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Abstract. In this paper, the authors introduce a new general integral opera-
tor for multivalent functions. The new sufficient conditions for the operator
J αi, βip,γ,g (f1, f2, ..., fn) when γ = 1 is determined for the class of p-valently star-
like, p-valently close-to-convex, uniformly p-valent close-to-convex and strongly
starlike of order δ (0 < δ ≤ 1) in U. Our results generalize the results of Frasin
[7].
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1. Introduction and definitions

Let A(p, n) denote the class of functions of the form:

f(z) = zp +

∞∑
k=n

ak+pz
k+p (p, n ∈ N := {1, 2, 3 · · · }) (1.1)

which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1}. We write
A(p, 1) = Ap and A1 = A.

A function f ∈ Ap is said to be p-valently starlike of order δ (0 ≤ δ < p), denoted
by the class S∗p (δ) if and only if

<
(
zf ′(z)

f(z)

)
> δ (z ∈ U). (1.2)

Also, we say that a function f ∈ Ap is said to be p-valently convex of order δ
(0 ≤ δ < p) and belong to the class Kp(δ) if and only if

<
(

1 +
zf ′′(z)

f ′(z)

)
> δ (z ∈ U). (1.3)
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Further, a function f ∈ Ap is said to be p-valently close-to-convex of order δ
(0 ≤ δ < p), denoted by Cp(δ) if and only if

<
(
f ′(z)

zp−1

)
> δ (z ∈ U). (1.4)

We note that

f(z) ∈ Kp(δ)⇐⇒
zf ′(z)

p
∈ S∗p (δ).

Furthermore, S∗p (0) = S∗p , Kp(0) = Kp and Cp(0) = Cp are respectively denote the
class of p-valently starlike, p-valently convex and p-valently close-to-convex functions
in U. Also, S∗1 = S∗, K1 = K and C1 = C are respectively the usual classes of starlike,
convex and close-to-convex functions in U.

A function f ∈ Ap is said to be in the class UCp(β) of uniformly p-valent close-
to-convex functions of order β (0 ≤ β < p) in U if and only if

<
(
zf ′(z)

g(z)
− β

)
≥
∣∣∣∣zf ′(z)g(z)

− p
∣∣∣∣ (z ∈ U) (1.5)

for some g(z) ∈ USp(β) where USp(β) is the class of uniformly p-valent starlike
functions of order β (−1 ≤ β < p) in U that satisfies

<
(
zf ′(z)

f(z)
− β

)
≥
∣∣∣∣zf ′(z)f(z)

− p
∣∣∣∣ (z ∈ U).

The uniformly p-valent starlike functions were first introduced in [9].
For functions f given by (1.1) and g belong to the class Ap given by

g(z) = zp +

∞∑
k=n

bk+pz
k+p (z ∈ U),

the Hadamard product (or convolution) of f and g denoted by f ∗ g is given by

(f ∗ g)(z) = zp +

∞∑
k=n

ak+pbk+pz
k+p (z ∈ U). (1.6)

Note that for g(z) = zp

1−z , f ∗ g = f .

Analogous to the integral operator defined by Goswami and Bulut [10] on p-
valent meromorphic functions, we now define the following general integral operator
on the space of p-valent analytic functions in the class Ap.

Definition 1.1. Let n ∈ N, αi, βi ∈ R+ ∪ {0} for all i = 1, 2, 3, ..., n, γ ∈ C with
<(γ) > 0 and α = (α1, α2, ..., αn), β = (β1, β2, ..., βn). For fi, g ∈ Ap (1 ≤ i ≤ n),
we introduce a new general integral operator J αi, βip, γ, g : Anp −→ Ap by

J αi, βip, γ, g(f1, f2, .., fn)(z) =

[∫ z

0

γptγp−1
n∏
i=1

(
(fi ∗ g)(t)

tp

)βi ( (fi ∗ g)′(t)

ptp−1

)αi
dt

] 1
γ

.

