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An existence theorem for a non-autonomous
second order nonlocal multivalued problem
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Abstract. In this paper we prove the existence of mild solutions for a nonlocal
problem governed by an abstract semilinear non-autonomous second order differ-
ential inclusion, where the non-linear part is an upper-Caratheodory semicontin-
uous multimap. Our existence theorem is obtained thanks to the introduction of
a fundamental Cauchy operator. Finally we apply our main result to provide the
controllability of a problem involving a non-autonomous wave equation.
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1. Introduction

Recently in [8] H.R. Henriquez, V. Poblete, J.C. Pozo have studied the existence
of mild solutions for a nonlocal problem governed by the following non-autonomous
wave equation

Pw(t, &)  9*w(t,€) dw(t, §)
oz~ e 05

Starting from this paper, we are interested to study the following control problem
8%w(t, 82%w(t, ow(t,

Gt = TEGE 4 b(6) 2 + (8, w(t,€), ult,€)), t € T
w(t,0) = w(t, 2m), t € J,

Ow(t,0) _ Ow(t, 2m)
o6 — o o ted

W(O,f) = Z:il 22:1‘7 5 G Ra
Qw8 — Y 2 CER,
u(t,&) € U(t, w(t,§))

where 0 < ) < ... <t < . <tp <aand 0 < & < ... <& < ... < & < 2m,
b:J—=R, f:JxRxR—RandU:Jx R— P(R).

+ f(t, w(t, &), te J=]0,q], (1.1)
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By using the classical arguments (see, for example [15]) the controllability of (5.1) is
brought back to the existence of mild solutions for a problem described by the non-
autonomous semilinear second order differential inclusion with nonlocal conditions

2" (t) € A(D)z(t) + F(t,z(t), t€ J

x(0) = g(x) (1.3)
z'(0) = h(x)
where J = [0,q] is an interval of the real line, {A(¢)}1es is a family of bounded,

linear operators defined in a subspace D(A(t)) = D(A) dense in a real Banach space
X generating a ” fundamental system”, and g, h are two operators defined on the
trajectories and assuming values in X.

Recently the existence of nonlocal mild solutions in Banach space has been investi-
gated for semilinear non-autonomous second order differential equations in [9], in [7]
and in [8], while there exists an extensive literature for the autonomous case (see, for
example, [6], [11], [12] , [13] and [14]).

The note is organized in the following way. We start by introducing the fundamental
Cauchy operator and by characterizing some of its properties, which play a key role
to prove the existence of mild nonlocal solutions for problem (1.3) in the case that the
nonlinear part of the semilinear second order differential inclusion is given by an upper-
Caratheodory semicontinuous multimap. In order to obtain our main existence result
we use the powerful tools introduced in [9], [7] and a fixed point theorem for condensing
multimaps. Our existence theorem extends in a broad sense all the existence results
above mentioned. In the last section we apply our existence proposition for (1.3) in
order to establish the controllability of (1.2).

2. Preliminaries

Let X,Y be topological spaces and P(Y') be the family of all nonempty subsets
of Y. We recall that a map F : X — P(Y) is said to be upper semicontinuous
(lower semicontinuous) if Ft*(V) = {z € X : F(z) Cc V} (F (V) = {z € X :
F(z) NV # (0}) is an open subset of X, for every open V C Y; the multimap F is
said to have closed graph if the set graphF = {(z,y) € X xY :y € F(x)} is closed
in X xY (see [5]).

In this paper X is a real Banach space endowed with a norm ||.||, and we will use the
following notations:
Py(X) ={H € P(X) : H bounded}
P.(X)={H € P(X) : H convex};
Py(X)={H € P(X) : H closed};
Pr(X)={H € P(X) : H compact};
Pre(X) =Pr(X)NPAX)... (2.5
Further, let J = [0, a] be an interval of the real line endowed with the usual Lebesgue
measure .
A function f : J — X is said to be strongly measurable if there is a sequence of
simple functions (s,), which converges to f almost everywhere.
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Moreover, we denote by C(J; X) the space consisting of all continuous functions from
J into X provided with the norm ||.||o of uniform convergence, by L!(.J, X) the space
of all X-valued Bochner integrable functions on J with norm [|ufly = [, [[u(t)||d¢ and
LY(J)={f € L*(JR): f(t) >0, for ae. te J}.

A countable set {f,}, C L(J,X) is said to be semicompact if: (i) {fn}n is
integrably bounded, i.e. there exists w € L} (J) such that ||f,(t)]] < w(t), for a.e.
t € J and for every n € N; (ii) the set {f,(f)}, is relatively compact in X, for a.e.
teJ.

Now let us consider the following nonlocal problem governed by a non-autonomous
abstract semilinear second order differential inclusion

z'(t) € A(t)x(t) + F(t,z(t), te J

z(0) = g(z) (2.6)

2'(0) = h(x).
In this problem F'is an X-valued multimap defined on J x X, g,h: C(J; X) — X are
functions; {A(t)}1es is a family, generating a ” fundamental system” {S(t, s)}r,ses
of bounded linear operators A(t) : D(A) — X (where D(A) is a dense subspace of
X) such that, for each x € D(A), the function ¢ — A(t)z is continuous in J .

