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A strong converse inequality for the iterated
Boolean sums of the Bernstein operator
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Abstract. We establish a two-term strong converse estimate of the rate of approx-
imation by the iterated Boolean sums of the Bernstein operator. The characteri-
zation is stated in terms of appropriate moduli of smoothness or K-functionals.
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1. Main results

The Bernstein operator is defined for f € C[0,1] and = € [0, 1] by

Buf)= 305 () st pusto) = ()0 -0

Its iterated Boolean sum B, ,, : C[0,1] — C[0, 1] is then defined by
Br,n =1I- (I - Bn)ra

where I stands for the identity and r € N.

Gonska and Zhou [9] estimated the uniform norm of the approximation error for
B:.. They proved a neat direct inequality and a Stechkin-type converse inequality.
The former states

18.0f =51 < (w2 (o) + 2111 (1)

Above || o|| denotes the uniform norm on the interval [0, 1], ¢ is a constant independent
of the approximated function and the order of the operator (not necessarily the same
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at each occurrence), and w(,(f,t) denotes the Ditzian-Totik modulus of smoothness
with p(x) = /x(1 — ), which is given by (see [5, Chapter 1])

wi(f,t) = sup AL,
0<h<t

where

- Z(—nk(;)f(m(;—k) he(@)), @+ rhe(a)/2 € [0,1],

hoa)  (2) = 155
0, otherwise.

Let us recall that the modulus wf(f,) is equivalent to the K-functional

Keo(fit) = inf {5 =gl +¢leg™}.
9eAC;,. (0,1)

More precisely, we say that ®(f,¢) and ¥(f,t) are equivalent and write

(f,t) ~V(f,1)
if there exists a constant ¢ such that ¢ 1®(f,t) < U(f,t) < c®(f,t) for all f and t
under consideration. Thus there holds (see [5, Theorem 2.1.1])

Ko (ft7) ~wi(f,1), 0<t<t (1.2)

with some fixed ¢y > 0. It was shown in [11, Theorem 2.7] that we can take to = 2/r.
A smaller value of ¢y was given in [2, Chapter 6, Theorem 6.2].

Since the operator B, ,, preserves the algebraic polynomials of degree 1 and the modu-
lus wi’“( f,n~Y 2) is invariant to translation of f by such polynomials, we immediately
deduce from (1.1) the estimate

IB0nf = Fl < e (W22 ZED). (1)

where E;(f) is the best approximation of f by algebraic polynomials of degree 1 in
the uniform norm on [0, 1].
Later on Ding and Cao [3] characterized the error of the multivariate generalization
of B, on the simplex. In the univariate case, the direct inequality they proved is of
the form

HBr,nf - fH < CKT(fv n_r)v (1'4)
where

K. (f,t)= inf - t|| D" Dg = %"
(f,t) geclglr[o,l]{\lf gl +tID"gll}, Dg =g

They also proved a strong converse inequality of type D (in the terminology introduced
in [4]), that is

Ko(f.n™) < e max B, f — . (15)
As it was shown in [6, Theorem 5.1],
KT(f, t) ~ Kgr,v(f, t) + tEl(f), 0<t<1. (16)

Therefore, taking also into account (1.2), we see that the function characteristics on
the right side of (1.3) and (1.4) are equivalent.
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Quite recently, Cheng and Zhou [1] derived another converse inequality from the
Stechkin-type converse inequality in [9]. It is similar to (1.5), though weaker than it.

Our main result improves (1.5). We will prove the following strong converse
inequality of type B according to [4].

Theorem 1.1. Let r € N. There ezxists R € N such that for all f € C[0,1] and k,n € N
with k > Rn there holds

Kol ) e () (UBnf = 11+ 1Bas = £1).

In particular,

Ko(f;n™") < ¢ (1Brnf = fl + [1Branf = fII) -

Let us recall that the assertion of the theorem for » = 1 was established in [4,
Theorem 8.1] and then improved to a one-term converse inequality (i.e. R = 1) in
10, 12].

As we mentioned earlier in (1.6), the more complicated K-functional K, (f,t) can
be replaced with the simpler function characteristics Ko, ,,(f,t) +tE1(f). In addition
to this, we will establish also the following equivalence relation.

Theorem 1.2. Let r € N. For all f € C[0,1] and 0 <t <1 we have
Kr(f7 t) ~ K?T,Lp(f) t) + K?,ga(fa t)'

Taking into account (1.2), we arrive at the following relation between K,.(f,t)
and the Ditzian-Totik modulus.

Corollary 1.3. Let r € N. For all f € C[0,1] and n € N such that n > r* we have
Ko (f,n7") ~wl (fn712) + w3 (f.0777).

We establish Theorem 1.1 by means of the method given in [4]. To this end, we
need a Voronovskaya-type inequality and several Bernstein-type inequalities, which
relate the approximation operator B;.,, to the differential operator D". They are given
in Section 2. Then, in the next section we prove Theorem 1.1. We present the short
argument that verifies Theorem 1.2 in the last section.