(1.7)
Here and throughout in the sequel every many-valued function is taken with the
principal branch.
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Note that, the integral operator J αi, βip, γ, g(f1, f2, , ..., fn)(z) generalizes several pre-
viously studied operators as follows:

• For p = 1, g(z) = z
1−z , we obtain the integral operator

Iαi,βiγ (f1, f2, ..., fn)(z) =

{∫ z

0

γtγ−1
n∏
i=1

(f ′i(t))
αi

(
fi(t)

t

)βi
dt

} 1
γ

(1.8)

introduced and studied by Frasin [8].
• For p = 1, g(z) = z

1−z and α = (0, 0, ..., 0), we obtain the integral operator

Iγ(f1, f2, ..., fn)(z) =

{∫ z

0

γtγ−1
n∏
i=1

(
fi(t)

t

)βi
dt

} 1
γ

(1.9)

introduced and studied by Breaz and Breaz [3].
• For p = 1, g(z) = z

1−z , β = (0, 0, ..., 0) and γ = 1, we obtain the integral

operator Fα1,α2,...,αn(z) where

Fα1,α2,...,αn(z) =

∫ z

0

n∏
i=1

(f ′i(t))
αi dt (1.10)

introduced and studied by Breaz et al. [4].
• For p = 1, n = 1, g(z) = z

1−z , α1 = α, β1 = β, f1 = f and γ = 1, we obtain
the integral operator

Fα, β(z) =

∫ z

0

(f ′(t))
α
(
f(t)

t

)β
dt (1.11)

studied in [5].
• For p = 1, n = 1, g(z) = z

1−z , α1 = 0, β1 = β, f1 = f and γ = 1, we obtain
the integral operator

Fβ(z) =

∫ z

0

(
f(t)

t

)β
dt (1.12)

studied in [11]. In particular, for β = 1, the above operator reduces to

I(z) =

∫ z

0

f(t)

t
dt (1.13)

known as Alexander integral operator (see [1]).
• For p = 1, n = 1, g(z) = z

1−z , β1 = 0, α1 = α, f1 = f and γ = 1, we obtain the
integral operator

Gα(z) =

∫ z

0

(f ′(t))
α
dt (1.14)

studied in [15] (also see [16]).

• For g(z) = zp

1−z , α = (0, 0, ..., 0) and γ = 1, we obtain the integral operator

Fp(z) =

∫ z

0

ptp−1
n∏
i=1

(
fi(t)

tp

)βi
dt (1.15)
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introduced and studied by Frasin [7].

• For g(z) = zp

1−z , β = (0, 0, ..., 0) for i = 1, 2, 3, .., n and γ = 1, we obtain the
integral operator

Gp(z) =

∫ z

0

ptp−1
n∏
i=1

(
f ′i(t)

ptp−1

)αi
dt (1.16)

introduced and studied by Frasin [7].

Various sufficient conditions for convexity and starlikeness of multivalent functions
corresponding to different integral operators have been obtained by various authors.
Motivated by the aforementioned work, in this paper the authors derive various suffi-
cient conditions for the operator defined in (1.7) when γ = 1 to be p-valently starlike,
p-valently close-to-convex, uniformly close-to-convex and strongly starlike of order
δ (0 < δ ≤ 1) in U.

2. Preliminaries

In order to derive our main results, we need the following lemmas.

Lemma 2.1. (see [12]) If f ∈ Ap satisfies

<
{

1 +
zf ′′(z)

f ′(z)

}
< p+

1

4
(z ∈ U), (2.1)

then f is p-valently starlike in U.

Lemma 2.2. (see [2]) If f ∈ Ap satisfies

<
(

1 +
zf ′′(z)

f ′(z)

)
< p+

1

3
(z ∈ U), (2.2)

then f is uniformly p-valent close-to-convex in U.

Lemma 2.3. (see [17]) If f ∈ Ap satisfies

<
{

1 +
zf ′′(z)

f ′(z)

}
< p+

a+ b

(1 + a)(1− b)
(z ∈ U), (2.3)

where a > 0, b ≥ 0 and a+ 2b ≤ 1, then f is p-valently close-to-convex in U.

