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Abstract. In this paper, we show the existence of continuous positive solutions
of a class of nonlinear parabolic reaction diffusion systems with initial conditions
using techniques of functional analysis and potential analysis.
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1. Introduction

The modeling and the mathematical analysis of parabolic systems, in partic-
ular, reaction diffusion systems, has been the subject of in-depth studies of several
mathematicians in recent years, as they appear in the modeling of a large variety of
phenomena, not only in biology and chemistry, but also in engineering, economics and
ecology, such as gas dynamics, fusion processes, cellular processes, disease propaga-
tion, industrial processes , catalytic transport of contaminants in the environment,
population dynamics, flame spread and others.

For the mathematical analysis of this type of problem, various methods and
elaborate techniques have been proposed, see for example Mesbahi et al. [1], [2], [16],
[15], Gontara [9], Lions [10], Maagli et al. [13], [12], Pierre [17] and Zhang [20], [19].
We refer the reader to Arakelian and Gauthier [3], Armitage and Gardiner [4] and
Port [18] for more details on the potential arguments of the theory that interest us
mainly in this work.

The subject of this paper is in this context, we will take care to study the
existence of positive solutions of the following nonlinear parabolic reaction diffusion

Received 18 October 2019; Accepted 17 January 2020.



502 Mounir Redjouh and Salim Mesbahi

system
ou
n + Au = Ap(z,t) f(v)
0
_8%‘} + Av = pg(z,t)g(w)
o (1.1)
5 T Aw = nr(z, t)h(z)
0z
—5 Az = ee(w, )h(u)

with (z,t) € R™ x (0,00) and the initial conditions

U(:L‘,O) = cp(x) ’ v($70) = 1/’(17) n
Le0 i) ozl wen 42
where n > 3, ¢, ¥, v and ¢ : R™ — [0, 00) are continuous, the constants A, y, n and o
are nonnegative, f, g, h and k : (0,00) — [0, 00) are nondecreasing and continuous. p,
g, r and e : R™ x (0,00) — [0, 00) are measurable functions and satisfy an appropriate
hypotheses related to the parabolic Kato class P°(R"™) introduced in Zhang [19].
Before stating the main result of this work, it is worth mentioning that several
mathematicians have dealt with this type of problem using various analytical and
numerical techniques and methods, under different hypotheses as appropriate, see for
example, Bachar et al. [5], Maagli et al. [7], [6], [13]-[14], Ghergu and Radulescu [§],
Gontara [9], Ma [11], Zhang [20], [19] and Zhao [21].
Concerning the problem (1.1) — (1.2) in the case of a single equation of the form
{ Au — % = q(z,t)uPtt | R" x (0,00) (1.3)
u(z,0) = up(x) , t€R" n>3

Zhang in [20] discussed the existence and the asymptotic behavior of solutions to this
problem, he proved the following result:

Theorem 1.1. Suppose p > 0, ¢ € P (R"™). For any M > 1, there is a constant by > 0
such that for each nonnegative ug € C*(R™) satisfying l[woll oo (mny < bo, there exists
a positive and continuous solution u of (1.3) such that

M~ [ Gz, t,y,0)uo(y)dy < u(z,t) <M [ G(z,t,y,0)u(y)dy
R™ Rn

for all (z,t) € R™ x (0,00).

0

G denotes the fundamental solution of the heat equation Au —

81; = 0in R" x (0, 00)

given for ¢t > s and z, y € R" by

G(mtys):;exp _|:E—y\2
Y [Ar(t — s)]2 4t - s)

In [12], the authors considered the problem (1.3) with boundary condition ug, not
necessarily bounded function. The nonlinearity uy(.,u) is required to satisfy some
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conditions related to the parabolic Kato class P°°(R™). They gave existence results
and similar estimates on the solutions as in [20].

In [13], a similar problem as (1.3) has been treated in the half space R"}. The el-
liptical version of (1.3) was studied in [7]. Dans [9], the authors examined the problem
(1.1) — (1.2) in the case of a system with two equations.

