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1. Motivation
Here we mention the following inspiring and motivating result.

Theorem 1.1. (Cebyéev 1882, [3]) Let f, g : [a,b] — R absolutely continuous functions.
If f',9' € Lo ([a,b]), then

_a/f dx<b_/f )( a/abg(x)dx>‘ (1.1)

1

<5 0= 1l 19l

Also we mention

Theorem 1.2. (Griiss, 1935, [9]) Let f, g integrable functions from [a,b] into R, such
that m < f(x) <M, p<g(z , for all x € [a,b], where m, M, p,o € R. Then

)< o
bia/a f(@)g (e ( da:) (bia/abg(x)dx>
<

m) (o —p).
Next we follow [1], pp. 132-152.
We make

(1.2)

b—
Lou
1!
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m

are continuous on [] [as,

Brief Assumption 1.3. Let f : [] [ai, b;] — R with
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i=1

gl{ forl=0,1,....,n;i=1,...,m,
T,
b;] .
i=1
Definition 1.4. We put
N S; — Q4 1st€ [ai,xi],
4 (i 8i) = { s; — by, if s; € (25,04,
x; € [ai,bi], =1 m.
Let (Pn),en

Py=1.

associated with fy
We set

X lng (=) Py () /al:l /b

b1 bi—1 gk—1
[ [

be a harmonic sequence of polynomials, that is P’
Let functions f), A=1

(1.3)

Pnfla ne N7
r € N— {1}, as in Brief Assumption 1.3, and ny € N

and

b1 i—1 AQk—1
_ Pk: a; / / 0 f/\ S1y .-

ni—l
Ai)\ (xi,...,:cm) = i1 A
I1 (b —ay)
7j=1
-t 6kf,\ (51 ey Si—1, TGy e Im)
S o dsy...dsi— 14
625,’5 1 i—1 ( )
ny— 1
n)\—k)
+
Z ,, —
317~~ Si— 1;b27x2+17 m)ds dS
1...48;-1
drk=1 '
cy Si— 1;a27x2+17“'7$m)d8 dS
1..A8i—1| |,
5‘xl_ ’
ni—l
L) 1= 2

[T (bj —a;)
j=1
by b; -
X [/al /al Pn,\*l (51) (mi78i) f)x (817 :

(1.5)

Si, Ii-l—l)

ey &
DN

foralli=1,...m; A=1,
We also set
(H (bj — aj)) ,
j=1
A1 = 3

T

m) dSl...dSi] 5

H 1F6ll

p#/\

m
o0, H [ajvbj]
j=1

(1.6)
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- i— O™ fa
< 37— a)ni 1Pl s | 5| :
= 02 Moo, 11 (o) 001
.1 1 _
(letp,q>1.p+q—1)
1
T m T i—1 q
A= > I/ 1Bl /o [Mei-an] . 1
A=11i=1 ||p=1 Lq (]:1 a; bJ]) j=1

P#A Lp(ﬁ [%‘JM‘])

j=1

and

1< : N i~
Agi=5 92 1T/ [Z[(bi—ann;l (18)
_ =1
PFEX Ly ( ﬁl[aj»bj]>

i=

O™ fa

X AP tlloo o0 || Gn
K2

o0, ‘17j1 [aj 7b.i]
We finally set

W= r/l_[ o (H f (x)) da (1.9)

j=1 p=1

1 s s
e Sap /m 17 @ | d /m fx (s) ds
jl;[l (b — aj) r=1 jl;[l[aw%'] z;}\ jl;[l[ajabj]

We mention
Theorem 1.5. ([1], p. 151-152) It holds
|W‘ S min{Al,A27A3}. (110)

2. Background

Let A be a selfadjoint linear operator on a complex Hilbert space (H; (-, -)). The
Gelfand map establishes a *—isometrically isomorphism ® between the set C' (Sp (A))
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of all continuous functions defined on the spectrum of A, denoted Sp (A), and the C*-
algebra C* (A) generated by A and the identity operator 1y on H as follows (see e.g.
8, p- 3]):
v F0]1)r any f,g € C(Sp(A)) and any «, 8 € C we have