First we recall the concept of the ”fundamental system”, introduced by Kozak in [9]
and recently used by H.R. Henriquez, V. Poblete, J.C. Pozo in [8].

Definition 2.1. A family {S(, s) }+,ses of bounded linear operators

S(t,s) : X = X is called fundamental system generated by the family {A(¢)}+cs if

(S1) for each z € X, the function S(.,.)z : J x J — X is of class C'! and

(a) foreach t € J, S(t,t)r =0,Vzr € X ;

(b) for each t,s € J and for each z € X, ZS(t,5) ;=5 * = 2 and
%S(t, 8) |t=s x = —x5

(S2) for all ¢,s € J, if x € D(A), then S(t,s)x € D(A), the map S(.,.)x: JxJ = X
1s of class C? and

a) 2 oz S(t,s)x = A(t)S(t, s)x, Y(t,s) € J x J, Vo € D(A);

b) 88 S(t,s)x = S(t,s)A(s)x, V(t,s) € J x J, Vo € D(A);

c) 22 33915(t,8) |t=s © =0, Vs € J, Vo € D(A);

S3) for all s,t € J, if x € D(A), then 88 S(t,s)x € D(A). Moreover, there exist
%S(f s)z and af?ats(t s)z and

(a) %?(?85(15,5):17 = A(t) 8SS(t,s)x, V(t,s) € J x J, Vo € D(A);

(b) 5%5;S(t, s)x = & S(t, s)A(s)z, V(t, s) € J x J, Vx € D(A);

and for all z € D(A) the function (¢, s) — A(t) 2 S(t, s)z is continuous in J x J.

(
(
(
(

Moreover, as in [8], amap S : J x J — L(X), where £(X) denote the space of all
bounded linear operators in X with the norm .| z(x), is said to be a ” fundamental
operator” if {S(t, s)}1,ses is a fundamental system. Moreover, as in [8], we introduce,
for each (t,s) € J x J the operator

C(t,s) = —%S(t,s) X = X (2.7)
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By using the Banach-Steinhaus Theorem it is possible to prove that the fundamental
system {S(t, ) }+,scs satisfies the following properties:

there exists two constants K, K*, K1 > 0 such that

(p1) [|C(t, s)le(x) < K, V(t,s) € J x J;

(02) [[S(t8)llex)y S K [t—s], Vt,s€J

(p3) [|1S(t, 8)llz(x) < Ka, Vt,s € J

(p4) ||S(t278) — S(t178)||£(X) < K* | to — 11 ‘ Vi1, ta,s € J

(p5) dK; >0 : ||%S(t2,s) (tl, )Hﬁ(X < K, | to —t1 | Viti1,ta,8 € J.

Now we recall the definition of a mild solutions for the nonlocal problem (2.6)

Definition 2.2. A continuous function v : J — X is a mild solution for (2.6) if

0s
where f € S},(”u(.)) ={feLYJ;X): f(t) € F(t,u(t)) ae. t € J}.

u(t) = —QS(t,s) ls=0 g(u) + S(t,0)h / S(t, &) f(&)dg, vte J

In the sequel let us denote by 0,, the zero-element of R™ and by < the partial
ordering given by the standard positive cone Ry , := (RO )*, i.e. x < y if and only if
y —z € Ry 5 clearly, < y means that » < y and x # y.

Definition 2.3. A function 8 : Py(X) — R{, is said to be a "measure of
noncompactness” (MNC, for short) in the Banach space X if, for every Q € Py(X),
the following properties are satisfied:

(B1) B(Q) = 0,, if and only if Q is compact;

(B2) Blo(®) = BQ).

Further, a MNC 3 : Pp(X) — Rf , is said to be:
monotone if Q1, Qs € Pp(X) : Q1 C Oy implies 5(21) < £(N2);
nonsingular if ({z} UQ) = B(NQ), for every z € X, Q € Pp(X);
invariant under closure if 3(Q) = B(Q), Q € Pp(X);
invariant with respect to the union with compact set if (U C) = B(Q), for every
relatively compact set C' C X and Q € Pp(X).
In this setting we provide the following definitions (see [2]).

Definition 2.4. If D is a nonempty subset of X, a map ¢ : D — P(X) is said to be
”condensing” with respect to a MNC 3 : P,(X) — R{ | (shortly, ” S-condensing ”) if
(I) ¢(D) is bounded

and

(II) B(©2) < B(¢(2)) implies 5(Q2) = 0,,, 2 € Py(D)

or equivalently

(1)’ 0,, < B(82) implies B(Q2) £ B(P(2)), Q € Pp(D) (i.e. B(d(2)) < B() is true or
B(¢(R2)) and B(2) are not Comparable)

We can now recall the following Sadowskii type fixed point theorem for multimaps
condensing with respect to a vectorial measure of noncompactness (see [2], Theorem
2.2).
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Theorem 2.5. Let 3 : Py(X) — Ry, be a nonsingular MNC, D be a closed convex
subset of a Banach space X and ¢ : D — Py.(D) be a map such that

(¢1) & has weakly closed graph in D x X, i.e. for every sequence (x,)n in D, x, — x,
x € D, and for every sequence (Yn)n, Yn € O(n), Yn — y, then S(x,y) N ¢(z) # 0,
where S(z,y) = {x + Ay —x) : A € [0,1]};

(92) ¢ is B-condensing.

