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On a new family of generalized Bernstein
operators

Maria Talpau Dimitriu

Abstract. In this paper we remark that a-Bernstein operators, introduced by X.
Y. Chen et al., are combinations of two known operators (Stancu and Bernstein
operators) and we establish the preservation of global smoothness properties by
these linear operators, the global smoothness being expressed by a Lipschitz con-
dition with a certain second order modulus of continuity.
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1. Introduction

X.Y. Chen et al. [5] introduced and studied a family of operators as follows. For
a function f : [0,1] — R, the a-Bernstein operators T;, o, » € N, a € R fixed, are
defined by

n

Tn,oz(fv l’) = Zpggj)(x)f <j) y T € [07 1]5 (11)
7=0

where pg(f()) () =1-—x, pgal) () = z and for n > 2,

p(z) = [(n;Q)(l—a)x—i-(?_§>(1—a)(1—x)+<?)0¢x(1—x)]-

A (R L

with the convention "

_ fo<i<
(?): ne—py 0sisk
0, else.
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It is obvious that for o = 1 the class of Bernstein operators is obtained

Tpa(f,) pr < ) = Bo(f, ), pnj(z) = <Z_L)xj(1 — )"

We note that for the a-Bernstein operator another representation can be obtained as
follows.

Tualhie) = (1-0) [ syt -1 (D*ZQpn—z,j-z(z)xf(i)

7=0

+ai0pn,j<x>f (i)
= (1-a) an 25(2)(L—x)f () an 24(@ <j+2)

Jj=0 j=0
+aB,(f,x)

n—2 1 . .
SEC) DITESIE) pIRETY Loy RRV NI
=0 i=0

The following generalized Bernstein operators was introduced by D. D. Stancu (see

[11]) .
Snrys(f5 ) Z Pr—rs,j( me (J HT) ; (1.2)

feC0,1], z € [0,1], where n € N, r,s € Ng = NU {0} such that rs < n. Bernstein’s
operators are obtained for s=0ors=1,r=0o0ors=1,r=1.
So the a-Bernstein operator can be expressed as

Tn,oé(f7 l‘) = (1 — Oz)Sn’QJ(f, $) + OéBn(f, .Z‘) (13)

In [13] we introduced a two dimensional generalization of the Stancu operators (1.2)
and established certain results related to the global smoothness preservation with
respect to a second order modulus of continuity for functions defined on the 2-
dimensional simplex. The corresponding results in the one-dimensional case are pre-
sented in the following section.

The preservation of global smoothness properties by the Bernstein operators was
studied in [7], [8], [4], [2], [6], [3] In [14], D.-X. Zhou showed that the Lipschitz classes
with respect to the second order modulus

wo(f,t) =sup{|f(x —h) —2f(x)+ f(x +h)|: 2+ he€]0,1],0 < h <t}

are not preserved by the Bernstein operators. He introduced the following second
order modulus of smoothness

wo(f,t) = sup{|f(z+hi+ha)— flx+h)— flx+h)+ f(2)]:
z,x+hy+ he €[0,1], hy,he >0, by + hy < 2t}
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and proved the following result:
Theorem A. Let f € C[0,1], n€e N, M >0 and 0 < p < 1.

If @o(f,t) < Mt#, 0 <t < 3, then Wa(Byf,t) < MtF, 0 <t <
For the Bernstein-type operators

1
5-

}:@w ), f € Cl0,1], z €[0,1], (1.4)

where F), ; : C[0,1] — R, j = 1,n, are linear positive functionals, in [12] we studied
simultaneous global smoothness preservation in terms of modulus of continuity w3
introduced by R. Palténea [9], [10] and independently by J. Adell and J. de la Cal
[1], defined for f € C[0,1] and ¢ > 0 by

wy(f,t) = sup{|(1 = A)f(z) + Af(y) = f (1 = Nz + Ay,y))| :
z,yel0,1],z <y, y—x <2t Ae0,1]}.

The preservation of global smoothness properties by a-Bernstein operators is obtained
as a consequence of global smoothness preservation by Stancu operators.

2. Global smoothness preservation
Lemma 2.1. For f € C[0,1], 0 <z <y <1, A€ [0,1] we have
Sn'rs (f7(1 - /\)x+)\y)

n—rs

Z Z Ps,kq, ll T,y — )pnfrs,kg,lz (xay - ‘T) :

k1+11=0 ko+I12=0

l1
ko +mo+r(ki+m
3 Zpll,ml pb,mz(w( E n“ 1>>, (2.1)

mi1= Omz 0

where

n! ko
o 1 —
i — =t YTy

Proof. Let f € C[0,1],0<xz<y <1, Ae]0,1].
For the Bernstein type operator (1.4) in [12], proceeding similarly as in [14] (see also
[4]), we obtained:

