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1. Preliminaries on complex Lie groups

Let G be a complex Lie group of dimension n. Its Lie algebra, g, has as underlying
vector space the holomorphic tangent space T2°G at the identity e € G. As known,
an element A € TG determines a unique left invariant vector field which takes the
value A at e; moreover, these vector fields are the elements of g.

Following the ideas from [1], let {E,}, a = 1,...,n, be a base of the Lie alge-
bra g and x%, a =1,...,n the dual base for the 1-forms of Maurer-Cartan, that is,
X*(Eg) =63, (a,8=1,...,n). It is known ([11], Lemma 1.6) that E, are holomor-
phic vector fields (as they are left-invariant) and also x® are holomorphic left-invariant
1-forms.

A differential form 7 is said to be left-invariant if it is invariant by every left
translation L,, (a € G), that is, if L¥n = n for every a € G, where L} is the
holomorphic cotangent map of L,. It follows that any left invariant form must be
holomorphic. For an element U € g and an element 7 in the dual space g*, n(U) is
constant on G. Since

(U, V) =Un(V) = Vn(U) —n([U,V]),
where d = 9 + 0 is the usual decomposition of the exterior derivative, one obtains

877<U’ V) = —’I]([U, V])> (1'1)
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where U, V are elements of g and 7 is any element of the dual space. By setting
[Eg, E,| = Cg', Ea, (1.2)
the relation (1.1) yields
1
ox® = —§Cﬁ°‘7XB AXT. (1.3)

The complex constants C’ﬁo‘7 are called the constants of structure of g with respect
to the holomorphic base {Ej, ..., E,}. These constants are not arbitrary since they
must satisfy the relations

[Ea, Egl + [Eg, Ea] =0 (1.4)
and
[Eas [Es, E5]] + [Eg, [Ey, Eol] + [Ey, [Ea, Eg]] =0 (1.5)
for all a, 8,7 =1,...,n, that is
Cﬁa,y + C’YQB - O (16)
and
5 5 5
C’apﬁC,Y ot Cﬂvaa ot C,YpaCﬁp =0. (1.7)

Equations (1.3) are called the holomorphic Maurer-Cartan equations.

Equation (1.2) indicates that the structure constants are the components of a
holomorphic tensor on T}G of type (1,2). A new holomorphic tensor on T}°G can
be defined by setting

Cop =CL,CJ (1.8)

with respect to the holomorphic left invariant base {E,} (o = 1,...,n) of g. It is
easily verified that this holomorphic tensor is symmetric. Also, it can be shown that
a necessary and sufficient condition for the complex Lie group G to be semi-simple is
that the complex matrix (Cyg)nxn is invertible.

The holomorphic tensor defined by the equations (1.8) can now be used to raise
and lower indices and, for this purpose, the inverse matrix (CO‘B )nxn Will be consid-
ered.

In terms of a system of local complex coordinates (u®,... ,u”) on G, the holo-

morphic vector fields E,, a = 1,...,n, can be expressed as F, = x!, =——. Since G is

8
complex parallelizable (see [14]), the n x n matrix (x%) has rank n and so, by settin
p 1% > Xa y g
97 = XaxhC?, (1.9)

a positive definite and symmetric matrix (g/),x, is obtained. Hence, a holomorphic
Riemannian metric g on G can be defined by means of the complex quadratic form

ds? = gjpdu’ ® duF, (1.10)

where (g;k)nxn denotes the matrix inverse to (¢7%),,xy, that is, g;x = CQ,YX?XZ.