Then there exists © € D with x € ¢(x).

Next, we consider the set Rf | = R{ xRy endowed with the partial ordering < before
introduced. Fixed a constant L > 0 we can introduce the function vy, : Pp(C(J; X)) —
R, defined by

vr(Q) = {wrjl}é}iQ(T({wn}n), A({wn}n)), Y€ Po(C(J; X)), (2.8)
being
T({wn}tn) = Sup e n({wa(t)}n); (2.9)
and
/\({wn}n) = mOdC({wn}n) (2.10)

where 7 is the Hausdorff MNC in the Banach space X and mod¢ is the modulus of
continuity in C(J; X) (see [3]).

3. The fundamental Cauchy operator

To study the problem (2.6) we introduce the following operator, which will play
a key role in our next existence result.

Definition 3.1. Let {S(¢, s)}+ secs be the fundamental system generated by the family
{A(t) }+es of bounded linear operators in the Banach space X, presented in (2.6). We
will call the operator Gg : L'(J; X) — C(J; X) defined by

t
Gsf(t) = [ St.9)f(s)ds. 1€ =l0.al, fe LX) (3.)
0
the fundamental Cauchy operator.

First we present the following result, which is analogous to the one proved in
[10] or in [4], respectively for the Cauchy operator and for the generalized Cauchy
operator.

Theorem 3.2. The fundamental Cauchy operator G s satisfies the following properties:
(Gs1) |Gsf(t) = Gsg()]l < Ka [y [If(s) — g(s)llds, t € J, f,9 € L'(J; X);

where Ka is the constant presented in (p3);

(Gs2) for any compact H C X and sequence (fu)n, fn € LY(J;X), such that
{fn(®)}n C H for a.e. t € J, the weak convergence f, — fo implies the convergence

Gan — GSfO-
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Proof. Let t € J and f,g € L'(J; X) be fixed. Thanks to the definition of the funda-
mental Cauchy operator and to the property (p3) we have:

1Gs(t) - Gsg(®)] = | / S(t,5)(/(5) — g(s))ds]| < Ka / 1£(s) — g(s)lds  (3.2)

Therefore we can deduce that Gg satisfies (Ggl).

Let us prove the property (Gs2).

Fix a compact set H C X and t € J, let us consider the set Q; C X defined as
folllows:

U s s)H. (3.3)

Now we show that ); is compact. Let us fix the map qg : J x J x H — X defined by
qu(t,s,x) = S(t,s)x, (t,s,x) € J x J x H. Then, for each € > 0, there exist finitely
many zi,..., &, € X such that:

15
H C Ule(xl- + @31(0)),

where B;(0) is the open unit ball in X.
Now, by the strongly continuity of S, there exists ng(e) > 0 such that for every
(t1,81), (to, s2) € A with max{|t; — 2|, |s1 — s2|} < nu(e) we have

1S (t1, s1)xs — S(te, s2)xi]| < Z , foreveryi=1,...,p. (34)

Put 75 (e) = min{ny(¢), 15 }, for arbitrary (t1,s1, 21), (t2, s2,22) € J x J x H such
that max{|t1 —ta|, |s1 — sz, |21 — 22|} < N (e), since there exists j € {1,...,p} such
that ||z1 — 2| < ;7, by (p3) and (3.4) we get
lgm (t1, 51, 21) — qu (b2, s2, 22) | = [[S(t1, 81)21 — S(t2, s2) 2]

< ||S(t1,81)21 — S(t1, s1)xj]| + ||S(t1, s1)x; — S(ta, s2)z;]|

+ 15 (b2, s2)z; — S(t2, s2) 21| + [|S(t2, s2)21 — S(t2, 52) 22|

SIS, s1) (21 — )| + [[[S (81, 51) — S(ta, s2); |

+ 15 (b2, s2) (25 — )H + 115 (t2, 52) (21 — 22) |

< Kallz1 — ;|| + 1 —|—Ka||xj — 21|+ Kallz1 — 22| < e.

Therefore the map g is uniformly continuous. Hence, being true that
=qu({t} x [0,t] x H) ,

we can say that @); is compact.

