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On possible generalisations of quasi-contractions

Tünde Cseh, Sándor Kajántó and Andor Lukács

Abstract. This paper investigates whether some fixed point theorems for quasi-

contractions on metric spaces introduced by Ćirić in [1] and generalised by Ku-
mam et al. in [2] can be improved further. It turns out that the answer is negative.
We provide two examples of complete metric spaces and two operators without
fixed points. We prove that for any possible straightforward relaxation of gener-
alised quasi-contractive conditions, one of these operators satisfies the condition.
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1. Introduction and preliminary results

Banach’s contraction principle is a fundamental result in the study of fixed points
of operators defined on complete metric spaces. This principle can be stated as follows.

Let (X, d) be a complete metric space and T : X → X be a self-map. If there
exists q ∈ [0, 1) such that for all x, y ∈ X

d(Tx, Ty) ≤ q · d(x, y), (C1)

then T has a unique fixed point x∗ ∈ X. Furthermore, for any x0 ∈ X the sequence
xn+1 = Txn converges to x∗ in X.

Due to its wide range of applicability in different fields of mathematics, several
generalisations have appeared. This paper focuses on one possible “branch” of these
improvements, that of quasi-contractions, that we present below.

1.1. Quasi-contractions

The notion was first introduced by Ćirić in [1], hence it is sometimes referred

to as Ćirić-type contractions. It consists of two separate improvements of Banach’s
original principle.

Received 19 May 2021; Accepted 12 April 2022.



616 Tünde Cseh, Sándor Kajántó and Andor Lukács

On the one hand, the requirement of completeness of (X, d) is relaxed to T -
orbitally completeness. We recall that the orbit of T : X → X is defined as

OT (x) = {x, Tx, . . . , Tnx, . . . },
and a metric space is T -orbitally complete if every Cauchy sequence in OT (x) is
convergent in X.

On the other hand, the contractive condition (C1) is relaxed as well and it is
replaced with the following:

d(Tx, Ty) ≤ q ·max{d(x, y), d(Tx, x), d(Tx, y), d(Ty, x), d(Ty, y)}. (C2)

With these improvements, the operator T still has a unique fixed point x∗ ∈ X and
for any x0 ∈ X the sequence xn+1 = Txn converges to x∗.

1.2. Generalised quasi-contractions

Ćirić’s idea was developed further by Kumam et al. in [2]. The authors introduced
the notion of generalised quasi-contraction which uses the condition

d(Tx, Ty) ≤ q ·max{d(x, y), d(Tx, x), d(Tx, y), d(Ty, x), d(Ty, y),

d(T 2x, x), d(T 2x, y), d(T 2x, Tx), d(T 2x, Ty)}, (C3)

and proved a fixed point theorem similar to Ćirić’s.
Focusing on conditions (C1-C3), the following questions arise naturally:

- Why is (C3) not symmetric in x and y, i.e. why are the d(T 2y, ·) terms excluded?
More generally, can one include terms of the form d(T ky, ·), where k ≥ 2?

- Can one introduce additional terms of the form d(T kx, ·), where k ≥ 3, in the
set on the right-hand side?

- What is the “most general” version of these types of conditions that guarantees
the existence and uniqueness of the fixed point of the operator in concern?

In the next section we answer all the questions above: the conclusion is that condition
(C3) cannot be relaxed further.

2. Main result

Theorem 2.1. There exists a complete metric space (X, d) and an operator T : X → X
such that T has no fixed points, while for some q ∈ (0, 1) and for every x, y ∈ X we
have

d(Tx, Ty) ≤ q ·max{d(x, y), d(Tx, x), d(Tx, y), d(Ty, x), d(Ty, y),

d(T 2x, x), d(T 2x, y), d(T 2x, Tx), d(T 2x, Ty), D}, (C)

where D is one of the distances
d(T ax, T by), for some a ≥ 3, b ≥ 0,

d(T ax, T by), for some a ≥ 0, b ≥ 2,

d(T ax, T bx), for some a ≥ 3, b ≥ 0, a 6= b,

d(T ay, T by), for some a ≥ 2, b ≥ 0, a 6= b.

(D)
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The proof is obtained by constructing two different examples, depending on
the type of the distance D. First, we construct a space and an operator that deals
with distances of type D = d(T k+1x, T ky), for some k ≥ 2. Then we give another
construction that discusses the remaining cases for D. We claim that both examples
satisfy condition (C) with the respective D.

Claim 2.2. Let X = {2n : n ∈ N}, d(x, y) = |x − y| and T (x) = 2x. Obviously
(X, d) is a complete metric space and T does not have fixed points. Furthermore, let
D = d(T k+1x, T ky), with k ≥ 2 arbitrary. Then condition (C) holds for all x, y ∈ X.

Proof. For every x, y ∈ X, there exists m,n ∈ N, such that x = 2m and y = 2n.
We have three cases.

• If m > n, then

d(Tx, Ty) = 2m+1 − 2n+1 ≤ 2m+1 − 2n =
1

2
(2m+2 − 2n+1) =

1

2
d(T 2x, Ty).

• If m = n− 1, then

d(Tx, Ty) = 2n+1 − 2n =
2

3
(22 − 1)2n−1 =

2

3
(2n+1 − 2n−1) =

2

3
d(Ty, x).

• If m < n − 1, then 0 ≤ 2n−m−1 − 2. Adding 2 · 2n−m−1 − 1 to both sides, we
obtain

(2n−m − 1) ≤ 3(2n−m−1 − 1).