2. Statement of the main result

2.1. Assumptions
To study problem (1.1) — (1.2), we consider the following definition and hypotheses:

Definition 2.1. We say that a nonnegative superharmonic function w satisfies condition
(Hyp) if w is locally bounded in R™ (n > 3) and the map (z,t) — Pw(x,t) is continuous
in R™ x (0, 00), where P is defined below.

(P;)t>0 on R™ denotes the Gauss semigroup defined for each nonnegative mea-
surable function ® on R™ by

P®(z) = PO(x,t) = G(z,t,y,0)®(y)dy , t >0, z€R"”
Rn
The family (P;)¢s0 is a markovian semigroup. Moreover, a nonnegative super-
harmonic function w on R™ satisfies for every ¢ > 0, P.w < w, and consequently the
mapping ¢ — Pyw is nonincreasing. We remark that for each nonnegative measurable
function ® on R™, the map (x,t) — P,®(x) is lower semicontinuous on R™ x (0, c0)
and becomes continuous if ® is further bounded.

Remark 2.2. We note that every bounded superharmonic function in R™ satisfies
(Hyp), see Gontara and Turki [9] and Maagli et al. [12].

We fix four nonnegative superharmonic functions w, 6, § and ¢ satisfying con-
dition (Hp). Let us introduce the required hypotheses on the initial values ¢, ¥, ~
and ¢ the nonlinear terms:

(Hy) There exist four constants ¢; > 1, 1 < i < 4, such that

Cilwmsw(x)sﬁw(x) , éemw(a@)s@em
Clga<x)9<x)g03a(x) 7 iqb(x)sc(x)ymm

and
limPaj(z) = p(z) , limPro() = o(x)

limPyy(z) =~(z) , limP((x) = ((2)

(Hs) f, g, h, k:(0,00) = [0,00) are nondecreasing and continuous.
(H3) The functions p, ¢, r and e are measurable nonnegative and for each ¢ > 0, the
functions
__ pf(cPw) i qg(cPd) i rh(cPo) __ ek(cP0)

pC P9 I c P(A.) b c P6 9 ec - P¢



504 Mounir Redjouh and Salim Mesbahi

belong to the parabolic Kato class P> (R™).

To study (1.1) — (1.2), a basic assumptions on p, ¢, r and e requires to fix four
superharmonic functions w, 6, § and ¢ on R™ satisfying condition (Hy).
2.2. The main result

Now, we can state the main result of this work:
Theorem 2.3. Assume (Hy) — (Hs). Then there exist four constants Mo, uo, no and
0o such that for each X € [0,Xg), 1 € [0, p0), n € [0,m0) and ¢ € [0, 00), the problem
(1.1) = (1.2) has a positive continuous solution (u, v, w, z) in (R™ x (0,00))* satisfying
for eacht >0 and x € R™

(1= 2)Pp(a,t) < ula,t) < Pl
0
(1= £)Py(a,t) < v(a,t) < P(a,1)
Ho (2.1)
(1= DIPA(a, 1) < w(at) < Pyl )
1- Q—QO)PC(:E,t) < 2(z,t) < PC(x, 1)

This document is organized as follows: In the next section, we give some technical
results and to recall some theoretical tools that are essential to prove our main result.
The last section is devoted to the proof of the main result, Theorem 2.3. The difficulties
in this section are similar to those in [5]-[9], [13]-[14] and [20]-[21], and the techniques
are of the same spirit, but specific new difficulties due to the nature of the system
must be handled.

3. Preliminary results

We give here some essential results proved in [12], we can also see [19], [21],
which were retained for the proof of our result. Now, we recall the definition of the
Kato class P> (R™).

