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Starlikeness and related properties of certain
integral operator for multivalent functions
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Abstract. In this paper, the authors introduce a new general integral opera-
tor for multivalent functions. The new sufficient conditions for the operator
Jp‘fg’ﬁgﬁ"/( fis f2y .y fn) when v = 1 is determined for the class of p-valently star-
like, p-valently close-to-convex, uniformly p-valent close-to-convex and strongly
starlike of order § (0 < & < 1) in U. Our results generalize the results of Frasin

[7].
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1. Introduction and definitions

Let A(p,n) denote the class of functions of the form:
)=+ ap 2" (p,neN:={1,2,3}) (1.1)
k=n

which are analytic in the open unit disk U = {z : z € C and |2| < 1}. We write
Ap, 1) = A, and 4; = A.

A function f € A, is said to be p-valently starlike of order § (0 < § < p), denoted
by the class S;(6) if and only if

R (Z;(S)) >3 (z€U). (1.2)

Also, we say that a function f € A, is said to be p-valently convex of order &
(0 < 6 < p) and belong to the class IC,,(¢) if and only if

2f"(2)
R (1 + 70 ) >0 (zel). (1.3)
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Further, a function f € A, is said to be p-valently close-to-convex of order &
(0 <6 < p), denoted by C,(6) if and only if

%(i;@) >0 (z€l). (1.4)

We note that

£(2) € Ky (0) = 2L ;(Z) € S:(6).

Furthermore, S;(0) = S, K,(0) = K, and C,(0) = C, are respectively denote the
class of p-valently starlike, p-valently convex and p-valently close-to-convex functions
in U. Also, §7 = §*, K1 = K and C; = C are respectively the usual classes of starlike,
convex and close-to-convex functions in U.
A function f € A, is said to be in the class UC,(8) of uniformly p-valent close-
to-convex functions of order 5 (0 < 8 < p) in U if and only if
R(LO_5) 5[
9(2) 9(2)
for some g(z) € US,(B) where US,(B) is the class of uniformly p-valent starlike
functions of order 8 (=1 < 8 < p) in U that satisfies
R(L )5 [H
1) 1)
The uniformly p-valent starlike functions were first introduced in [9].
For functions f given by (1.1) and g belong to the class A, given by

—p| (2€0) (1.5)

(z €U).

g(z) = 2P + Z bripz™ P (2 € 1),

k=n

the Hadamard product (or convolution) of f and g denoted by f * g is given by

o0
(F*9)(=) =2+ 3 aripbiry?™? (2 €T). (1.6)
k=n
Note that for g(z) = %, fxg=171.
Analogous to the integral operator defined by Goswami and Bulut [10] on p-
valent meromorphic functions, we now define the following general integral operator
on the space of p-valent analytic functions in the class A,,.

Definition 1.1. Let n € N, oy, 8; € R U {0} for all i = 1,2,3,...,n, v € C with

R(y) > 0 and o = (o1, 2, ..., ), B = (B1, 52, ..., 6n). For fi, g€ A, (1 <i<n),
we introduce a new general integral operator Jpojizyvﬁg t Ay — Ay by

TPy o )(2) = [ [t T (V@) (Lo 0y dt] B

(1.7)
Here and throughout in the sequel every many-valued function is taken with the
principal branch.
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Note that, the integral operator jpcfi:%% (f1, f2, 5.y fn)(2) generalizes several pre-
viously studied operators as follows:

e Forp=1, g(z) = we obtain the integral operator

127

z;w»ﬂi(fl,fg,...,fn)(z):{/0 - 1]‘[ (f’”) dt}i (18)

introduced and studied by Frasin [8].
e Forp=1, g(z) = and a = (0,0, ...,0), we obtain the integral operator

1—2

_ : ot Ak
Iv(fl,fg,...,fn)(z)—{/o ot 1j[1<t> dt} (1.9)

introduced and studied by Breaz and Breaz [3].
e Forp =1, g(z) = %, B8 = (0,0,...,0) and v = 1, we obtain the integral
operator Fa, as,....a, (2) Where

Fosran) = [ TLGH0)" at (1.10)
i=1
introduced and studied by Breaz et al. [4].

eforp=1,n=1, g(2) =%, a1 =«a, f1 =B, fi = f and v = 1, we obtain
the integral operator

Fa, p(2) = /0 (f'@)" (@)ﬁ dt (1.11)

=, =0, 81 =8, fi = f and v = 1, we obtain

studied in [5].
eforp=1,n=1, gz) = =

the integral operator
z B
t
Fp(z) = / (fg)> dt (1.12)
0
studied in [11]. In particular, for 8 = 1, the above operator reduces to