Moreover, the holomorphic metric tensor g can be also used to raise and lower
indices in the usual manner, and this holomorphic metric is completely determined
by the complex Lie group G.
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In the following, we define n holomorphic covariant vector fields x* (o =
1,...,n) on G, with local components x$(i =1,...,n) given by
X5 = C’O‘ﬁxégij. (1.11)
It easily follows that
Xfo? = 6;- and Xfle = 03. (1.12)
Also, we consider the set of n? linear holomorphic 1-forms w;» =T j?kduk defined locally
by setting

, COXY
Il = xga—ui (1.13)
By virtue of the equations (1.12), the holomorphic coefficients Fjik can also be ex-
pressed as
. aXi
i (1.14)
and they represent the local coefficients of a left invariant holomorphic connection V
on G, that is, V is absolutely parallel with respect to every left-invariant holomorphic
vector field U = U*E,, € g.
It is easily verified that in the overlap UNU’ of two local charts, the holomorphic

1-forms w? change by the rule
k j 2, i
o’ i 8u”w,_C ot
oul KT auk T dulou
The next natural step is to consider the torsion of this connection. As in the
case of real Lie groups (see [1, 13]), the holomorphic torsion tensor will be written as

i1 (O o
ik = 5Xa (auk " ow ) (1.15)
Since the equations (1.2) can be expressed in terms of the local coordinates (u') in
the form

dut.

L0 O

Xo g ~ X gy — C8Xe

(1.16)
by using the holomorphic Maurer-Cartan equations (1.3) it easily follows that

. 1 .
Tji = 505X X3 (1.17)
Also, if we consider the local coefficients of the holomorphic Levi-Civita connection

% with respect to the holomorphic metric g = ds? from (1.10) on G, they can be
expressed as
o _ 1 (9G, o
P oyt (5L 4 Tk 1.18
Lk =3Xe (ka T ow ) (1.18)

I =T )+ T} (1.19)

from which follows that

We have

Lemma 1.1. The elements of the Lie algebra g of G define holomorphic translations
in G.
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Proof. Tt follows in a similar manner to the case of real Lie groups, see [1]. O

2. Laplace operators for holomorphic functions on G

In this section, we introduce the Laplace operator acting on holomorphic func-
tions on the complex Lie group GG, depending on the given holomorphic metric tensor
on G.

Denote by w = x'A---Ax"™, where x%,i = 1,...,n are the elements of the base of
holomorphic 1-forms defined in Section 1. Then w is a nowhere vanishing holomorphic
left-invariant n-form, called the holomorphic volume element, and it can be used to
define the divergence of a holomorphic vector field U = U*E,, by setting

div(U)w = d(ipw). (2.1)

Note that the divergence can also be defined by means of the Lie derivative Ly
with respect with a left invariant holomorphic vector field U:

div(U)w = Lyw, (2.2)
where
L _ i ( t )*

for an arbitrary holomorphic tensor 7. The equivalence between definitions (2.1) and
(2.2) is due to Cartan’s formula Lyn = 0(iyn) + iydn for n = w. The first definition
is more convenient for computations, though. Another property of the divergence is

div(fU)=Uf+ fdivU

for a holomorphic vector field U and a holomorphic function f defined on G.
Also, for a given holomorphic vector field U = U*FE, on G, we have

divU = E,(U%). (2.3)

Let G be a semi-simple complex Lie group with the holomorphic Riemannian
metric
9= gidu’ @du’, gij = CapXix}. (2.4)

A simple computation gives g(Eq, Eg) = Cyp and the holomorphic metric tensor
g will now be used to define the gradient of a holomorphic function f on G. If grad f =
V8 Ej is a holomorphic vector field defined in a local chart, then the classical definition

g(U,grad f) = U f
for U = UYE,, yields V# = C?%(E,f), hence
grad f = CP*(E,f)E;. (2.5)
A Laplace operator for holomorphic functions on G can now be introduced by

Af = (divograd)f = CP*Eg(E.f). (2.6)
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In local coordinates, this reads

) - of
Af =CBeyi, = (i 2L
f C Xﬂ ’Z,L’L(X&auj)

0
COxl, Of 0% f
= Py e 2L oBaying L
B out ou + Bre uioui
But 9vi
i X(])z i j
Xp oul = —ngﬁflﬁi,

, 50X . . . . :
where I'j} = —x; Sk are the coefficients of the holomorphic connection written in
the form (1.14), such that

i O°f of
Af=¢g¥| ——-TE—=). 2.7
f=9 <8u15‘u7 ”311’“) 27)
Since 5 of
Tk .V,
outous Tt Quk ViVil,

where Vj, is the covariant derivative with respect to the left invariant holomorphic
connection V defined in the previous section, this leads to the following formula for
the Laplace operator of holomorphic functions on G:

