifth-order of convergence. The fourth order of convergence
was based on Taylor expansions and hypotheses reaching up to the fifth derivative of
function F' although only the first derivative appears in these methods. Moreover, no
computable error bounds on the distances ||z,, — z*|| or uniqueness results or com-
puatble radius of convergence were given. These problems reduce the applicability of
these methods.

As a motivational example, define function F on D = [}, 5] by

F(z) =

23 Ina? + 25 — 24, x #£0,
0, xz=0.

Choose z* = 1. We have that
F'(z) = 32° Inz? + 5% — 42 + 227,
F"(z) = 6zlnz? + 202 — 1222 4 10z,
F"(z) = 6Inx? + 602% — 24z + 22.

Then, the results in [14] cannot be used to solve the equation F'(z) = 0, since function
F"" is unbounded on D.

In the present study, we only use hypotheses on the first derivative and find
error bounds, radii of convergence and uniqueness results based on Lipschitz con-
stants. Moreover, since we avoid derivatives of order higher than one, we compute the
computational order of convergence which does not require the knowledge of z* or
the existence of high order derivatives. This way we expand the applicability of these
methods.

The rest of the paper is organized as follows: The local convergence of both meth-
ods is given in Section 2, whereas numerical examples are provided in the concluding
Section 3.

2. Local convergence

We present the local convergence analysis of method (1.2) in this section.
The local convergence analysis is based on some scalar functions and parameters.
Let Ly >0, L >0, M > 1, 8 € R\{0} and « € R be given parameters. Define function
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91,92, ha, g3 and hg on the interval [0, Lio) by

Lt
g1(t) :m7

M
g2 t) :<1 + m)gl(t)v

(
ha(t) =ga(t) — 1,
(
(

M alon0) + Blaa(0),

and parameter r4 by

2
2L+ L’
We have that gi1(ra) =1 and 0 < g1(¢) < 1 for each ¢t € [0,74).
We also get that h2(0) = hs(t) = —1 < 0 and ha(t) = +oo, hs(t) = 400 as
-
TO'
zeros in the interval (0, L%) Denote by 72 and r3 the smallest such zeros.
Define the convergence radius r by

rA

t — It follows from intermediate value theorem that functions ho and hs have

r=min{ra,ro,r3}. (2.1)
Then, we have that
0<r<ry (2.2)
and
0<gi(t) <1, i=1,2,3. (2.3)

Let U(v, p) and U(v, p) stand, respectively for the open and closed balls in B; with
center v € By and of radius p > 0. Next, we present the local convergence analysis of
method (1.2) using the preceding notation.

Theorem 2.1. Let F : D C By — By be a Fréchet-differentiable operator. Suppose
that there exist x* € D and Lo > 0 such that for each x € D

F(z*) =0, F'(z*)"! € L(Ba, By), (2.4)
and
[F" (@)~ (F' (2) = F'(a"))|| < Lol|lz — ™. (2.5)
Moreover, suppose that there exist constants L > 0 and M > 1 such that for each
z,y € Dy ::DﬂU(x*,LLO)

[F' ()" (F' (2) = F'(y))]| < Lllz = yll, (2.6)
|F' ()" F ()| < M (2.7)

and
U(z*,r) C D, (2.8)

where the radius of convergence r is defined by (2.1). Then, the sequence {z,} gener-
ated for xg € U(a*,r)-{a*} by method (1.2) is well defined, remains in U(x*,r) and
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converges to the solution x* of equation F(x) = 0. Moreover, the following estimates
hold

lyn — 2"l < g1(llzn — 2" Dllzn — 2™ < lon — 27| <, (2.9)
20 — 27| < g2(l|lzn — 2*|)lan — 27| < [lon — 27| (2.10)

and
[znt1 — 2" < gs([|on — 2"z — 27| < [z — 27, (2.11)

where the “g” functions are defined previously. Furthermore, for T € [r, L%)’ the limit
point x* is the only solution of F(x) =0 in Dy :=U(x*,T)N D.