) = /OZ @dt (1.13)

known as Alexander integral operator (see [1]).
efForp=1,n=1, g(2) = %5, /1 =0, a1 =, f1 = f and v = 1, we obtain the
integral operator

6u2) = [ ()" e (1.14)

studied in [15] (also see [16]).
e For g(z) = 1Z_p a = (0,0,...,0) and v = 1, we obtain the integral operator

Fplz) = /Oz ptplf[l <f;§f)

)ﬁi dt (1.15)
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introduced and studied by Frasin [7].

e For g(z) = %, B8 = (0,0,...,0) for i = 1,2,3,..,n and v = 1, we obtain the

integral operator

> dt

o0 [T (40

introduced and studied by Frasin [7].

(1.16)

Various sufficient conditions for convexity and starlikeness of multivalent functions
corresponding to different integral operators have been obtained by various authors.
Motivated by the aforementioned work, in this paper the authors derive various suffi-
cient conditions for the operator defined in (1.7) when v = 1 to be p-valently starlike,
p-valently close-to-convex, uniformly close-to-convex and strongly starlike of order

5(0<d<1)inU.

2. Preliminaries

In order to derive our main results, we need the following lemmas.

Lemma 2.1. (see [12]) If f € A, satisfies

SN 1
wlie g <rey e,

then f is p-valently starlike in U.

Lemma 2.2. (see [2]) If f € A, satisfies

2f"(2) 1.,
3%(1+ f,(z>)<p+3 (z € U),

then f is uniformly p-valent close-to-convex in U.

Lemma 2.3. (see [17]) If f € A, satisfies

z2f"(z) a+b B
e d <t sy GeO

where a >0, b >0 and a+ 2b < 1, then f is p-valently close-to-convex in U.

Lemma 2.4. (see [14]) If f € A, satisfies

8‘%{1+ zf,/;g)} > g ~1 (zel),

then

(2.3)
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Lemma 2.5. (see [13]) If f € A, satisfies

SO N
3‘%{1+ f(z)}>p 5 (z € 1), (2.6)
then
arng(g) < gé (0<0<1;z€l), (2.7)

or [ is strongly starlike of order ¢ in U.
Lemma 2.6. (see [6]) If f € A, satisfies

/l( )
'(2)

then f is p-valently starlike in U.

+1- ‘<p+1 (z € U), (2.8)

3. Main results

In this section, we investigate sufficient conditions for the integral operator

pof‘:gﬁl(f17f2,. - fn)(2) to be in the class S;. For the sake of simplicity, we shall

write Jp, ¢(2) instead of J.'}’ BL(fla foy s [n)(2).

Theorem 3.1. Let oy, ; € Ry U{0} foralli=1,2,3,...,n, a = (a1, a9, ...,a,) and
/8 = (617527"'7571)' Iff27 g€ Ap (1 <i< TL) Satisﬁes

z(fix9)" (2) z(fixg) (2) 1
Mot P ) < W Det it g GeU, ()
then the general integral operator Jp 4(2) € S,;.
Proof. From (1.7), it is easy to see that
xg) (2)\ ™ x9)(2)\ "
oy (e (e
Y 7% * Bn

Differentiating (3.2) logarithmically with respect to z and multiply by z, we obtain
2Jpg(2) < (fix9)" (2) ) ( (fix9) ()
el )+ — - —ptl)+ ) Bl - —P),
Tp.4(2) Z (fixg)'(2) Z "\ (fixg)(2)

which implies

ST S (o0 02U ) S e
L TS = (o S ) £ o e sl

(3.3)
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Taking real part on both sides of (3.3), we get

27" (Z) n
R{1+ M) =p- —1Day; +pBi| +
( 7. ) P ; [(p — D)o + pBi]
- 2(fixg)"(z) | 5 2lfix g)’(2)>
R oy + 5 . 3.4
2 (s 8 s 34
Using (3.1) in (3.4) yields
27" (Z) 1
R 1+p*9>< +- (z€0). 3.5
(1+5255) <v+g ev) (35)
Hence by Lemma 2.1, 7, 4(2) is p-valently starlike in U which implies J, 4(2) € S;.
This complete the proof of Theorem 3.1. g

Taking o = (0,0, ...,0) and g(z) = 1ij (z € U) in Theorem 3.1, we get the
following result.

Corollary 3.2. ([7], Theorem 2.1) Let B; > 0 be real numbers for all i =1,2,3,...,n.
If fie Ay foralli=1,2,3,..,n satisfies

*(50) <7 iz

then F, is p-valently starlike in U.

Remark 3.3. Iff weset n=p=1, 8, =3, fi = f in Corollary 3.2, then we have ([7],
Corollary 2.2).