Af =g ViV, f. (2.8)

Remark 2.1. If G is not semi-simple then a holomorphic Riemannian metric on G can
be defined by setting

h=hijjdu' @duw, h;; = 5046)(?)(?» (2.9)

and similar computations as above lead to the following local expression of the Lapla-
cian:

Af=E%f=h"V,V,f. (2.10)
Let us compute the local expression of the Laplacian in two particular cases.

Example 2.2. Consider the standard 4-dimensional complex manifold C* with the

holomorphic coordinates (z1, 22, 2%, 2*) and the following multiplication rule:

(24,22, 23 2N -(wh, w? v, w?) = (2.11)
:(Z1e>\w3 + wl,z2e’)‘w3 +w?, 2wl ot wt — /\Zl’w26}\w3),

where \ is a nonzero complex parameter. The above multiplication rule endows C*
with a non-abelian complex Lie structure. For A = 0, we obtain the usual abelian Lie
group C*, therefore we will consider here A # 0. We denote by G the non-abelian
complex Lie group C* endowed with the multiplication rule (2.11).

It is easy to see that the following left-invariant holomorphic vector fields given
by
5 0 0

) ) )
7y = — ZQ:ﬁ—M@, Z3 =Xt — — A2 — +

0
9.1 02 tas YT ga

(2.12)
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form a basis of the holomorphic Lie algebra g of G. If we compute the Lie brackets of
these holomorphic vector fields, we obtain

(21, Zs) = —A\Zy, [Z1,Z3) = NZ1, [Za,Z3) = —AZs,
[Zla Z4] - [ZQa Z4] - [Z37Z4] - 07

therefore, the components of the Lie brackets are constant. Hence, they are the struc-
ture constants of g with respect to the basis {71, Z5, Z3, Z4}. We have C wg = 0,

a, 8,7 = 1,4 with the following exceptions:
Ch=-\  Ch=)X  Ci=-\

The tensor field introduced by (1.8) will consequently vanish, i.e., Cos = 0 for all
a, 3 = 1,4, which means that G is not semi-simple. Then, according to (2.10), the
Laplace operator A acting on holomorphic functions f € Hol(C?) is

Af=N Z2f=Z3f+Z3f + Z3f + Z3f.

Now, a basic computation using (2.12) gives

2 2 2
_ 2 o°f 2 o f o°f
Af*(lJr)‘(z))a(zl) + (1+X(z ))6(22)2+8(23)2
0% f 0% f 0% f
2 1\2 _ 2.1_.2 1
+ (1+X%(2Y) >73(z4)2 2\ 2z z 571552 +2Xz 521058
o2 f 0% f of of
_ 2 _ 1 2.1 2.2
2N s PN g TAF g T e

Example 2.3. Let G = C* x C with the multiplication
1
(z',2%) o (w',w?) = (2'w!, iwzlw2 + 2% (w")?)

0 0 0
and consider the vector fields Z; = 2187 + 222 9.2 , Ty =2t 7.2 Then, (G,0) is a

complex Lie group with the holomorphic Lie algebra g = span{Z;, Zo}. Moreover, G
is not semi-simple, as it can be easily shown by computating the tensor Cyg, as in the
previous example. We therefore have Af = Z2 f + Z2 f, which yields the Laplacian in
the form
0% f 0% f
Af = (2129 1\2 4 g(52)2
£ = (g + (P +AE) 55
*f A 9f 2 Of
4z
521022 7 021 T ¥
We will use this example later for illustrating another property of the Laplace oper-
ator.