Proof. We shall show estimates (2.9)—(2.11) using mathematical induction. By hy-
pothesis xg € U(z*,r)-{z*}, (2.1), (2.4) and (2.5), we have that

| E'(x*) " (F'(z0) — F'(2*))|| < Lollwo — 2*|| < Lor < 1. (2.12)
It follows from (2.12) and the Banach lemma on invertible functions [7, 26, 28, 30]
that F/((E(])il S L(BQ,Bl) and

1
F'(zo) ' F'(2")|| € ———
1E (o) F @O < 3o

Hence, yo, 20, x1 are well defined by method (1.2) for n = 0. We can have that
Yo — % = xg — x* — F'(x0) "' F(x0). (2.14)
Using (2.1), (2.2), (2.3) (for i = 1), (2.6), (2.13) and (2.14), we obtain in turn that
lyo — 2™ = llzo — 2 = F'(w0) ™" F(xo) | < |F"(20) ™ F' (")

1/ P (P Ol — 2°) — F(a) ) (a0 — )]

(2.13)

(2.15)
_ Ll —a|?
= 2(1 = Lollzo — z*|)
= 91([lwo — 2" |Dzo — ™| < flwo — 27| <1,
which shows (2.9) for n = 0 and yo € U(x*,r). We also have that
1
Fla) = Flz) — F(z*) = / F'(@* + (o — %)) (z0 — 2)d6. (2.16)
0

Notice that ||z* 4+ 0(xg — z*) — a*|| = 0||zo — 2*|| <7, so x* + 0(zo — x*) € U(x*, 7).
Then, by (2.7) and (2.16), we get that

1F" (&)~ F (wo) || < Mlzo — 7. (2.17)

In view of (2.1), (2.2), (2.3) (for i = 2), (2.13), (2.15) and (2.17) (for 2o = o), we get
that
Mlyo — x*||
18](1 = Lo||zg — z*|))
M
<(1+ oo — 2 M) e — 2
< |6|(1*L0H$ofx*||))gl(H 0 N llzo I

= g2(llwo — 2™ |) o — 27| < [lzo — 27| <7,

lz0 — 2" < llyo — 2™l +

(2.18)
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which shows (2.10) for n = 0 and 2z € U(z*,r). By (2.1), (2.2), (2.3) (for i = 3),
(2.13), (2.15) and (2.17) (for xo = yo), we get that

M
Lo([lzo — =]
M
< xo — x"||) +
< [oeleo ") + T o=
+ 1819210 — 2 1)) ] llzo — 27|

= g3([lwo — 2™ |lxo — 27| < llwo — 27| <1,

21 =27 < ll2o — 27| + 5 ) (Iellyo — "1l + 1Blll20 — 2" [))

(Jelgr (lzo — z*|]) (2.19)

which shows (2.11) for n = 0 and x; € U(z*,r). By simply replacing xo,yo,z1 by
Zny Yn, Tnt1 0 the preceding estimates, we complete the induction for estimates (2.9)—
(2.11). Then, in view of the estimate
[#n41 — 2" < cllzn — 2™ <7, c=gs(llzo —27[) €0,1),
we deduce that lim z, = z* and 2,41 € U(z*,r). Finally, to show the uniqueness
n—oo
part, let y* € Dy with F(y*) = 0. Define

Q= / “+0(y" —x")db.
Using (2.5), we get that
L L
IF'@) @ = F'@)ll < Flla” =y < FT<1. (2.20)

Hence, Q! € L(Bsy, B1). Then, by the identity 0 = F(y*) — F(2*) = Q(y* — z*), we
conclude that x* = y*. O

Remark 2.2. 1. The condition (2.7) can be dropped, since this condition follows
from (2.5), if we set
M(t) =1+ Lot

or

since ¢ € [0, ).

2. The results obtained here can also be used for operators F' satisfying autonomous
differential equations [5, 7] of the form:

F'(z) = P(F(x)),
where P is a continuous operator. Then, since F'(z*) = P(F(z*)) = P(0),

*

we can apply the results without actually knowing z*. For example, let
F(z) = e* — 1. Then, we can choose P(z) = = + 1.