(i) @ (aof + Bg) = a® (f) + B (9);

(ii)) @ (fg) = ©(f) ® (g) (the operation composition is on the right) and
(@)
(iii) [ (NI = [IfI:== sup [f ()]

teSp(A)
(iv) @ (fo) = 1y and @ (f1) = A, where fo(t) =1 and f, (t) =t, for t € Sp(A).
With this notation we define

J(A) =@ (f), for all f € C(Sp(A)),

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on
Sp (A) then f (t) > 0 for any t € Sp (A) implies that f (A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp(A) then
the following important property holds:

(P) f(t) > g(t) for any t € Sp(A), implies that f(A) > g (A) in the operator
order of B (H).

Equivalently, we use (see [6], pp. 7-8):

Let U be a selfadjoint operator on the complex Hilbert space (H, (-,-)) with the
spectrum Sp (U) included in the interval [m, M| for some real numbers m < M and
{E\}, be its spectral family.

Then for any continuous function f : [m, M] — C, it is well known that we have
the following spectral representation in terms of the Riemann-Stieljes integral:

M

(f(U)z,y) = 70f(A)d(<Ew7y>), (2.1

m

® (/)

for any z,y € H. The function g, , (\) := (Exz,y) is of bounded variation on the
interval [m, M], and

Iy (m—0)=0 and Jzy (M) = (z,y),
for any =,y € H. Furthermore, it is known that g, (A) := (E\x, ) is increasing and

right continuous on [m, M].
An important formula used a lot here is

M
<f(U)x,x>:/ Of(/\)d(<E>\x,x>), VaxeH. (2.2)
As a symbol we can write
M
f ()= B f (N dE,. (2.3)

Above,
m=min{AX € Sp(U)} :=minSp (U), M = max {M\\ € Sp(U)} := maxSp (U).
The projections {Ex}, g, are called the spectral family of A, with the properties:
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(a) E)\ § E)\/ for \ S )\/;
(b) Ey—o = 0 (zero operator), Ey = 1y (identity operator) and Exig = Ey
for all A € R.
Furthermore
Ey:=¢x(U), YXER, (2.4)
is a projection which reduces U, with

(s) = 1, for —oo <5 <A,
A "1 0, for A < s < +oo.

The spectral family {E\}, p determines uniquely the self-adjoint operator U and vice
versa.

For more on the topic see [10], pp. 256-266, and for more detalis see there pp.
157-266. See also [5].

Some more basics are given (we follow [6], pp. 1-5):

Let (H;(-,-)) be a Hilbert space over C. A bounded linear operator A defined
on H is selfjoint, i.e., A= A* iff (Az,2) e R,V x € H, and if A is selfadjoint, then

[All= sup [(Az,z)|. (2.5)
z€H:||z||=1

Let A, B be selfadjoint operators on H. Then A < B iff (Ax,z) < (Bx,x),V x € H.

In particular, A is called positive if A > 0.

Denote by

P = {np(s) = aps*n >0, akEC,ngSn}. (2.6)
k=0

If A € B(H) (the Banach algebra of all bounded linear operators defined on H, i.e.

from H into itself) is selfadjoint, and ¢ (s) € P has real coeflicients, then ¢ (A) is

selfadjoint, and

le (Al = max {|e (A)], A € Sp(A)}. (2.7)
If ¢ is any function defined on R we define
lell 4 := sup {le ()], A € Sp(A)}. (2.8)

If A is selfadjoint operator on Hilbert space H and ¢ is continuous and given that
@ (A) is selfadjoint, then ||p (4)| = ||¢|| ,- And if ¢ is a continuous real valued function
so it is |¢|, then ¢ (A) and |p| (A) = |¢ (A)| are selfadjoint operators (by [6], p. 4,

Theorem 7).
Hence it holds
e (DI = lllelll 4 = sup {[le (M. A € Sp(A)}
=sup{le(N)], A € Sp(A)} = llella = lle (DI,
that is

e (AN = lle (Al (2.9)
For a selfadjoint operator A € B(H) which is positive, there exists a unique