2. Voronovskaya- and Bernstein-type inequalities for B, ,

We will use the following inequalities, which were obtained by Gonska and Zhou
[9, (2) and (4)] for algebraic polynomials, but, as it is easy to see, the same consider-
ations verify them for all functions in C*7[0, 1].
Proposition 2.1. For g € C?7[0,1] there hold:
(a) *rg®7| < e D7g]l;
(b) [[D7g] < cllD7gll,  7=1,...,r

We proceed to two Voronovskaya-type estimates (cf. [9, Lemma 4]).
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Proposition 2.2. Let r € N. For all g € 02”2[0, 1] and all n € N there hold

(71)7“ ! 2 (3) 2r+2 (2
0y — g — ~——— Dgl|| < ( 3) r+ <’“+2>) 2.1
Brng—g e =g |l + [l™ g | (2.1)

and

(=)t ¢ 1
N pr < Drt
(2n)r 9| = nrtl I

Br,ng_g_ g” (22)

Proof. Assertion (2.1) for » = 1 follows from [8, Proposition 2.3].
Next, we set J, g = (I — Bp)"g and

(-1~
‘/rn :Brn —g—————D"g.
ng ngd —g 2n)"
For » > 2 we use the relation
1
Vr,ng = Vl,nJr—l,ng - 7DVF—1,7Lg'
2n
It implies
”V;“ng” < ”Vln r— 1ngH + - ”90 ( r— 1ng) H (23)
By virtue of (2.1) with r =1,
WVandr-109] < 55 (162109l + 164 (e 1.09) V). (2.4)

Further, we estimate the first term on the right above by means of [7, Corollary 4.7]
with p = 0o, 7 — 1 in place of r, s = 3 and w = p? (i.e. 79 =1 = 1). Thus we get

le2 (1m0 @ < = (1% @ 1 + > g™ ) (2:5)

Similarly, again by [7, Corollary 4.7] with p = oo and r — 1 in place of r, but s =4
and w = ¢* (i.e. 70 = 71 = 2) we have for the other term

le* ro1mg) Dl < = (Ie'g @ + 16>+ 2g @2 ). (2.6)

Next, by virtue of [7, Proposition 2.1] with p = 00, j =1, m = 2r — 1, wy; = * (i.e.
Y10 =711 =2), w2 = ©*"+2 (i.e. 790 =721 =7 + 1) and g in place of g, we get

letg @1 < e (2@ + 1> 2922 ). (2.7)

2r42

Likewise, by means of the same proposition with p =00, m =2r—1, we = ¢ and

g in place of g, but with j = 2r — 2 and wy = ¢*" (i.e. y1,0 = 111 =), We get
le? g 40 < e (g @ + > +2g @+ 2)) (2:8)

Combining, (2.4)-(2.8), we get

IVindr-ingll < —5 (2@ | + 102292 +2])). (2.9)




Iterated Boolean sums of the Bernstein operator 595

It remains to estimate the second term on the right side of (2.3). To this end, we
apply [7, Corollary 4.11] with p = oo, 7 — 1 in place of 7, s = 2, and w = ¢? (i.e.
Yo =7 = 1) and get

Ie2(Vem109) " < == (Il @ | + 6>+ 2922 ). (2.10)

Now, (2.3), (2.9) and (2.10) imply (2.1) for r > 2.
To prove the second assertion of the proposition, we observe that Proposition 2.1(a)
with r 4+ 1 in place of r yields

[ 2gEr 2| < || D). (2.11)
Also, by virtue of [7, Proposition 2.1] with p = o0, j = 1, m = 2r, w1 = ¢? (i.e.
Y,0 =711 = 1), we = ©¥ 2 (ie. Y2,0 = V2,1 =7+ 1) and ¢ in place of g, we get

6@ < e (el + ™22 ).

Taking into account (2.11) and Proposition 2.1(b) with j =1 and r + 1 in place of r,
we arrive at

lp*g® | < c||D" g (2.12)
Now, (2.2) follows from (2.1), (2.11) and (2.12). O

Next we shall establish several Bernstein-type inequalities.
Proposition 2.3. Let r € N. Then for all f € C[0,1] and n € N there holds
[D"Brn fll < en”[| ]l

Proof. 1t is established by induction on r that (cf. [9, p. 24])

r4+1
Dg=¢*> gri- zg()+Z<p Grr—i g7,
=2 =2

where g, ; and G, ; are algebraic polynomials of degree at most j.