Lemma 2.4. (see [14]) If f ∈ Ap satisfies

<
{

1 +
zf ′′(z)

f ′(z)

}
>
p

4
− 1 (z ∈ U), (2.4)

then

<

√
zf ′(z)

f(z)
>

√
p

2
(z ∈ U). (2.5)
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Lemma 2.5. (see [13]) If f ∈ Ap satisfies

<
{

1 +
zf ′′(z)

f ′(z)

}
> p− δ

2
(z ∈ U), (2.6)

then ∣∣∣∣arg zf ′(z)f(z)

∣∣∣∣ < π

2
δ (0 < δ ≤ 1; z ∈ U), (2.7)

or f is strongly starlike of order δ in U.

Lemma 2.6. (see [6]) If f ∈ Ap satisfies∣∣∣∣zf ′′(z)f ′(z)
+ 1− p

∣∣∣∣ < p+ 1 (z ∈ U), (2.8)

then f is p-valently starlike in U.

3. Main results

In this section, we investigate sufficient conditions for the integral operator

J αi, βip,1,g (f1, f2, ..., fn)(z) to be in the class S∗p . For the sake of simplicity, we shall

write Jp,g(z) instead of J αi, βip,1,g (f1, f2, ..., fn)(z).

Theorem 3.1. Let αi, βi ∈ R+ ∪ {0} for all i = 1, 2, 3, ..., n, α = (α1, α2, ..., αn) and
β = (β1, β2, ..., βn). If fi, g ∈ Ap (1 ≤ i ≤ n) satisfies

<
{
αi
z (fi ∗ g)

′′
(z)

(fi ∗ g)′(z)
+ βi

z (fi ∗ g)
′
(z)

(fi ∗ g)(z)

}
< (p− 1)αi + pβi +

1

4n
(z ∈ U), (3.1)

then the general integral operator Jp,g(z) ∈ S∗p .

Proof. From (1.7), it is easy to see that

J ′p,g(z) = pzp−1
(

(f1 ∗ g)′(z)

pzp−1

)α1
(

(f1 ∗ g)(z)

zp

)β1

....(
(fn ∗ g)′(z)

pzp−1

)αn ( (fn ∗ g)(z)

zp

)βn
. (3.2)

Differentiating (3.2) logarithmically with respect to z and multiply by z, we obtain

zJ ′′p,g(z)
J ′p,g(z)

= (p− 1) +

n∑
i=1

αi

(
z (fi ∗ g)

′′
(z)

(fi ∗ g)′(z)
− p+ 1

)
+

n∑
i=1

βi

(
z (fi ∗ g)

′
(z)

(fi ∗ g)(z)
− p
)
,

which implies

1 +
zJ ′′p,g(z)
J ′p,g(z)

=

n∑
i=1

(
αi
z (fi ∗ g)

′′
(z)

(fi ∗ g)′(z)
+ βi

z (fi ∗ g)
′
(z)

(fi ∗ g)(z)

)
+ p−

n∑
i=1

[(p− 1)αi + pβi] .

(3.3)
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Taking real part on both sides of (3.3), we get

<
(

1 +
zJ ′′p,g(z)
J ′p,g(z)

)
= p−

n∑
i=1

[(p− 1)αi + pβi] +

n∑
i=1

<
(
αi
z(fi ∗ g)′′(z)

(fi ∗ g)′(z)
+ βi

z(fi ∗ g)′(z)

(fi ∗ g)(z)

)
. (3.4)

Using (3.1) in (3.4) yields

<
(

1 +
zJ ′′p,g(z)
J ′p,g(z)

)
< p+

1

4
(z ∈ U). (3.5)

Hence by Lemma 2.1, Jp,g(z) is p-valently starlike in U which implies Jp,g(z) ∈ S∗p .
This complete the proof of Theorem 3.1. �

Taking α = (0, 0, ..., 0) and g(z) = zp

1−z (z ∈ U) in Theorem 3.1, we get the
following result.