2
positive selfadjoint operator B := v/A € B (H) such that B% = A, that is (\/Z) = A.
We call B the square root of A.
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Let A € B(H), then A*A is selfadjoint and positive. Define the ”operator abso-
lute value” |A| := VA*A. If A= A*, then |[A] = VA2
For a continuous real valued function ¢ we observe the following;:

M
| (A)] (the functional absolute value) = / lo (N)| dE

m—0

M
= / Y (p (N)?dEx = 1/ (¢ (A))* = |¢ (A)| (operator absolute value),

where A is a selfadjoint operator.
That is we have

| (A)] (functional absolute value) = |p(A)| (operator absolute value).  (2.10)

Let A, B € B(H), then
IAB| < [lA[HB]l (2.11)

by Banach algebra property.

3. Main results

Let (P,),cn be a harmonic sequence of polynomials, that is P}, = P,,_1, n € N,
Py = 1. Furthermore, let [a,b] C R, a # b, and h : [a,b] — R be such that h("~1 is
absolutely continuous function for some n € N.
We set
[ t—a, iftela,],
q(axt)-{ t—b, ift € (2,b], x € [a,b]. (3.1)

By [4], and [1], p. 133, we get the generalized Fink type representation formula

h(z) = ) (=) P (@) h®) (@)

ES
I

n—1 k
k=1
b n+1 b
+bila/a h(t)d“r(_bl_)a/a Po1 () q (2, t) b (t) dt,

YV x € [a,b], n € N, when n = 1 the above sums are zero.

For the harmonic sequence of polynomials Py, () = (t_kf)k, k € Z,, (3.2) reduces
to Fink formula, see [7].

Next we present very general harmonic Chebyshev-Griiss operator inequalities
based on (3.2). Then we specialize them for n = 1.

We give
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Theorem 3.1. Letn € N and f,g € C™ ([a,b]) with [m, M] C (a,b), m < M. Here A is
a selfadjoint linear bounded operator on the Hilbert space H with spectrum Sp(A) C
[m, M]. We consider any = € H : ||z|]| = 1.

Then

(A1, 9) (A) z,z) = [(f (A) g (A) ;) = (f (A) 2, 2) (g (A) x, z)

Z DR @ (970 @)+ 7 (gD (@) )] (33)
() S (A ) by ()2, ) + (P ()9 (A) ) ( () )] ]|

< [l CONNF sy + 1 AN
- 2(M —m)

vt [0 7 -]

—K

Proof. Here {E)}, g is the spectral family of A. Set
t—m, m<t<

k(/\,t)::{t_jw7 N<t< M. (3.4)
where A € [m, M].
Hence by (3.2) we obtain
FO) =3 (<D B ) £ () (3.5)
k=1
n—1 k
+ 30 E B () 100 (01— P () 14 ()]
k=1
n M _q\yntl M
b [ rwas S [ h 0k 10 @
and .
g =3 (DR () g™ () (3.6)
k=1
n—1 k
+ 3 C B (40 600 (1) = P () g0 ()
k=1
i [ o0 G [ rsoko.000 0
YA€ [m,M]. " "

By applying the spectral representation theorem on (3.5), (3.6), i.e. integrating
against E over [m, M|, see (2.3), (ii), we obtain:

f(A) = ni: (=) P (4) 9 (4) (3.7)
k=1
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n— k
+ (Z % [Pk (M) fE=D (M) = Py, (m) f*Y (m)D lH

k=1
M ntl M M
+ ( el IR0 dt) e ( JRERCLEY R0 dt) dE,
and
n—1
g(A) =Y (=) Py (4)g*) (4) (3.8)
k=1
n—1 k
+ (Z %_nn;k) [Pk (M) g~V (M) = Py (m) gV (m)D 1y
k=1

n M n+1 M (n)
t)ydt |1 P, k(A t) g\ dt | dE.
- M-m m g() H+ M—-m m—0 / 1 g () A

We notice that

g(A) f(A)=f(A)g(4) (3.9)
to be used next.
Then it holds
n—1
g(A) f(A) = (D" g(A) P (4) FF) (4) (3.10)
k=1
n—1 k
" <k=1 U =B [ (ary 00 (1) — P ) 6 <m>}> ey
M
+ (M’jm/ f(t)dt> g(4)
n+1 M M
+(Mlimg(A)/O (/ Pact (k1) £ (1 )dEA,
and
n—1
F(A)g(A) = (D" f(A) P (4) g™ (4) (3.11)
k=1