3. The radius 74 = STorLT +
Newton’s method [5]

Tpy1 = Ty — F'(2,) ' F(z,,), for eachn =0,1,2,... (2.21)

77 was shown by us to be the convergence radius of
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provided the conditions (2.4)-(2.6) hold on D. Let Ly be the corresponding to
L constant. It follows from the definition of r that the convergence radius r of
the method (1.2) cannot be larger than the convergence radius 14 of the second
order Newton’s method (3.3). As already noted in [5], 74 is at least as large as
the convergence ball given by Rheinboldt [28]

2
rrR = E
In particular, for Ly < Ly, we have that
rp <T1
and r 1 L
é — 3 as L—[l) — 0.

That is our convergence ball 14 is atmost three times larger than Rheinboldt’s.
The same value of rg was given by Traub [30]. Notice that L < Ly, since Dy C D.
Therefore, 1y < ry4.

4. Tt is worth noticing that method (1.2) is not changing when we use the conditions
of Theorem 2.1 instead of stronger conditions used in [14]. Moreover, we can
compute the computational order of convergence (COC) defined by

hl ( ”wn+17$* H )
é—* = sup H$n_$*”
tn (plz==l)’

n—1—a~]
or the approximate computational order of convergence (ACOC) defined by
ln ( ”zn+1793n” )
. lzn—2n—1]]
& =sup .
11’1 ( H-Tn_l'n—ll‘ )

lon—1—2n—2l

This way we obtain in practice the order of convergence in a way that avoids
the bounds involving estimates using estimates higher than the first Fréchet
derivative of operator F. Notice also that the computation of £ does not require
knowledge of x*.

3. Numerical examples

We present numerical examples in this section.
Example 3.1. Let X =Y =R3, D = U(0,1), 2* = (0,0,0)7. Define function F on
D for w = (z,y, 2)T by

-1
F(w) = (e =1, 5=y +4.2)".

Then, the Fréchet derivative is given by
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We have that Lo = e — 1, L = eTo = 1.789572397, M = eTo = 1.7896 and L, = e.
The parameters using method (1.2) are:

ra = 0.382692, ro = 0.145318, r3 = 0.0826175, r = 0.0826175, r4 = 0.324947.

Example 3.2. Let By = By = ([0, 1], the space of continuous functions defined on
[0,1] and be equipped with the max norm. Let D = U(0,1) and B(z) = F"(x) for
each x € D. Define function F' on D by

F(é)(a) = o(e) =5 | ato(6)'as (3.1)
We have that

1
F'(¢(€))(x) = &(x) — 15/0 x9¢(0)2§(0)d0, for each £ € D. (3.2)

Then, we get that z* = 0, Ly = 7.5,L; = 15, L = 15, M = 2. The parameters using
method (1.2) are:

r4 = 0.0666667, ro = 0.0198959, r3 = 0.0101189, r = 0.0101189, r4 = 0.0666667.
Example 3.3. Let B; = B, =R, D = U(0,1). Define F on D by
F(z)=¢€" - 1.

Then, F'(z) = e” and £ = 0. We get that Lo =e—1 < L = eTo < Ly =eand M =2.
Then, for method (1.2) the parameters are:

ra = 0.382692, ro = 0.13708, r3 = 0.0742433,
r =0.0742433, ra = 0.324947, & = 3.8732.
Example 3.4. Let By = By = R and define function F on D = R by
F(z) = Bz —ysin(x) — 4, (3.3)

where 3, =, 0 are given real numbers. Suppose that there exists a solution & of
F(z) = 0 with F’(£) # 0. Then, we have

el vl + 18]
_ M= ———
|3 —vcosé|’ |3 — v cosé]

Then one can find the convergence radii for different values of 3, v and d. As a specific
example, let us consider Kepler’s equation (3.3) with 5 =1,0<y<land 0< 4§ <.
A numerical study was presented in [15] for different values of v and d. Let us take
v =0.9 and 6 = 0.1. Then the solution is given by z* = 0.6308435.

Hence, for method (1.2) the parameters are:

Li=Ly=L=

ra = 0.202387, ro = 0.032669, r3 = 0.00804637,

r = 0.00804637, 74 = 0.202387, ¢ = 4.0398.
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Example 3.5. Returning back to the motivational example at the introduction of this
paper, we have that L = Ly = 146.6629073, M = 2, L; = L. The parameters using
method (1.2) are:

74 = 0.00689682, ro = 0.0033639187, r3 = 0.00230533728667086,
r = 0.00230533728667086, 14 = 0.00689682 and & = 3.4324.
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