Now, we show that, for every sequence (fn)n, fn € L'(J;X), such that
{fn(®)}n € H ae.t € J we have that the set {Ggfn(t)}, is relatively compact
in X, for every t € J. To this end, fixed ¢t € J, it is enough to prove that

{Gsfn(t)}n C tco(Qr). (3.5)
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Let us associate to (f,)> a sequence (f,)}> such that f,(t) € H for every t € J

n=1

and f, = f, a.e. in J. By applying [5, Corollary 3.10.19], we obtain
t
Gsfn(t) = / S(t,s)fn(s)ds € tco {S(t,s)fu(s):5€[0,t]} CteoQy, YneN .
0

Next, let us show now that {Gsf,} > € C(J;X) is (uniformly) equicontinuous in
J. To see this, fixed € > 0, we can choose §(¢) = m, where the constants K
and K* are respectively that from properties (pl) and (p4) in Section 2, while K5 is
a constant such that

Ifn®)] < Kz, ae.t€J, ¥YneN.
Then, for every t1,ts € J, [t2 —t1| < d(e), and w.l.o.g. t3 > t1, we have (see (p3) and
(p4) in Section 2):

|Gs fu(ta) — Gsfalt)|] < /O 1 1S (t2, s) — S(t1, $)]fnls)|ds
+/t 2 1tz ) 20y || (5) s

t1
S/ [S(t2,8) — S(t1, s) | cx)ll fu(s)|lds + KoKa(ts —t1)
0

a
< / K*(ty — t1)Kads + Ko Ka(ty — t1) < d(e)aKa(K + K*) =¢.
0

Hence we have the equicontinuity in J of the set {Ggs fp }n.

Furthermore, the condition (Ggl) implies that the linear operator Gg is bounded,
hence Gg is weakly continuous, i.e. if f,, — fo then Gsf, = Ggsfy. Now, by applying
a generalized version of the Ascoli-Arzela criterion obtained by Ambrosetti in [1], we
get the relative compactness of the set {Gg fn}n.

The relative compactness of {Gg fn};ﬁ? provides that the last convergence is in the
norm of the space C(J; X). So also (Gg2) is stated.

Remark 3.3. Condition (Gg1) obviously implies the Lipschitz condition
(Gs1)' ||Gsf — Gsglleo < Kal|f —g|l1, forall f,g € L'(J;X).

4. Existence results

Thanks to the properties of the fundamental Cauchy operator we are able to
prove our main existence result.

Theorem 4.1. Let J = [0,a], X a Banach space and {A(t) }1ey a family which satisfies
the property:

(A) {A(t) }res is a family of bounded linear operators, defined in a subspace D(A)
dense in X and taking values in X, generating a fundamental system {S(t,s)} 1 s)crxJ
such that, for each x € D(A), the function t — A(t)x is continuous in J.

Let F: J x X — Pro(X) a multimap which satisfies the following hypothesis:
(F1) for every x € X, F(.,z) admits a B-measurable selector;

(F2) for a.e. t € J, F(t,.) is upper semicontinuous;
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(F3) there ezists a function o € LY (J) such that
[E( 2l = sup |[lz]] < a(@)(1+ [[z]])

zeF(t,x
for a.e. t € J and for allxz € X.
(F4) there exists a function m € L% (J) such that

n(F(t, B)) < m(t)n(B)
for a.e. t € J and for every B € Py(X) (where n is the Hausdorff MNC in X ).

Let g,h: C(J; X) — X be two functions which satisfy the following properties:
(gh1) g, h are compact, i.e. they are continuous and map bounded sets into relatively
compact sets;

(gh2) there exists Q > 0: ||g(u)|| < Q , |h(u)|| < Q for every u € C(J; X).

Then there exists at least one mild solution for the nonlocal problem (2.6).

Proof. We consider the integral multioperator T' : C(J; X) — P.(C(J; X)) defined as
I(u) = {y € C(J; X) : y(t) = C(t,0)g(u) + S(¢,0)h(u)

+/o S(t,E)f(E)dE, t € J, f € Speuiyt (41)

for all u € C(J; X).
Note that, for all u € C(J; X), since Sp(.uc)) # 0 (see [10], Lemma 5.1.1) we have
I'(u) # 0 . Moreover I takes convex values thanks the convexity of the values of F.
From now on we proceed by steps.
Step 1: There exists a set which is invariant under the action of the operator I'.
Step la: We put
n(t—s)

= I?Ea}({/ Kae™ a(s)ds} (4.2)
for all n € N, where K, a are respectively from (pl) and (F'3) and a is the size of J .
Let us show that

inf ¢, = 0. (4.3)
neN
From definition of maximum, for all n € N, there exists ¢, € J such that
1 tn a
gn — — < Kae "= q(s)ds = / n(s)ds (4.4)
n 0 0

being v, : J — R the function defined as follows
Pn(s) = Kae_”(t"_s))([o’tn] (s)a(s), for all s € J,

where X[o,+,] is the characteristic function of the interval [0, ¢,,]. Eventually passing to
a subsequence, the sequence (¢,), is such that

ILm Yn(s) =0, foralls e J
| Pn(s) |< Kaa(s) =:a*(s), Vs € J, Vn € N,

where o* € L! (J). So the Dominated Convergence Theorem implies that

lim 1/)n( )ds = 0.

n—roo
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Since ¢, > 0, by (4.4) we obtain lim,,_,+ ¢, = 0. Hence (4.3) is proved.
Therefore, there exists N € N such that

gy < 1. (4.5)
Now, let us consider the norm ||.||5 : C(J; X) — R{ defined by:
llul|n = I{leau}(e_l\“||u(t)||7 Vu e C(J; X), (4.6)

which is equivalent to the usual norm ||.|| in C(J; X) (cfr. [10], (5.2.7)).