_|_
<|L
3| 1
K,’
=
T
I =
o
VR
=

Py () k(M) g™ (0) dt) dE.
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Here from now on we consider x € H : ||z|| = 1; immediately we get

M
/ d{(E\z,x) = 1.
m—0

Then it holds (see (2.2))

(S (Aw,a) = (D) (P(A) f (A)z,z) (3.12)

(g (A)z,2) = 3 ()" (P (4) g™ (4)2,2) (3.13)

M
/ £ () dt) (g (4)z,2)

m—
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_ynl vz (M M
) M<i”§;1) ) >/m0 (/m Po_1 (1) k (M 1) g™ (t)dt)d(E,\x,x>.

Furthermore we obtain

and
n—1
(S (A) g (A)w,w) 2 ST )M (4) P(4) g (4) ) (3.17)
k=1
n—1 k
n (Z CL ) [y (00) 60 (1) — Py (m) g (m>]> (f (4) 2, 2)
k=1

_ < : : :
A (o L2 ([ oo rorm) )

M M
—(g(A)z,z) / ( / P 1 (t) k(A1) f(")(t)dt>d<EAx,x>],

m—0

and by (3.15) and (3.17) we derive
E:=(f(A)g(A)z,x) = (f(A)z,x) (g (A) z, ) (3.19)

Z e K )Pk(A)g(k)(A)x,x>—<Pk(A)g(k)(A):z:,x>(f(A)x,x>}

k=1
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n+1 M M
i K (f @/ ( | Pk @ dt) d@) m>

M M
= (f (A)x,x>/70 (/ P 1 (1) k(N 1) g™ (0) dt) d<E,\x,x>].

Consequently, we get that

n—1

28 =3 (1" {[{g(4) P (4) 1® (4) x,x> + <f (4) P (4) g™ (A) .7 )]
1

M M
+ (f(A)z,z) / _0< Po_1 (t) k(N 1) g™ (1) dt> d(E,wv,x)]}. (3.20)

_ (- M M o »
- 2(M—m){ <<9(A)/m_0 (/m Pooy () k(AN fU (1) dt | dEy | =,
+ <<f (4) /]: (/M Py () k(A1) g™ (1) dt) dEA> xm>]
M

M M
+ (f(A)z, ) / _0< Po_1 () k(M) g™ (1) dt) d(Exz, )

Therefore it holds

1
2(M —m)

} =R (321)

M
( / Poii ( " (1) dt) dE,

R <
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+ 1 f (A / (/ Py () k(M) g™ (¢ )dt) dE\ ] (3.22)
+ [llg (A / » < / k() £ (t) dt) dEy,
+ [If (A / ) g™ (t )dt) dE) }

[ e
- = {ng /m (/ Pyt Atf<”<>>dEA

M
17 (A)] /(/ Pact (61E V) <><>dt>dEA

We notice the following:

/0</mMPn1 k(A t) £ () dt )dEA
/M()(/MMPM kD) £ (1) dt >d<EA:c,w>

} — (). (323)

= sup

zeH:||z||=1|/m
M
< sup ( < 1Py ()] ]k (N, 2) ()‘dt) d(E,\z,:z:>> (3.24)
z€H [|z||=1 -0
(n
< (Pn oo [ o)
M
sup ( </ |k (At |dt> (Exz, :v}) =: (&).
€ H:||z[|=1

(Notice that

/ Ik (A, 1)| dt = /(—m)dt+/M(M—t)dt:(/\_m)2+(M_)\)2.) (3.25)
A

2
Hence it holds

||Pn 1“ 7n f( ) m,
(52) (3:25) ( M]2|| [ [m, M]