Corollary 3.2. ([7], Theorem 2.1) Let βi > 0 be real numbers for all i = 1, 2, 3, ..., n.
If fi ∈ Ap for all i = 1, 2, 3, .., n satisfies

<
(
zf ′i(z)

fi(z)

)
< p+

1

4
∑n
i=1 βi

(z ∈ U)

then Fp is p-valently starlike in U.

Remark 3.3. If we set n = p = 1, β1 = β, f1 = f in Corollary 3.2, then we have ([7],
Corollary 2.2).

Further, taking β = (0, 0, ..., 0) g(z) = zp

1−z in Theorem 3.1 we get the following result.

Corollary 3.4. ([7], Theorem 3.1) Let αi > 0 be real numbers for all i = 1, 2, 3, ..., n.
If fi ∈ Ap for all i = 1, 2, 3, ..., n satisfies

<
(

1 +
zf ′′i (z)

f ′i(z)

)
< p+

1

4
∑n
i=1 αi

(z ∈ U),

then Gp is p-valently starlike in U.

Remark 3.5. Letting n = p = 1, α1 = α and f1 = f in Corollary 3.4 we get the
following result due to Frasin ([7], Corollary 3.2).

Furthermore, taking p = 1, n = 1, α1 = α, β1 = β, f1 = f and g(z) = z
1−z in

Theorem 3.1, we have the following:

Corollary 3.6. Let f ∈ A and α, β > 0. If

<
{
α
zf ′′(z)

f ′(z)
+ β

zf ′(z)

f(z)

}
< β +

1

4
(z ∈ U)

then the integral operator Fα,β(z) defined in (1.11) belong to starlike function class
S∗p .

The next theorem gives another sufficient condition for the integral operator
Jp,g to be p-valently starlike functions in U .
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Theorem 3.7. Let αi, βi ∈ R+ ∪ {0} for all i = 1, 2, ..., n, α = (α1, α2, ..., αn) and
β = (β1, β2, ..., βn). If fi, g ∈ Ap for all i = 1, 2, ..., n satisfies the relation∣∣∣∣αi z(fi ∗ g)′′(z)

(fi ∗ g)′(z)
+ βi

(
z(fi ∗ g)′(z)

(fi ∗ g)(z)
− p
)∣∣∣∣ < p+ 1

n
− (p− 1)αi (z ∈ U) (3.6)

where
∑n
i=1 αi > 1, then Jp,g is p-valently starlike in U .

Proof. From (3.3) and applications of triangle’s inequalities give

|1 +
zJ ′′p,g(z)
J ′p,g(z)

− p| =

∣∣∣∣∣
n∑
i=1

(
αi
z(fi ∗ g)′′(z)

(fi ∗ g)′(z)
+ βi

z(fi ∗ g)′(z)

(fi ∗ g)(z)

)
−

n∑
i=1

((p− 1)αi + pβi)

∣∣∣∣∣ =

∣∣∣∣∣
n∑
i=1

(
αi
z(fi ∗ g)′′(z)

(fi ∗ g)′(z)
+ βi

(
z(fi ∗ g)′(z)

(fi ∗ g)(z)
− p
))
−

(p− 1)

n∑
i=1

αi

∣∣∣∣∣ <
n∑
i=1

∣∣∣∣αi z(fi ∗ g)′′(z)

(fi ∗ g)′(z)
+ βi

(
z(fi ∗ g)′(z)

(fi ∗ g)(z)
− p
)∣∣∣∣+ (p− 1)

n∑
i=1

αi

(3.7)

Making use of (3.6) in (3.7)we get∣∣∣∣1 +
zJ ′′p,g(z)
J ′p,g(z)

− p
∣∣∣∣ < p+ 1. (3.8)

Therefore, the result follows by application of Lemma 2.6. The proof of Theorem 3.7
is completed. �

Remark 3.8. Putting g(z) = zp

1−z , α = (0, 0, ..., 0) in Theorem 3.7 we get the result of

Frasin ([7], Theorem 2.3).

Remark 3.9. Putting g(z) = zp

1−z , β = (0, 0, ..., 0) in Theorem 3.7 we get the result of

Frasin ([7], Theorem 3.3).