Let us fix
K(Q+aQ + aflef)
1—gqn
where K is the constant in (pl), a is the size of the interval J, @) and g are respectively
from (gh2) and (4.5).
Step 1b: Now, we consider (see (4.7))
Hp = {u e O(; X) : |lullx < R}, (48)

the closed ball in (C(J; X), ||.||~)-
We show that

R>

(4.7)

F(HR) C Hg. (49)
Fixed u € Hi and y € T'(u), for every t € J, we have

e My < e MC(E, 0)g(w)l| + e~ NS (¢, 0)h(u)|+

re [Cs. sl
Then by using (pl), (p2), (F'3), (gh2) and (4.6) we have
e My < 10 0l eex)lg(w)ll + 1S, 0)ll2cx) 17 (u) |+

t
eV / 1S( )l oo | F(©)l1de <
0
t
K(Q+aQ +allaly) + e V'Ka / o (©)[u(é) 1 dé =
t
= K(Q +aQ + allally) + e N Ka / eNEa(€)e N u() | de <
0

t
< K(Q + aQ + allafl1) + Hu||NKa/ e N0 (g)de.
0
So, recalling that u € Hg, by (4.8), (4.7) and ((4.2) for n=N) we obtain

t
Ny < K(Q +aQ + allaly) + R / Ka e N-9a(e)dg <
0

< K(Q+aQ +afalli) + Rgy < R.
Now, by (4.6), we have
lylln <R,

hence y € Hg. Therefore (4.9) is true.
Step 2: In order to prove the existence of a mild solution for (2.6) it is enough to have
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the existence of a fixed point for the restriction I',, (shortly I'r), i.e. (see (4.9)) for
the map

FRZHR%PC(HR). (410)
To this aim, we will show that I'p satisfies all the hypotheses of Theorem 2.5, where
the Banach space considered is (C(J;X), ||.||co) (shortly C(J; X)). Obviously Hg,
which is a closed ball in the space (C(J; X),||.||~), is a closed and convex subset of
C(J; X).
Step 2a: The integral multioperator I'z has closed graph.
Let (un)n be a sequence in Hp such that uw,, — @ and let (2,), be a sequence such
that z, € ['(uy,), Vn € N, and z, — Z in C(J; X).
Moreover, let (f), be a sequence such that, for every n € N, f,, € S}?("u L) and

n

zn(t) = C(t,0)g(un) + S(t,0)h(uy) +/0 S(t, &) fn(&)dE, for allt e J (4.11)

Now, let us note that the set {f,}, is integrably bounded. This follows from the
boundness of the set {uy}, in C(J, X) and from (F3).

Furthermore, let us show that the set {f,(¢)}, is relatively compact in X for a.e.
t € J. Indeed, by using (F'4) and the monotonicity of the Hausdorfl MNC, for a.e.
t € J, being {un(t)}n € Po(X), we can write the extimate

N{fn(@)}n) < n(E @ {un(t)}n)) < mE)n({un(t)}n)- (4.12)

Next, since the set {u,(t)}, is relatively compact in X, from (4.12), we have
n({fn(®)}n) =0, ie. the set {f(¢)}, is relatively compact.

Now, we can use [[10], Proposition 4.2.1] to conclude that the set {f,}, is weakly
compact in L'(J; X), so w.l.o.g. we can assume f,, — f in L*(J; X).

Then, in virtue of Theorem 3.2 and Remark 3.3 we can say that the fundamental
Cauchy operator satisfies (Gg1)’ and (Gg2). Therefore, since the set {f,,}, is semi-
compact we can apply [[10], Theorem 5.1.1] and deduce

Gsfn — Gsf in C(J; X). (4.13)

Moreover, fixed ¢ € J, since C(t,0),S(¢,0) € £L(X) and g, h are continuous in C(J; X)
(see hypothesis (ghl)), we have:

C(t,0)g(un) — C(t,0)g(u), per n — oo (4.14)
S(t,0)h(u,) — S(t,0)h(a), per n — oo (4.15)
Hence, by passing to the limit in (4.11), from (4.13), (4.14)), (4.15) we have
nh_)ngo zn(t) = nli_)rr;o[C(t,O)g(un) + S(t,0)h(upn) + Gs fn(t)] =
= C(t,0)g(u) + S(t,0)h(a) + Gs f(t)

Now, the uniqueness of the limit algorithm guarantees that (see (3.1)):

=(t) = C(t, 0)g(a) + S(t, 0)h(a) + /0 S(t ) ()de, for every t € J
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By [[10], Lemma 5.1.1], we have that f € S},(. a())’ hence we can conclude that

z € T'r(u). Therefore, I'r has closed graph.
Step 2b: For every [ € N we can consider the real number

t
pp = max/ 2Kae ') m(s)ds (4.16)
ted Jo

where K, a, m are respectively from (pl), (2.6) and (F'4). By means of similar argu-
ments as the ones used to prove (4.5), we can choose | = L large enough so that

pL < 1. (4.17)

In correspondence to such an L we consider the vectorial MNC vz, on C(J; X) defined
in (2.8).