Definition 3.1. A Borel measurable function g in R™*! belongs to the Kato class
P (R™) if for all ¢ > 0,

t+e€
lim  sup / / Gl |t — 5|,9,0) [g(y. )| dyds = 0
64)0(:1(:,15)€IR”’><]R t—e J B(z,\/€)

and
—+o00
sup / Ge(z, |t —s|,9,0) |q(y, )| dyds < oo
(z,)ER? xR J—00 JR®
where
1 |z — y*
Ge(z,t,y,8) = —— exp(—c ) fort>s and z, y € R"

(t—s)2 t—s

In the following, we give a class of functions belonging to P> (R"™).
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Proposition 3.2. (i) L>°(R") ® L'(R) C P>=(R").

1 1
(i) Let 1 < p < oo and q > 1 such that — + — = 1. Then for o > % and
p q
n
T < ——— <w, we have
p o
Lo (R™)
o © LAR) € P(R™)
" (L + [T

(iii) P>(R™) C L}, . (R™T1).

loc

We denote for any measurable function ® on R™ x (0, c0), the potential

t t
Vo(x,t) :/ / G(z,t,y,s)®(y, s)dyds :/ Pi_o(®(.,5))(x)ds
0 Jrn 0
Proposition 3.3. Let q be a nonnegative function in P (R™), then there exists a
positive constant ag such that for each superharmonic function v in R™, we have
V(qPv)(z,t) < agPv(z,t) , for (z,t) € R™ x (0,00)

Proposition 3.4. Let v be a superharmonic function in R™ satisfying (Hg) and q be a
nonnegative function in P> (R™). Then the family of functions

t
{@o=viwo= [ [ cwnosmsads. 1<)

is equicontinuous in R™ X [0,00).
Moreover, for each x € R™ we have tlirr(l)Vf(x,t) =0, uniformly on f.
—

We therefore conclude the following result on the continuity needed to obtain
the proof of Theorem 2.3.

Proposition 3.5. Assuming the hypothesis (Hy). Then the functions Py, Py, Py and
P¢ are continuous in R™ x (0, 00).

Proof. We prove that Py is continuous in R™ x (0, 00).
Let co be the constant given in (H;). We write for each ¢t > 0 and x € R”

caP0(z) = P(c2t — ¢)(z) + Pip(x)

So, from (Hy) we have (z,t) — PO(z,t) is continuous in R™ x (0,00) and from the
fact that (z,t) — Pi(c20 — )(z) and (z,t) — Pip(z) are lower semicontinuous in
R™ x (0,00), we deduce that (z,t) — Pyp(x) is continuous in R™ x (0, 00).

Similarly, we can prove the continuity of Py, Py and P¢ in R™ x (0, 00). O
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4. Proof of the main result

Let
. Po(z,t)
Ao = inf _
0 (z.t)eR™ x (0,00) V (pf (P)) (2, 1)
- 0 _ Pt
(w,t) ER™ X (0,00) (qg(Pv))(x,t)
. Pry(z,1)
- f L /e
1o (2,6)€R" x(0,00) V (m PO)) (1)
. P(x,t)
= inf _
9T eRmx(0.00) V(ek(Pp)) (x, 1)

Proposition 4.1. Suppose that the hypotheses (Hy) — (H3) are satisfied, then the con-
stants Ag, fo, Mo and oo are positive.

Proof. The hypothesis (H1) leads to ¢ < ciw.
From the fact that f is nondecreasing and p is nonnegative, we have
V(pf(Py)) < V(pf(erPw))
Hence, by hypothesis (H3) and Proposition 3.3, there exist p., € P*°(R") and a
positive constant . such that for each (z,t) € R" x (0, 00), we have
V(pf(PY))(x,t) <V (pe, PO)(z,t) < ap, PO(, 1)
So, using again (H;) we find for each (z,t) € R™ x (0, 00)

1
Polet) oD 1
Vpf(PY))(z,t) ~ ap, Po(z,t)  cap,

In the same way, we prove that

Py(a, t) Pry(z,t) Pz, 1)
— >0 —— > — >
Vigg(P))(t) ~ V(PO b) ~ " V(ek(Po)(mt) ~

which implies that A\g > 0, pg > 0, 170 > 0, g > O. O

Proof. (of Theorem 2.3). Let A € [0, o), & € [0, 0), 1 € [0 770) and o € [0, 00). We
define the sequences (u;);>0, (v;);>0, (w;);>0, and (2;);>0

vo=Py , z0=P(

uj = Po— AV (pf(v;))
w; = Py —nV(rh(z;))
zjp1 = P¢ — oV (ek(uy))
vj+1 = P — pV(gg(w;))