Remark 3.10. Putting n = 1, p = 1, α1 = 0, f1 = f, β1 = β > 0, g(z) = z
1−z in

Theorem 3.7 we get the result of Frasin ([7],Corollary 2.4).

Remark 3.11. Letting n = 1, p = 1, α1 = α > 0, f1 = f, β = (0, 0, ..., 0), g(z) = z
1−z

in Theorem 3.7 we get the result of Frasin ([7],Corollary 3.4).

4. Close-to-convex function

The following theorem gives sufficient conditions for the integral operator Jp,g
to be p-valently close-to-convex in U.

Theorem 4.1. Let fi, g ∈ Ap, αi, βi ∈ R+ ∪ {0} for all i = 1, 2, 3, ..., n, α =
(α1, α2, ..., αn) and β = (β1, β2, ..., βn). For z ∈ U, if

<
{
αi
z (fi ∗ g)

′′
(z)

(fi ∗ g)′(z)
+ βi

z (fi ∗ g)
′
(z)

(fi ∗ g)(z)

}
< (p− 1)αi + pβi +

a+ b

n(1 + a)(1− b)
, (4.1)

where a > 0, b ≥ 0 and a+ 2b ≤ 1, then Jp,g(z) is p-valently close-to-convex function
in U.
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Proof. Making use of (4.1) in (3.3), we get

<
(

1 +
zJ ′′p,g(z)
J ′p,g(z)

)
< p+

a+ b

(1 + a)(1− b)
.

Hence by Lemma 2.3 we conclude that Jp,g ∈ Cp(δ). �

Remark 4.2. Putting g(z) = zp

1−z , α = (0, 0, 0, ..., 0) and βi > 0 in Theorem 4.1, we

get the result due to Frasin ([7], Theorem 2.5).

Remark 4.3. Putting g(z) = zp

1−z , β = (0, 0, 0, ..., 0) and αi > 0 in Theorem 4.1, we

get the result due to Frasin ([7], Theorem 3.5).

Remark 4.4. Letting n = p = 1, α1 = 0, β1 = β > 0, f1 = f and g(z) = z
1−z in

Theorem 4.1 we get the result due to Frasin ([7], Corollary 2.6).

Remark 4.5. Letting n = p = 1, β1 = 0, α1 = α, f1 = f and g(z) = z
1−z in Theorem

4.1 we get the result due to Frasin ([7], Corollary 3.6).

5. Uniformly close-to-convex function

In this section we give sufficient conditions for the generalize integral operator
Jp,g(z) to be uniformly close-to-convex in U.

Theorem 5.1. Let fi, g ∈ Ap, αi, βi ∈ R+ ∪ {0} for all i = 1, 2, 3, ..., n and α =
(α1, α2, ..., αn) and β = (β1, β2, ..., βn). If

<
(
αi
z (fi ∗ g)

′′
(z)

(fi ∗ g)′(z)
+ βi

z (fi ∗ g)
′
(z)

(fi ∗ g)(z)

)
< (p− 1)αi + pβi +

1

3n
(z ∈ U), (5.1)

then Jp,g(z) is uniformly p-valent close-to-convex in U.

Proof. Making using (5.1) in (3.3) and an application of Lemma 2.2 give the result.
The proof of Theorem 5.1 is thus completed. �

Remark 5.2. Putting g(z) = zp

1−z , βi > 0 and α = (0, 0, ..., 0) in Theorem 5.1 we get

the frasin ([7], Theorem 2.7).

Remark 5.3. Letting g(z) = zp

1−z , β = (0, 0, .., 0) and αi > 0 for i = 1, 2, 3, .., n in

Theorem 5.1 we get the result of Frasin ([7], Theorem 3.7).

Remark 5.4. Taking n = p = 1, β1 = β and f1 = f in Remark 5.2 we have ([7],
Corollary 2.8).

Remark 5.5. Taking n = p = 1, α1 = α and f1 = f in Remark 5.3 we have ([7],
Corollary 3.8).
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6. Strong starlikeness of the operators Jp,g

The following theorem gives sufficient conditions for the operator Jp,g to be
strongly starlike of order δ in U.