Next, we prove that the integral multioperator I'g is vy -condensing.

First, by (4.9) the equivalence of the norms ||.||oc and ||.||; implies the boundness of
the set I'r(Hpg) in (C(J; X), ||.||lcc) Therefore, condition (I) of v-consensivity holds.
Now we show that condition (II) is satisfied too. So let Q@ C Hpr be a bounded set
such that

v (Q) K v (Tr(Q)), (4.18)

we will prove that v (Q) = 0s.

Recalling that v, (T'g(Q2)) is a maximum (see (2.8)), we consider the countable set
{Yn}n C T'r(Q) which achieves that maximum. Let now {u, }, C Q be a set such that
Yn € Tr(uy), n € N. Moreover, for every n € N, by (4.1), (4.10), (3.1) there exists
fn € Szl«“(.,un(.)) such that

yn(t) = C(£,0)g(un) + S, 0)h(un) + Gsfu(t), t € J. (4.19)
Of course, since (4.18) holds, we have (see (2.8)
(T{un}tn), A{untn)) S vo(Q) S vL(TR(Q) = (T({yntn) Ayntn)). (420
First of all, from the above relation we have the inequality
T({untn) < 7{ynln)- (4.21)
Let us estimate (cf. (2.9))
({yatn) = sup e n({ya(t)}n). (4.22)

Fixed t € J, by using (4.19), (pl) and (p2) of the fundamental system and the
properties of 1, we have

N{yn(®)}n) < n({C(# 0)g(un)n) +n({S(E 0)h(un)}n) + 1({Gs fult)}n) <

< Kn(g({unin)) + Kan(h({un}tn)) + 1({Gs fu(t)}n). (4.23)
)

Being {uy, }rn a bounded set, from hypothesis (ghl) we can deduce that n(g({u,})n) =
0 and n(h({un})n) = 0. Therefore, by (4.23) we have

N{yn(t)}n) < n{Gsfu(t)}n)- (4.24)
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In order to apply Theorem 4.2.2 of [10], we first note that the boundness of {uy}, in
C(J; X) and (F3) imply that the set { f,, }, is integrably bounded. Moreover by (F'4),
for a.e. s € J, we have

n{fn(8)}n) < n(F (s, {un(s)}n)) < mls)n({un(s)}tn) <
< e"*m(s) sup e " n({un (&) }n) = e m(s)T({un}n) =: v(s) (4.25)
fed
where obviously v € L (J).
On the other hand, by using Theorem 3.2 we know that the fundamental Cauchy

operator Gg satisfies (Ggl) and (Gs2). Now we are in the position to apply Theorem
4.2.2 of [10], so we get (cf. (4.25)):

N{Gsfn(t)}n) < 2Ka/0 v(s)ds = 2Ka7({un}n)/0 e m(s)ds, Vt € J,  (4.26)

hence, by (4.24) and (4.26) we have

0({yn(8)}n) < 2Kar({un}n) /0 eLom(s)ds, Vi € J.

From this last inequality, remembering (2.9) and (4.16) with [ = L, we obtain

T({yn}n) < sup [2KGT({un}n)/ e M m(s)ds] < pr7({un}n) (4.27)
teJ 0
Therefore (4.21) and (4.27) imply
T({un}n) < T({yn}n) < pLT({un}n), (428)
and so, since py, < 1 (4.17), we achieve
T({tun}n) = 0. (4.29)

By (4.28) we also deduce
T({yn}n) = 0. (4.30)
Now we show that (cf. (2.10))

A{yn}n) = modc({yn}n) =0 (4.31)

To this aim, we prove that modc ({yn}n) = 0. Indeed, from (4.28) and (2.9), we have
that
n({un(t)}n) =0, Vt € J.

Moreover, the set {f,}, is semicompact since it is integrably bounded and
n{fn(t)}n) = 0, for ae. t € J (see (4.25) and (4.29)). Therefore, recalling again
that Gg satisfies properties (Ggl) and (Gs2), we can apply Theorem 5.1.1 of [10]
so that the set {Ggfn}n is relatively compact in C(J;X). Clearly, if a subset of
C(J; X) is relatively compact, then its elements constitute an equicontinuous fam-
ily on J. Hence, fixed ¢ > 0, there exists d1(¢) = d1(5) > 0 such that for every
t1,ta € J, | t1 —to |< (51(5) we have

[Gsfn(t2) — Gsfaltr)] < 27 Vn € N. (4.32)
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In addition, put dz2(e) =: Tomar(R Ky We have (see (p4), (p5), (2.7) and (gh2))
€
”C(t270)g(un) - C(tla O)g(un)H <Q max{K*a K1}|t2 - t1| < ga (433)