Therefore
r+1
[D"gll <c <Z g™ + Z % gtit) ||> (2.13)

=2
Let r > 2. We apply [7, Proposition 2.1] with p = oo, j = i—2, wherei € {2,...,r+1},
m=2r—2,w; = (ie.y10 =971 =1), wa = % (ie. 720 =21 =r) and ¢ in
place of g to get
IO < e (I2g? 1 +Ig™gN), i=2..r+1  (214)

Also, this trivially holds for r = 1.
Let r > 3. Similarly, [7, Proposition 2.1] with p = oo, j = @ + r — 2, where
ief{2,...,r =1}, m=2r—2, w; = ¢* (i.e. 1o = 711 = 1), where i € {2,...,7},

wy = 9" (i.e. y2,0 = v2.1 = ) and g in place of g to get

g < c (||9029(2)|| + ||e02rg(2”||> , i=2,..,r— 1 (2.15)

The above estimate trivially holds for ¢ = r, r > 2, as well.
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The inequalities (2.13)-(2.15) yield
107l < e (Il + e g])) . reN. (216)
Setting g = B, f we get
10" Byl < ¢ (162 Bran DN + 6% (Brn )21l (2.17)

Then we take into account that the operator B, , is a linear combination of iterates
of B, and also that (see [5, (9.3.7)])

19 (Bag) || < cllo®g®ll, g € C*0,1], (2.18)

to derive from (2.17) the estimate

10" Byl < e (I (Baf) 2l + 6% (Bu )]
Now, the assertion of the proposition follows from
> (Baf)O < enfllfll, LeN,
which was established in [5, Theorem 9.4.1]. O
Proposition 2.4. Let r € N. Then for all g € C*"[0,1] and n € N there holds
ID™1B,.ng|l < en|| D7 g]l.

Proof. We make use of (2.16) with r + 1 in place of r and B, ,¢ in place of g, then
apply (2.18), [7, Proposition 4.13(a)] with p = o0, w = ¢*" (ie. Yo =y =7), £ =1,
s = 2r, and, finally, Proposition 2.1 with j = 1, to arrive at

HDT+1Br,n9” <c (HQPQ(Br,ng)@)H + ||§02T+2(Br,ng)(2r+2)“)
< ¢ (%@ + 19 *2(Bag) @42 )

< (2@l +n lle*g®"]))
< cn||D"gl|.
Thus the proposition is verified. O

3. A proof of the converse inequalities

Equipped with the estimates established in the previous section, we are now
ready to verify Theorem 1.1.

Proof of Theorem 1.1. We apply [4, Theorem 3.2] with the operator @, = B,
and the spaces X = C]0,1] (with the uniform norm on [0,1]), Y = C?7[0,1] and
Z = C¥+200, 1.

As is known,

1BnfIl < I£1I-

Therefore, since B, ,, is linear combination of iterates of B,,, we have
1Brnfll <clfl, feC[0,1], neN.
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Thus [4, (3.3)] is satisfied.

By virtue of the Voronovskaya-type inequality (2.2), we have [4, (3.4)] with
(—=1)"7ID" in place of D, ®(f) = ||[D" L f]|, A(n) = (2n)"" and \;(a) = cn™ "
where the constant c is the one in (2.2).

Next, Proposition 2.4 with g = B, ,, f implies [4, (3.5)] with £ =1 and m = 2.

Finally, Proposition 2.3 yields [4, (3.6)]. O

Let us note that [4, Theorems 10.4 and 10.5] are not applicable because condition
(c) there is not satisfied.

4. Relations between K-functionals
Proof of Theorem 1.2. In view of (1.6), it is sufficient to show that
KQT’,LP(f7t)+tE1(f) NKZr,ga(fvt)+K2,Lp(fvt)7 0 <t§ 1. (41)

Trivially, for any g € C[0,1] such that g € ACL (0,1) and ¢?g” € L0, 1], and any

loc
t € (0,1] we have the estimates

tEL(f) < |If = gll + tllg — Bugll < |1f — gll + ctl©®g";
hence
tEl(f)SCK2,sa(fat)7 0<t§1

Above we used the inequality

lg — Bagll < [l¥°9"],

which is directly established by Taylor’s formula (see e.g. [4, p. 87]).
To complete the proof of (4.1), it remains to show that

Ko o(f,t) < c(Karp(f,t) +tE(f)), 0<t<1 (4.2)
Let g € C[0,1] be such that g € ACZ"1(0,1) and ¢*"g(®") € L[0,1]. Then, by e.g.

7, (2.9)] with p = 00, w =1, j = 1 and m = r, we deduce that p?¢(®) € L..[0,1] too,
as, moreover,

le29 @11 < e (lgl+ s> g®71l)
Consequently, we have for ¢ € (0, 1]
Kyu(f,0) < |If = gll + tlle*g™|l
<c(If = gll+ g™ g®) + et £1l
Taking the infimum on g, we arrive at

K2,ga(fa t) S C(KQT,LP(fv t) + t”fH) .

Finally, we replace f with f — p;, where p; is the algebraic polynomial of degree 1 of
best approximation in C10, 1] to f, to get (4.2). O
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