+ 42122

A straightforward computation gives an interesting property of the Laplacian
introduced above in the general case.
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Proposition 2.4. The following identity holds:
-~ o 92
A, E,] = 2(hxE — Bk NI —— 2.13
[ ’ } ( Xa Xa) jk 8u18ul7 ( )
where b = 50‘5)(2)(% and Fjlk are the local coefficients of the holomorphic connection

V.
Let us check the result in the case of the Lie group G = C* x C from Example 2.3.

Example 2.5. First, we compute
0% f _
9(z2)?’
2 2
OF a2 00
021022 0(22)2

(A, Z1]f =2(2")?

(2.14)

[A, Zo]f = —2(2")*
.0
Then, from Z, = Xga— we get
Z’L
xi=z xi=22% x3=0, x3=2,

such that, using (1.13), we can compute the coefficients ka:

1
I‘111 = _;7 l—‘112 = I‘211 = 1—‘212 =0,
222 2 1
2 2 2 2
sz, F12:_;7 F21:_ZT7 I3 =0.

We also need h¥ = (Wﬁxflxé, that is,
BT = (212, pIZ = B2l = 22022 B2 = ()2 4 4(:2)2

Hence, replacing the nonzero terms in the left-hand side of the first identity (2.14)
and doing a straightforward computation yields

g 0 0?

o ij .k ik l
[A, 2] f =201 = W)L g5

11,2 121 2 12,1 11,2 2 an

= 2[(h'1xG — IBATE + (W2 — WD) 5
02 f
2 = W + (W~ T 5
02 f
—o1y2 9
(") d(22)2’

since the first term vanishes. The second identity from (2.14) follows analogously.

We shall also illustrate the property from Proposition 2.4 in the case of the
complex Lie group GL(n,C).

Example 2.6. As dim(GL(n,C)) = n?, all the indices from the general case will be

replaced by pairs of indices, for instance a becomes (g), i becomes (,,), etc. As a
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convention, these pairs will be rewritten in a manner that should be clear from the
text below.

First, let w € GL(n,C) be a complex matrix with elements {A$}, such that a
left-invariant holomorphic vector field will be denoted by

(m) O . i O

EP = F.\ = — = _
T HE) T X(E) aulh) e g,
where Y3 S 51 AP (see [7] for more details). The holomorphic Riemannian
U,
metric is

p) () = pid = 5“551,#)(2’,”)(%’;
(the group GL(n,C) is not semi-simple). The local coefficients of the holomorphic
connection defined in Section 1 are

l
(fz) . Flnp_ en XE‘II-I

Py () = Tk =0

These yield
Inp 82 f

_ ke ki
[A7 Ev}f - Q(h:rjlnx’yp - h}ﬂpxgyn)rjkq out Oul
mUq
I
wnOXeq  O°f
I Quk Qut,oul,

= —2(0% 8o X XX — 0% X X X% ) X
T

) . 0A
_ o T AV k pose gnl
_ —2<5 70,180, Ay 85 AlLG AT 05 AZSL =
p
a

) . 0A 0% f
_ sapB i Av Sk ARSI AT 5€ An Sl oy
3905, 0L Av, 85 AL 5T A7 6 AT 6L 5t ) 5 ol
DAL . aAg> 9% f

=2(d,,Ar AS—L —§,, A" A —.
( FEmEP Quk HEmEP gk ) ul, 0ul,

o
Remark 2.7. Denoting by V the covariant derivative with respect to the Levi-Civita
connection, the substitution of (1.19) in (2.7) yields

. 82f o af af
A = g¥ - - — ki — k —_—
f=9 <8u’8u1 jl(‘)u’“) T Quk
o o of
— 4t k
—gJ ViVj f—Tjiwa
such that a harmonic holomorphic function f on G must satisfy the identity
of o oo
Tﬁw =g" ViV; f. (2.15)

Note that T;k is the holomorphic torsion tensor of the holomorphic connection from
(1.13).
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3. Holomorphic last multipliers for holomorphic vector fields on GG

The holomorphic volume element w on G defined in Section 2 will now be used
to introduce the notion of holomorphic last multipliers. The computations are similar
to the case of smooth manifolds, [2, 3, 4, 5], or complex manifolds [6]. More precisely,

consider a holomorphic vector field of the form U = U* 0 = iyw and let

out’
du’
dt
be a complex ODE system on G defined by the holomorphic vector field U. The
classical definition of a last multiplier function for a vector field on smooth manifolds,
[2, 3], can now be applied to the case of the complex Lie group G.