Theorem 6.1. Let αi, βi ∈ R+ ∪ {0} for all i = 1, 2, 3, ..., n, α = (α1, α2, ..., αn) and
β = (β1, β2, ..., βn). If fi, g ∈ Ap for all i = 1, 2, 3, ..., n satisfies

<
{
αi
z(fi ∗ g)′′(z)

(fi ∗ g)′(z)
+ βi

z(fi ∗ g)′(z)

(fi ∗ g)(z)

}
> (p− 1)αi + pβi −

δ

2n
(z ∈ U), (6.1)

then Jp,g is strongly starlike of order δ (0 < δ ≤ 1) in U.

Proof. In view of (3.3) and (6.1) and by using Lemma 2.5, we deduce that Jp,g is
strongly starlike of order δ. �

Putting g(z) = zp

1−z , α = (0, 0, ..., 0) in Theorem 6.1, we get the following result:

Corollary 6.2. ([7],Theorem 4.1) Let βi > 0 be real numbers for all i = 1, 2, 3, .., n. If
fi ∈ Ap for all i = 1, 2, 3, .., n satisfies

<
(
zf ′i(z)

fi(z)

)
> p− δ

2
∑n
i=1 βi

(z ∈ U), (6.2)

then Fp is strongly starlike of order δ (0 < δ ≤ 1) in U.

Remark 6.3. Putting n = p = 1, β1 = β and f1 = f in the Corollary 6.2 , we get the
result of Frasin ([7],Corollary 4.2).

Further, letting g(z) = zp

1−z , β = (0, 0, 0, ..., 0) in Theorem 6.1 we get the follow-
ing result.

Corollary 6.4. ([7], Theorem 4.3) Let αi > 0 be the real numbers for all i = 1, 2, 3, ..., n.
If fi ∈ Ap for i = 1, 2, 3, .., n satisfies

<
(

1 +
zf ′′i (z)

f ′i(z)

)
> p− δ

2
∑n
i=1 αi

(z ∈ U), (6.3)

then Gp is strongly starlike of order δ 0 < δ ≤ 1 in U.

Remark 6.5. Letting n = p = 1, α1 = α > 0 and f1 = f in the above Corollary, we
get the result (see [7], Corollary 4.4).

Theorem 6.6. Let αi, βi ∈ R+ ∪ {0} for all i = 1, 2, 3, ..., n, α = (α1, α2, ..., αn) and
β = (β1, β2, ..., βn). If fi, g ∈ Ap for all i = 1, 2, 3, ..., n satisfies

<
{
αi
z(fi ∗ g)′′(z)

(fi ∗ g)′(z)
+ βi

z(fi ∗ g)′(z)

(fi ∗ g)(z)

}
> (p− 1)αi + pβi −

3p+ 4

4n
(z ∈ U), (6.4)

then

<

√
zJ ′p,g(z)
Jp,g(z)

>

√
p

2
. (6.5)
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Proof. Using (6.4) in (3.4), we have

<
(

1 +
zJ ′′p,g(z)
Jp,g(z)

)
>
p

4
− 1. (6.6)

The result follows in view of Lemma 2.4. �

Remark 6.7. Putting g(z) = zp

1−z , α = (0, 0, ..., 0) in the Theorem 6.6 , we get the

result of Frasin ([7],Theorem 2.9)

Remark 6.8. Putting n = p = 1, β1 = 1 and f1 = f, α = (0, 0, ..., 0) and g(z) = z
1−z

in the Theorem 6.6 , we get the result of Frasin ([7],Corollary 2.10).

Remark 6.9. Taking β = (0, 0, ..., 0) and g(z) = zp

1−z in the Theorem 6.6 , we get the

result of Frasin ([7],Theorem 3.9).

Remark 6.10. Letting n = p = 1, α1 = 1 and f1 = f, β = (0, 0, ..., 0) and g(z) = z
1−z

in the Theorem 6.6 , we get the result of Frasin ([7],Corollary 3.10).
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