15 (t2, 0)Aun) = S(t1, 0)h(un)|| < @ maz{ K™, K1 }|ts — t1] < g, (4.34)

for all ty,ts € J, | to —t1 |< (52(6), Vn € N.
Now, fixed d(g) = min{d1(¢),02()} > 0, by (4.32), (4.33) and (4.34) we can deduce
that, for every t1,t2 € J such that | t; — t3 |< d(€) we can say

[yn (t2) = yn(t1)]] < [[C(t2,0)g(un) — C(t1,0)g(un)||+
+[15 (2, 0)h(un) = S(t1, 0)h(un)[| + |Gs fu(tz) = Gsfu(tr)] <e,

for all n € N, i.e., the set {yn}, is equicontinuous on J. So we conclude (see (2.10)):

From (4.20), by using (4.30) and (4.35) we deduce v (€2) = 0s.
Hence, condition (I1) of vi-condensity is verified too, therefore I'g is v-condensing.
Step 3: Finally we are in the position to apply Theorem 2.5. Hence the multioperator
I'r has a fixed point in Hg, i.e. there exists x € Hg such that

z(t) = C(t,0)g(z) + S(t,0)h /Sts s)ds, t e J

where f € S}p('@(.)). Of course, x is a mild solution for (2.6).

5. An application

Now we apply the result established in the preceding section to study the con-
trollability of the following non-autonomous wave equation with initial conditions

Pulld) = D) | () 2L 4 f(t, w(t,€),u(t,€)), t € J

w(t,0) = w(t, 27r), telJ,

Ow(t,0) _ dw(t, 2m)
e o€ teJ,

w(0,8) =321, 22” §eR,
Ow(0, m
PR =YL T EER
u(t, &) e U(t, w(t,§)), teJ, £€R
where 0 < ) < ... <t < . <tp <aand 0 < & < ... <& < ... < & < 2m,
FiJxCxC—oR,b:J—RandU:J xR — P(R).

First, we fix the Banach space X = L%(T,C), where T is the quotient group
T = R/27Z of all 2r—periodic 2—integrable functions. As in [8], we will use the

identification between the functions defined on T and the 27w —periodic functions from
R to C. Next, put the Sobolev space

H*(T,C) = {X,: T — C: X,([¢]) = x(£), ©: R — C is 21 — periodic :
L*([0,27],C)},

(5.1)

! 1!
3 @021 T10,27) €
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provided by the norm

| Xzl 20r,0) = 12|l 22 ([0,27),0) + HJ’JHLQ([O72TF],C) + ||$H||L2([0,27r],(C)7 (5.2)
we consider the operator Ag : D(Ag) = H*(T,C) — L?(T,C) so defined
2
Ao X, = 3—530, X, € H*(T,C)

which is the infinitesimal generator of a strongly continuous cosine family {Co(¢) }+er,
where Cy(t) : L?(T,C) — L?(T,C), for every t € R (see [8]). Moreover, we fix the
function P : J — L(H(T,C), L*(T,C)) defined in this way
dX,
Pt)X, = b(t)d—g, telJ, X,e HYT,C).

where we assume that the function b: J — R of (5.1) is C! on J. Now we are in the
position to define the family {A(t) : t € J}, where, for every t € J, A(t) : H*(T,C) —
L?(T,C), is an operator so defined

A(t) = Ao+ P(t), ted (5.3)
In [7] Henriquez has proved that this family generates a fundamental system

{S(t, $)}+,se.s, which is compact (see [8], Lemma 4.1).
On the function f we assume that f : J x H?(T,C) x L?(T,C) — H?(T, C) so defined

ft, z, u) (&) = f(t, z(€), u(®)), t e J, x € H*(T,C), u € L*T,C), [¢] €T,
(5.4)
satisfies the following properties: y
(f1) for every x € I{Q(T, C), wu€ L*(T,C), f(.,z,u) is B-measurable;
(f2) for a.e. t € J, f(t,.,.) is continuous;
(f3) there exists k € L (J):

It 21, u) = f(t, 22, 0|2 (0.2n,0) < E(E)||21 — 22|12 ((0,20],0)
for a.e. t € J, 1,22 € H*(T,C), u € LQQ']I‘,(C) ;
Moreover we require that the multimap U : J x H?(T,C) — P(L*(T,C)) so defined
U(t, w)([g) = Ut, 2(€)), t€J, € HA(T,C), [{] €T, (5:5)
satisfies the conditions B
(U0) for every t € J, z € H*(T,C), U(t,z) is compact;
(U1) for every z € H?(T,C), U(.,z) is measurable;
(U2) for a.e. t € J, U(t,.) is upper semicontinuous;
(U3) U is superpositionally measurable, i.e. for every measurable multimap V' :
H*(T,C) — Py(L*(T,C)) the multimap U(.,V(.)) is measurable;
(U4) f(t, =, U(t,z)) is convex, t € J, x € H*(T,C);
(U5) there exists v € L} (J) such that