X sup [<(M1H—A)2x,x>+<(A—m1H)2x,x>}

zeH:||z||=1

(”Pn 1H [m,M] ||f
<
- 2

We have proved that

) sy -] -0

(3.27)

M M
/ ( / Poy (8) k(A 8) £ (2) dt) dEy
m—0 m
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S(M%ﬂwmwﬂﬂw&WMQHmﬂH_mW+WA—mmfm'

Similarly, it holds

M M
/ (/ P%JUM%xwgmMoﬁ>dEx
m—0 m

S(M%mmeﬂwwmeQHWﬂHmw+WAmmfm. (3.28)

Next we apply (3.27), (3.28) into (3.23), we get

P il im i
@nsﬂgim{wmm<' )

x| @rts = 07| + 4 - mim?|]) + 15 )]

X(P%NwmwmwwwWMgHWﬂH—mﬂ+WA—mMVM}

2
— s { @] 1@ e )]
1Pl moary [[| 100 = 4| + [|ca = || ]} (3.30)

We have proved that

(g CONF e poary 1 9 ary)
2(M —m)

|R| <

1Pl g [[| (300 = 477 + ][4 = m1)?]] (3.31)
The theorem is proved. O
It follows the case n = 1.

Corollary 3.2. (to Theorem 3.1) Let f,g € C* ([a,b]) with [m, M] C (a,b), m < M.
Here A is a selfadjoint bounded linear operator on the Hilbert space H with spectrum
Sp (A) C [m, M]. We consider any x € H : ||z]| = 1.

Then
[(f(A)g(A)z,z) — (f(A)z,7) (9 (A) 2, 7)] (3.32)
(19 CNN s gy + 15 CNG o o]
= 2(M —m)

[eare =]+ e = mn?]]

‘We continue with
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”Pn 1H
(M —m) (B+1)

Theorem 3.3. All as in Theorem 3.1. Let o, 3,y > 1: % %+%:1. Then
m,M]

(A(f;9) (A)z,z) <

R\»—A

A f™) Al |lg™ 3.33
Hocan o) +isnfe] (3.33)
[[[ca=mum 5| + | — a5

Proof. As in (3.24) we have
/ (/ Pt (0K (1) £ (1) )dEA
—0
M M
/ (/ P 1 (t) k(A1) £ (1) dt) d((Exx,z))| =: 1. (3.34)
JEH H‘LH m—0 m
Here o, 8,7 > 1: 1 + % + 5 = L. By Hélder’s inequality for three functions we get

M
< [ st | ol

m

M
/ Po_q (t) k(M) f™) (8) dt

m

1

M B
</ |k(A,t)|ﬁdt>
)7</A(tm)ﬁdtJr//\N[(Mt)Bdt)B (3.35)

[(/\m)ﬁﬂ " (M)\)5+1‘| 5

< 1Patll || S

= |Pa-1llq || £

= 1Pu=illo || S

g+1

1P 1||o¢||f( |, {)\_m)’%l +(M—)\)%}-
(B+1)7

L.e. it holds

et (8 k(X 0) F) (¢) dt

”Pn lHa Hf
(B+1)%

Therefore we get

N 16H Hln 1/m /m B9 S (0)dt

M ) )
sup / m)'tF + (M — /\)H_ﬂ d(Exx,x)
z€H:||z||=1Jm—0

I, [(A—m)lﬂ% +(M—A)1+%], Y A€ [m, M]. (3.36)

t|d(Exz,x)
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1Pl sy 1F N
(5+1)‘*

P,
(5+ 1)

- s

+ H(MlH _A)E

}.
(/ Py () k(M) f™) () d >dEAH (3.38)

||Pn Ul o, a1 Hf Hv,[m,M] {H(

(6+1)
Similarly, it holds

We have proved that

A— mlH)H_%

v H(MlH —A)tE

M M
( / Poa (0 k(A1) g™ (1) dt) dE)
-0 m

Pocillapm g [m 1 5
H 1|| ,M] H H ,M] [H mlH)Hﬁ H T H(MlH —A)HB ] (3.39)
(B+1)7
Using (3.23) we derive
1 ||P7l*1||a,[m,M] Hf(n)ny,[m,M]
RS G {IIg(A)I T (3.40)
[ea = mam |+ arns - 4]