Now using that k ≥ 2, we can write

d(Tx, Ty) = 2n+1 − 2m+1 = 2m+1(2n−m − 1) ≤ 2m+1 · 3(2n−m−1 − 1)

=
3

2k
(2n+k − 2m+1+k) ≤ 3

4
(2n+k − 2m+1+k) =

3

4
d(T ky, T k+1x).

In conclusion, (C) holds with q = 3
4 . �

Claim 2.3. Let X = {zn | n ∈ N}, where z = −1 + i
√

3, d(x, y) = |x − y| and
T (x) = zx. Obviously (X, d) is a complete metric space and T does not have fixed
points. Furthermore, let D be one of the distances from (D), which is not included in
Claim 2.2. Then condition (C) holds for all x, y ∈ X.

We present two lemmas that we use in the proof of Claim 2.3. In the forthcoming
proofs, we use the following facts without mention: |z| = 2, |z−1| =

√
7, |z2−1| =

√
21,

|z3 − 1| = 7 and |z + 1| =
√

3.

Lemma 2.4. If z = −1 + i
√

3, then D = |zu+2 − zv| ≥
√

21, for all u, v ≥ 0, with
u + 2 6= v.

Proof. We have the following cases.

• If u = 0 and v = 0, then D = |z2 − 1| =
√

21.

• If u = 0 and v = 1, then D = |z2 − z| = 2|z − 1| = 2
√

7 >
√

21.

• If u = 0 and v = 3, then D = |z2 − z3| = 4|z − 1| = 4
√

7 >
√

21.

• If u = 1 and v = 0, then D = |z3 − 1| = 7 >
√

21.

• If u = 1 and v = 1, then D = |z3 − z| = 2
√

21 >
√

21.



618 Tünde Cseh, Sándor Kajántó and Andor Lukács

• If u = 1 and v = 2, then D = |z3 − z2| = 4
√

7 >
√

21.
• If u > 1 or v > 3, then

D = |zu+2 − zv| ≥ ||zu+2 − |zv|| = |2u+2 − 2v| ≥ 8 >
√

21.

�

Lemma 2.5. If z = −1+i
√

3, then D = |zu+3−zv| ≥ 7, for all u, v ≥ 0, with u+3 6= v.

Proof. We have the following cases.

• If u = 0 and v = 0, then D = |z3 − 1| = 7.

• If u = 0 and v = 1, then D = |z3 − z| = 2|z2 − 1| = 2
√

21 > 7.

• If u = 0 and v = 2, then D = |z3 − z2| = 4|z − 1| = 4
√

7 > 7.
• If u > 0 or v > 3, then D = |zu+3 − zv| ≥ ||zu+3 − |zv|| = |2u+3 − 2v| ≥ 8.

�

Proof of Claim 2.3. We have four cases.

• If m = n + s, with s ≥ 2 then d(Tx, Ty) ≤ q1d(Tx, x), where q1 = 5
2
√
7
< 1.

Indeed, we have

d(Tx, Ty) = |zn+s+1 − zn+1| = 2n+1|zs − 1| ≤ 2n+1(|zs|+ 1) = 2n+1(2s + 1)

≤ 2n+1(2s + 2s−2) = 5 · 2n−1+s =
5

2
√

7
·
√

7 · 2n+s

=
5

2
√

7
|z − 1||zn+s| = 5

2
√

7
d(Tx, x).

• If n = m + s, with s ≥ 2 one can similarly prove that d(Tx, Ty) ≤ 5
2
√
7
d(Ty, y).

• If m = n + 1, then d(Tx, Ty) ≤ q2d(T 2x, Ty), where q2 =
√
3
3 < 1. Indeed, we

have

d(Tx, Ty) = |zn+2 − zn+1| = 2n+1|z − 1| = 2n+1
√

7

=

√
3

3
·
√

21 · 2n+1 =

√
3

3
|z2 − 1||zn+1| =

√
3

3
d(T 2x, Ty).

• If m = n− 1, then there exists q3 ∈ (0, 1), such that d(Tx, Ty) ≤ q1D and D is
any distance from (D) that was not considered in Claim 2.2.

To prove this statement, we observe that D can have the following forms.
– If D = d(T ax, T by) for some a ≥ 3, b ≥ 0, a 6= b + 1, then

D = |zn−1+a − zn+b|.
– If D = d(T ax, T by) for some a ≥ 0, b ≥ 2, a 6= b + 1, then

D = |zn−1+a − zn+b|.
– If D = d(T ax, T bx) for some a ≥ 3, b ≥ 0, a 6= b, then

D = |zn−1+a − zn−1+b|.
– If D = d(T ay, T by) for some a ≥ 2, b ≥ 0, a 6= b, then

D = |zn+a − zn+b|.
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This implies that
– either D = |zn+a − zn+b| for some a ≥ 2, b ≥ 0, a 6= b,
– or D = |zn+a − zn−1+b| for some a ≥ 2, b ≥ 0, a + 1 6= b.

On the one hand, using Lemma 2.4 we have

d(Tx, Ty) = |zn − zn+1| = 2n
√

7 =

√
3

3
2n
√

21

≤
√

3

3
|zn||za − zb| =

√
3

3
|zn+a − zn+b|.

On the other hand, using Lemma 2.5 we have

d(Tx, Ty) = |zn − zn+1| = 2n|1− z| = 2n
√

7 =
2√
7

2n−1 · 7

≤ 2√
7
|zn−1||za+1 − zb| = 2√

7
|zn+a − zn−1+b|.

The above two cases conclude the proof. �

Remark 2.6. The proofs of Lemma 2.4, 2.5 and Claim 2.3 can be carried out with
fewer steps than presented (some cases can be merged). However, we think that these
shortenings detriment the readability of the paper.
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