1f(t,2, Ut 2) |2 o2n.c) < @)L+ 2]l a2 (o.2x.0)):
for a.e. t € J, for all z € H?(T, C);
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(U6) for every t € J, x € H?(T,C) and for any bounded Q@ C H?(T,C), the set
f(t, =, U(t,Q)) is compact in H%(T,C);
Now we introduce the map F : J x H?(T,C) — P(H?*(T,C)) so defined
F(t, z)= f(t, z, U(t,x)), teJ, zc H*T,C), (5.6)

and the maps g : C(J; H*(T,C)) — H*(T,C) and h : C(J; H*(T,C)) — H*(T,C)
respectively defined in the following way

Z 2T el e T, @ € C(J: H(T, C)): (5.7)

Z x € C(J; H*(T,C)). (5.8)
i=0 i
The previous arguments lead to revise a function w : J x R — C such that

w(t,.) 2m — periodic, teJ
w(t,.) lp2x€ L*([0,27]),C), teJ
as x: J — L*(T, C) so defined

z@)([§) = w(t,€), ted, [eT. (5.9)

)=
Hence we can rewrite problem (5.1) in the form
a"(t) € le@)]" + b(O)[x(®)) + F(t,2(1)), t € J
2(t)([0]) = z(@)([2x]), [@))'((0)) = [=(®))([27]), te ]

2(0) = g(x)
2'(0) = h(x)

First, we note that the conditions (U4) and (U6) imply respectively that the
multimap F' (see (5.6)) takes convex and compact values. Moreover, by (U1) we can
say that, for every z € H?(T,C), the multimap Q, : J — P(H?*(T,C) x L?*(T,C))
defined as Q,(t) = {z} x U(t,z), t € J is measurable. Hence from conditions (f1),
(f2) we have that F(.,z) = f(., Q.(.)) is measurable. Now by using the classical
Kuratowski Ryll-Nardzewski measurable selection theorem we can conclude that the
hypothesis (£'1) is fulfilled. On the other hand, from (U2) we have that, for a.e. t € J,
the multimap V; : H(T,C) — P(H?(T,C) x L*(T,C)), Vi(z) = {z} x U(t,x), = €
H?(T, C), is upper semicontinuous and so, taking into account of (f2), Theorem 1.2.8
of [10] implies that (F'2) holds. Moreover, by using (U5) we deduce that F' has the
property (F'3).

Next we prove that the multimap F' satisfies the condition (F'4). Fixed t € J such
that the property expressed in (f3) holds, we consider the multimap B; : H?(T, C) x
H?(T,C) — P(H*(T,C)) defined as By(x,y) = f(t y, U(t,x)), x,y € H*(T,C).
Then, we fix , y1, y2 € H?(T,C) and let b; = f(t y1, u) and by = f(t, Yo, u) €
By(z,y2), where u € U(t,z). From (f3) there exists k € L} (J):
u)

(5.10)

b2 — billg2(o2n.c) = |FE Y2 u) — F(t,y1, 0] m2(0.24.0)

< k®)lly2 — villzz(0,271.0)
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by which we can deduce that the multimap By(z,.) is k(t)-Lipsichitz with respect to
the Haudorff metric. Moreover we also can note that (U6) allows to say that, for every
bounded subset Q of H2(T,C), the set B,(Q x {y}) = f(t, v, U(t, Q)) is compact
in H?(T,C). Therefore all hypotheses of Proposition 2.2.2 of [10] are satisfied, hence
we have

n(E(t, Q) =n(f(t, @ x Ut,Q) =n(Bi(2 x Q) < k(t)n(Q)

where 7 is the Hausdorff MNC in H?(T,C).

Then we can conclude that (F'4) holds.

Finally, obviously the maps g and h have the properties (ghl) and (gh2) required
in our existence theorem. Then from Theorem 4.1 we can deduce that there exists a
continuous function & : J — H?(T,C) that is a mild solution for (5.10), i.e.

0

() = =52 5(t5) Lo glu) + S0 + [ S a(de, te s (511)

where g € S};(V@(_)) ={pe L' (J;X):p(t) € F(t,2(t)) a.e. t € J}.

Now, since U is superpositionally B-measurable (see (U3)), the multimap @ : J —
P(H?(T,C) x L*(T,C)) so defined Q(t) = {(&(t), U(t,&(t))}, t € J, having com-
pact values (see (U0)), is strongly measurable. Moreover, we recall that the mul-
timap F takes compact values in H?(T,C) and that it has the properties (F'1)
and (F2). Hence, we are in the position to apply the Filippov implicit function
lemma in the version furnished in ([15], Corollary 1.15). Then we can say that
there exists a Bochner-measurable selection @ : J — L?(T,C) of the multimap
F(,Q() = f(., &(.), U(t,&(.))). At this point, by considering the following func-
tions w:J xR — Cand u:J xR — C so defined

w(tag) = j"(t)([f])a ted, £€R
u(t, &) =a(t)([¢]), ted, R,

we can conclude that {w,u} is an admissible mild-pair for the problem (5.1).
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