(z e )

ZI’

Further, taking # = (0,0, ...,0) g(z) = 7= in Theorem 3.1 we get the following result.

Corollary 3.4. ([7], Theorem 3.1) Let a; > 0 be real numbers for all i =1,2,3,...,n.
If fie Ay foralli=1,2,3,...,n satisfies
2fi'(2)

1
i) <t isne GV
then G, is p-valently starlike in U.

” (14

Remark 3.5. Letting n = p =1, a3 = o and f; = f in Corollary 3.4 we get the
following result due to Frasin ([7], Corollary 3.2).

z
1—=z

Furthermore, takingp =1, n=1, oy =, f1 =8, fr = f and g(») = in

Theorem 3.1, we have the following:
Corollary 3.6. Let f € A and o, > 0. If
21" (2) Zf’(Z)} I
R {oz + 5 <pB+- (€U
e e 1 e
then the integral operator F. g(z) defined in (1.11) belong to starlike function class
Sk,
P

The next theorem gives another sufficient condition for the integral operator
Jp,g to be p-valently starlike functions in U.
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Theorem 3.7. Let «;, 5; € Ry U{0} for alli =1,2,...n, a = (a1,a9,...,a,) and
B = (p1,B2, ... Bn)- If fi, g € Ay for all i =1,2,...,n satisfies the relation

W)@ g (ir ') N el
EDIE +ﬁ<(fi*g)(2) p) <= ~@P-Da (z€U) (36

where Y a; > 1, then J, 4 is p-valently starlike in U.

Proof. From (3.3) and applications of triangle’s inequalities give
2Jpg(?) - ( 2(fixg)"(2) | 5 2(fix g)’(Z)) B
e 2\ T Gt

" <O[z 2(fi *g ) L5 (Z(ﬁ x9)'(2) p>) B

; R o))
R V@), (e ) e
% Z : '<z> <<fl*g><> p)’“p D2

1+ —-pl=

1=

i=1
(3.7)
Making use of (3.6) in (3.7)we get
Zj// (Z)
14 R — ‘ <p+1 3.8
‘ 7@ Y (3.8)
Therefore, the result follows by application of Lemma 2.6. The proof of Theorem 3.7
is completed. O

Remark 3.8. Putting g(z) = 1sz7 a = (0,0,...,0) in Theorem 3.7 we get the result of
Frasin ([7], Theorem 2.3).

Remark 3.9. Putting g(z) = %, B8 =1(0,0,...,0) in Theorem 3.7 we get the result of
Frasin ([7], Theorem 3.3).

Remark 3.10. Puttingn =1, p=1, a1 =0, fi=f, B1 =8> 0, g(2) = 1
Theorem 3.7 we get the result of Frasin ([7],Corollary 2.4).

Remark 3.11. Lettingn =1, p=1, a1 =a >0, f1 = f, 8 =(0,0,...,0), g(z) = =
in Theorem 3.7 we get the result of Frasin ([7],Corollary 3.4).

4. Close-to-convex function

The following theorem gives sufficient conditions for the integral operator J, 4
to be p-valently close-to-convex in U.

Theorem 4.1. Let f;, g € Ay, oy, ;i € Ry U{0} for alli = 1,2,3,....,n, a =
(1,2, ...;an) and B = (B1, B2, ..., Bn). For z € U, if
R iz(fi*g)"(Z) iZ(fi*g)'(Z)} Dy 4+ pB, a+b
(o By < 0 Dt

where a >0, b >0 and a+2b < 1, then Jpﬁg(z) 1s p-valently close-to-convez function
m U.

L (@)
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Proof. Making use of (4.1) in (3.3), we get

2Tp(2) a+b
%O*'z@u>)<p+<1+@aw'

Hence by Lemma 2.3 we conclude that 7, 4 € Cp(9). O

Remark 4.2. Putting g(z) = #-, a = (0,0,0,...,0) and §; > 0 in Theorem 4.1, we

1—27

get the result due to Frasin ([7], Theorem 2.5).

Remark 4.3. Putting g(z) = %, 8 =1(0,0,0,...,0) and a; > 0 in Theorem 4.1, we
get the result due to Frasin ([7], Theorem 3.5).

Remark 4.4. Lettingn = p = 1,a; =0, 1 = 8> 0,f1 = f and g(z) = 1% in
Theorem 4.1 we get the result due to Frasin ([7], Corollary 2.6).

Remark 4.5. Lettingn =p = 1,81 = 0,04 = o, fi = f and g(z) = % in Theorem
4.1 we get the result due to Frasin ([7], Corollary 3.6).