(1 Pr=1ll 1) Hg(n)Hv,[m,M]

B+1)7

N —)

+If (A

[

~ G ot

TN

] 1Pac o g
wiman] (54 1)

]

proving the claim. O

o T A o (3.41)

The case n = 1 follows.
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Corollary 3.4. (to Theorem 3.3) All as in Theorem 3.3. It holds

[(f(A)g(A)z,z) = (f (A)z,x) (g (A) z, )]

1 !
< TG E LIS L + 1 AN ] (342

[|ca—muy+s

n H(MlH _ A

We also give
Theorem 3.5. All as in Theorem 3.1. It holds
(A(f,9) (A)z,z) < ||Pr-illo J[m, M]
e = :
[ng( T Tl A AT ) (3.43)

Proof. We have that

M
</ [Py (O] 1k O, 01 £ (1)] e

m

w1 (B) k(A1) f)(2) dt

M
< 1Pl O =) [ |7 0]

= 1Pl gy (M =) [ £ (3.44)

[m, M]
So that

nl )‘t)f(n)()

< (M =) | Pa-ill e nar) [ £
M M
[ ([ e
m—0 m

M M

[ e
m—0 m

< (M = 1) |Pa-ll |7

1,[m,M]
Hence

k(A t) £ (t) dt) dE»

= sup (3.45)

z€H:||z||=1

k(A t) £ (¢) dt) d(Exz, x)

1,[m,M] ’

M M
/ < / Puct (0 k(A1) g™ (1) dt) N
m—0 m

< O =m) |1Pact a0
Using (3.23) we obtain

ﬁ {||g<A>| (M =) | Pt |1

and similarly,

(3.46)

IR| <
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- (n)
1 O = m) [Pl o [ HHWM&

Pl [l U+ irnfe] ] ean
proving the claim. O
The case n =1 follows.
Corollary 3.6. (to Theorem 3.5) It holds
[(f (A) g(A)z,z) = (f (A)z,z) (g (A) z, )]
< g (OIS nay + 1 (DI |1,[m,M]}‘ (3.48)

Comment 3.7. The case of harmonic sequence of polynomials Py, (t) = (t_kf)k JkeZy,
was completely studied in [2], and this work generalizes it.

Another harmonic sequence of polynomials related to this work is

1 M\"
Pk(t)]d(tm”; ) , keZs, (3.49)

see also [4].
The Bernoulli polynomials B, (t) can be defined by the formula (see [4])

xel® = B, (t) ,
ew—1:§ el ol <2m teR. (3.50)

They satisfy the relation
B! (t)=nB,_1(t), neN.
The sequence

1
~Ba (), neZy, (3.51)

is a harmonic sequence of polynomials, ¢ € R.
The Euler polynomials are defined by the formula (see [4])

Pn<t):

2¢et” = E,(t)
e“rl:;::o ol sl <m, teR. (3.52)

They satisfy
E/ (t)=nE,_1(t), neN.

The sequence

1
Pu(t)= —Ea(t), n€ls, tER, (3.53)

is a harmonic sequence of polynomials.
Finally:

Comment 3.8. One can apply (3.3), (3.33) and (3.43), for the harmonic sequences of
polynomials defined by (3.49), (3.51) and (3.53).
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In particular, when (see (3.49))

1 M n
Pu(t) = — (t - ”“;) . nez., (3.54)
we get
1 M—m\"!
[ Pr—1ll oo jm, a1 = (n—1)! ( 5 > , (3.55)
and
1 (M . )a(n—l)—i-l
||Pn—1||a7[m7M] = T 9a(n—1) ) (356)
(n—D!an—-1)+1)=
Wherea,5,7>1:§+%+%:1.
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