=U'(u(t),...,u"(t)), 1<i<n, teR

Definition 3.1. A holomorphic function y on G is called a holomorphic last multiplier
of the complex ODE system generated by U (or holomorphic last multiplier for U) if

O(pd) :=0u N0+ p-060=0. (3.1)
Note that for every holomorphic function p on G, duAw = 0, such that for every
holomorphic vector field U on G we have
0=iy(OuAw) = (igdp) - w—0uA (iyw)
or, equivalently,
U(p) - w=0uA (igw) =0uNb.
Now, definitions (2.1) and (3.1) yield the following result.

Proposition 3.2. A holomorphic function u on G is a holomorphic last multiplier for
the holomorphic vector field U if and only if

U(p) + p-divU = 0. (3.2)

Remark 3.3. Relation (3.2) indicates that if v is a holomorphic non-zero function on
G which satisfies the equation
Ly(v):=U(v)=(divU) v, (3.3)

then 1/v is a holomorphic last multiplier for U and the holomorphic function v which
satisfies (3.3) will be called an inverse holomorphic multiplier for U.

Proposition 3.4. Let u be a holomorphic function on G. The set of holomorphic vector
fields for which p is a holomorphic last multiplier is a Lie subalgebra in the algebra
of holomorphic vector fields on G.

Proof. The proof follows as in [6]. O

It is now interesting to search for a holomorphic last multiplier for a holomorphic
vector field U of divergence type, that is, up = div V' for some holomorphic vector field
V on G. From (3.2),

U(divV)+divV -divU = 0. (3.4)
Multiplying (3.4) by w gives

Ly(divV) - w+divV - Lyw =0
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or, equivalently,
LU(diVV . w) = LULVw =0.
Hence, we have

Proposition 3.5. If V is a holomorphic vector field which satisfies Ly Lyw = 0, then
w=divV is a holomorphic last multiplier for the holomorphic vector field U.

The next step is to study holomorphic last multipliers for holomorphic gradient
vector fields on the complex Lie group G endowed with a holomorphic Riemannian
metric (for instance g or h from Section 2). Such a metric g defines a holomorphic
metric volume form wg (see [10]), as a holomorphic n-form on G such that

wy(Un,...,Up) = £1,

where {U;}, i = 1,...,n, is an orthonormal holomorphic frame on (G, g), that is,
g(U;,Ug) = 0k, j,k = 1,...,n. As a complex manifold, if (G,g) admits such a
volume element, it admits precisely two of them.

If f is a holomorphic function on G, U = grad f is the gradient vector field of f
defined in Section 2 and « is a holomorphic last multiplier for U, then relation (3.2)
becomes

g(grad f,grad p) + pAf = 0. (3.5)
A straightforward computation in local complex coordinates on G yields a similar
identity to the case of holomorphic Riemannian manifolds, [6]:

g(grad f,grad p) = 5 (A(fi) — fAu — psf). (3.6)

Hence,
A(fa) + pAf = fAa, (3.7)
which leads to the following result.

Proposition 3.6. Let G be a complex Lie group endowed with a holomorphic metric g.
If f,u are holomorphic functions on G such that f is a holomorphic last multiplier
for grad p and p is a holomorphic last multiplier for grad f, then fa is a holomorphic
harmonic function on G.

Corollary 3.7. If G is a complex Lie group endowed with a holomorphic metric g
and f is a holomorphic function on G, then u is a holomorphic last multiplier for
U = grad it if and only if u? is a holomorphic harmonic function on G.

Corollary 3.8. If G is a complex Lie group endowed with a holomorphic metric g and
f is a holomorphic function on G, then u? is a holomorphic harmonic function on G
if and only if

uAp + g(grad p, grad u) = 0.
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