5. Uniformly close-to-convex function

In this section we give sufficient conditions for the generalize integral operator
Jp.¢(2) to be uniformly close-to-convex in U.

Theorem 5.1. Let f;, g € Ap,a;, B; € R U{0} for alli =1,2,3,..,n and a =
(a17a27“‘>an) and 5 = (ﬁhﬂ?w'wﬁn)' ]f

(i)' () 2 (hire) ()
%<Z<ﬂ*m%@ (ﬁ*mw>)

then Jp 4(%) is uniformly p-valent close-to-convex in U.

<(p—1Do; +ppi + L (zeU), (5.1)

+ B 3

Proof. Making using (5.1) in (3.3) and an application of Lemma 2.2 give the result.
The proof of Theorem 5.1 is thus completed. 0

Remark 5.2. Putting g(z) = %, Bi; > 0 and a = (0,0, ...,0) in Theorem 5.1 we get
the frasin ([7], Theorem 2.7).

Remark 5.3. Letting g(z) = 2 8= (0,0,..,0) and o; > 0 for ¢ = 1,2,3,..,n in

1-2?

Theorem 5.1 we get the result of Frasin ([7], Theorem 3.7).

Remark 5.4. Taking n = p = 1,8, = 8 and f; = f in Remark 5.2 we have ([7],
Corollary 2.8).

Remark 5.5. Taking n = p = 1,y = a and f; = f in Remark 5.3 we have ([7],

Corollary 3.8).
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6. Strong starlikeness of the operators 7, ,

The following theorem gives sufficient conditions for the operator [J,, to be
strongly starlike of order § in U.

Theorem 6.1. Let o;, ; € Ry U{0} foralli=1,2,3,...,n, a = (a1, g, ...,a,) and
B=(p1,B2,...Bn). If fi,g € Ap for alli =1,2,3,...,n satisfies

o200l

" (fixg)(2) (fi*xg)(z)

then Jp 4 is strongly starlike of order § (0 < <1) in U.

+ B

}>(p—1)ai+pﬁi—2(; (z€eU), (6.1)

Proof. In view of (3.3) and (6.1) and by using Lemma 2.5, we deduce that 7, 4 is
strongly starlike of order §. O

Putting g(z) = 2=, a = (0,0, ...,0) in Theorem 6.1, we get the following result:

1-2?

Corollary 6.2. ([7],Theorem 4.1) Let B; > 0 be real numbers for all i =1,2,3,..,n. If
fie Ay for alli=1,2,3,..,n satisfies

*(56) > s

then F, is strongly starlike of order § (0 <d <1) in U.

(z € ), (6.2)

Remark 6.3. Puttingn=p=1, 8 = S and f; = f in the Corollary 6.2 , we get the
result of Frasin ([7],Corollary 4.2).

P
1—27

Further, letting g(z) =
ing result.

B8 =(0,0,0,...,0) in Theorem 6.1 we get the follow-

Corollary 6.4. (7], Theorem 4.3) Let c; > 0 be the real numbers for alli = 1,2,3, ..., n.
If fi € Ay fori=1,2,3,..,n satisfies

2fi'() I
%(H Fi(2) ) >P- gy el (6.3)

then G, is strongly starlike of order § 0 <6 <1 in U.

Remark 6.5. Lettingn =p=1, a3 = a > 0 and f; = f in the above Corollary, we
get the result (see [7], Corollary 4.4).

Theorem 6.6. Let o;, 5; € Ry U{0} foralli=1,2,3,...,n, a = (a1, g, ...,a,) and
B =(B1,P2, -, 0n)- If fi, g € Ay for alli=1,2,3,...,n satisfies

U)o
wlofaae e | > e e T e, o
then

s M>@. (6.5)

jp,g(z) 2
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Proof. Using (6.4) in (3.4), we have

T\ p
%<1+”>>—1. (6.6)
Tp.g(2) 4
The result follows in view of Lemma 2.4. O

P

Remark 6.7. Putting g(z) = 7=,
result of Frasin ([7],Theorem 2.9)

Remark 6.8. Puttingn =p=1, g1 =1and f; = f, a = (0,0,...,0) and g(z) = 1=
in the Theorem 6.6 , we get the result of Frasin ([7],Corollary 2.10).

a = (0,0,...,0) in the Theorem 6.6 , we get the

Remark 6.9. Taking 8 = (0,0,...,0) and g(z) = lz_pz in the Theorem 6.6 , we get the
result of Frasin ([7],Theorem 3.9).

Remark 6.10. Lettingn =p=1, oy =1l and f; = f, 8= (0,0,...,0) and g(2) = 1=
in the Theorem 6.6 , we get the result of Frasin ([7],Corollary 3.10).

z
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