Pk (T,y) = )k

Ly (f, (1= Az + Xy)

anklxy_x Zplm nk+m(f) (22)

k+1=0
Repeating the application of an adapted version of relation (2.2) yields

n—rs Y + ir
Snrs (f; (1= Az + Ay) = Z Pr—rs,j(1=A)z+Ay) Zps (1=N)z+Ay) f <J " )
J=0 i=0
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n—rs +T k +m
an 7”9]((1 A)z+Ay) Z pskl,ll T, y—1) Z Pll,ml (W)

j=0 k1+11=0 m1=0

s I n—rs .
D Pokiti(@y=2) 30 P (V) D Prorsg(1=Na+xy)f (MCW>

k1+11=0 m1=0 7=0 n
s l1
Z Ps.k1,ly (:c,y - I) Z brymy (A)
k1+11=0 m1=0
iy k2+m2—|—r(k1—|—m1)
Z Pn—rs k27l2 x y—l’ Z pl2,m2 ( n :
ko+15=0 mo=0
O
Theorem 2.2. Let f € C[0,1], M > 0 and p € (0,1]. If
wy (f,t) < Mt*, t € (0,1],
then
w1 (S,,w-’sf, t) < Mth te (0, 1] .
Proof. Let x,y € [0,1] be such that |z — y| < t. We can assume that z < y.
|Sn,7",s (f; x) - Sn,?“,s (fa y)|
< Z Z Ps,ky 1 (‘T7 Yy — x)pnfrs,kg,lg (x, Yy— LC) )
k14+11=0 ko+12=0
k‘2+7‘k1 ko +lo +7r(k1 +11)
A=)
n
— lo + 7l
Z Z Ps,ky, l1 T,y — )pnfrs,kmlz (x’ Yy—= )wl <f7 )
k}1+l1 0 ko+12=0
n—rs 12 + Tll
Z Z Ps khll T,y — )pnf’f’s’kz,lz (l’,y - M ( )
k1+l1 0 ko+12=0
s n—rs 12 +7”ll
< M( Z Z psyklyll(‘r7y )pn rs,ka, 12(1' y—x )
k1+11=0 ko+1l2=0
n—rs l 7“
_M< Z Pn— rskglgxy_x Z Psklllfﬂy—xn>
ko+1l2=0 k1+11=0
. 1
:M(n "5 +m(y—z)> < Mth.
n n
[l

The next result relates to the global smoothness preservation by Stancu operators in
terms of modulus of continuity w3.
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Theorem 2.3. Let f € C[0,1], M >0 and u € (0,1]. If

1
o (f) < e, e (03],
then

1
w5 (Snmsf7 ) < Mt t e (0, 2] .
Proof. Let t € (0,3], z,y € [0,1],2 < y,y —x < 2t, A\ € [0,1]. By using the
representation (2.1), we obtain:
‘(1 - )‘)Sn,r,sf(‘r) + /\Sn,r,sf(y) - Sn,T,s.f ((1 - )‘)x - )‘y)|

n—rs

s
S Z Z Ps,k1,ly (iC, y— x)pnfrs,kg,b (1’, Yy — 1') :

k1411=0ka+Il2=0

ko 4+ 1k ko + 1y +7(k1 + 1))
T PV L )
a lzl ZZQ Pryma (A)Piy,ms (M) f <k2+m2+7“(k51 +m1))‘

m1=0mo=0
s n—rs

S Z Z ps,kl,ll (I‘, y— x)pn—rs,kg,lz (l’, Y= ZL’) :

k1+11=0 k2+1l2=0
lo+rl1#£0

Lol
me + 1M1 ko + 1k
’ Z Z Puyma (A)Pra,ms (A) - ’ (1 - 12+7’l1> f (n)

m1:0 m2:0
mo + rmq Ifg + 7“]€1 ZQ + 7"11 Ifg + 7“]61 mo + rmq
+ —f + |
lo +rly n n n n

n—rs

S
< Z Z DPs,kq,l4 (Iv Yy — 'I)pn—’l"s,ngz (SC, y— l’) .

k14+11=0 ka+12=0
lo+7l1#0

15 L2
N lo+ 7l
’ Z Z Piy,my ()‘)plz,mz()‘)w2 (fa 2 m 1)

’ITL1:O m2:0

s n—rs l2 + 7’11 m
S M Z Z ps,kl,ll (.’E, y— x)pnfrs,kg,lrz (1'7 Yy — {E)

2n
k14+11=0 ka+12=0

s n—rs lo + 7l H
S M ( Z Z ps,kl,ll (.I, y— x)pn—rs,kg,lg (:L'a Yy — 1)22,”‘1>

k1+11=0ka+12=0

il LT ST
("% =)

_ 12
(y;«"> < M.

I
S

I
<
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Hence w3 (Sprsf,t) < Mt O

Forn € N, a € [0, 1], 71, 81,72, s2 € Ng = NU{0} such that 751,282 < n, we consider
the operators

Tg}&shmm (fa T) = (1 - O‘)Sn,nm (f7 r) + ASn s, 50 (f, x), (2-3)

feCo1], zel0,1].
From Theorem 2.2, Theorem 2.3 and the inequalities

w1 (Tr:}&ShTQ’SZfa t) S (1 - a)wl (Sn,rhsl f7 t) + awil (S’Vlﬂ‘z,SQf? t) 5

wy (T£}&317T2732 [ t) <(1—ajwsy (Sn,nm [t) + aw; (Sn,rz,82fa t),
we obtain the final result:

Theorem 2.4. Let f € C[0,1], M >0 and p € (0, 1].
L Ifwy (f,t) < M+, ¢ € (0,1], then wy (T2 f,t) < Mt*, t € (0,1].

1 1
2. Ifws (f,t) < Mt te (0, 2}, then wy (Tpisms2 ft) < Mt*, t € (0, 2}
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