We are determined to prove for all j € N,

A
0<(1- Y)Pap <u; <wujpr < Py (4.1)
0
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O<(1—£)P’y§wj§wj+1§P7

Mo

0<(1—)Py < vy <oy < Py

Ho

0< (1= D)PC< 20 < 5 < P
0

507

(4.2)
(4.3)

(4.4)

We note that according to the definition of Ag, po, 1m0 and gy that, for each

(z,t) € R™ x (0,00)

AoV (pf(PY))(z,t) < Po(z,

oV (qg(Py))(xz,t) < Py(z,t
noV (rh(PQ))(z,t) < Py(x,t
o0V (ek(Pyp))(x,t) < P((z,t

From (4.5) and (4.7), we have

Ug =

Wo

Then

Ui

Py —nV(rh(P¢)) > Py — %Pv =

21 — 20

U1 =V =

Since f and h are nondecreasing, we obtain

Uy —uUp =

w, —wy =

—1V (qg(wo)) <0

N

~ —

A A
Py = AV(pf(PY)) 2 Pp = 1-Po = (1= 3-)Pp >0

1--Dpy>o0
o

—oV (ek(ug)) <0

AV (p(f(vo) = f(v1))) 2 0
nV (r(h(z0) — h(z1))) 2 0

4.5
4.6
4.7
4.8

o~ o~ o~ o~
o — D T

Now, since vy, zg are nonnegatives (vg > 0 = ug < Py, 29 > 0 = wy < Py) and g,
k are nondecreasing, we deduce from (4.6) and (4.8) that

Z1
U1

which gives us

Finally, we find

P¢ — oV (ek(ug)) > (1 — 2)P¢ >0

Q0

Py — uV(gg(wo)) > (1 — ﬁ)Pw >0

u; < Pp and wy; < Py

0<(1—1YPy <wy <wy < Py
o
0<(1_£)P¢§U1<U0§P¢
Ho
0
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By induction, we suppose that (4.1), (4.2), (4.3)and (4,4) hold for j. Since g, k are
nondecreasing and u;j41 < Py, wjtq < Py, we have

zjpe — 241 = oV(e(k(u;) — k(u;j41))) <0
virz — vt = uV(g(g(w;) — g(w;t1))) <0
and
ez = PO oV(ek(upe)) 2 PC— oV(ek(Py) 2 (1 - 2P
1
Utz = Py —pV(gg(wis1)) = Py — pV(gg(Py)) = (1 - %)Pw
Using the two relations (4.6) and (4.8), we have
0 < (L= PO 240 < 2510 < P
0
0 < (- #)P?ﬁ < vjr2 S S P
0
Now, using that f, h are nondecreasing, we have
ujpr —ujr1 = AV(p(f(vj+1) — fvj42))) =2 0
Witz —wir1 = NV(r(h(zjz1) — h(zj42))) 2 0

Since zj42 > 0, vj42 > 0, we obtain

A
0 < (1—)\*)P<PSUJ‘+1SUJ‘+2SP<P
0

0 < (1—-L)Py<wjpr <wjyo <Py
o
Therefore, the sequences (u;);>0, (v;);>0, (w;);>0 and (z;);>0 converge respectively
to u, v, w and z satisfying (2.1). We claim that

u=Pp—AV(pf(v)) (4.9)
w = Py —nV(rh(z)) (4.10)
z = P(— oV (ek(u)) (4.11)
v =Py —puV(gg(w)) (4.12)

Since v; < P and z; < P( for all j € N, using hypotheses (H;), (Hs3) and the fact
that f, h are nondecreasing, there exist p., , 7, € P°°(R™) such that

pf(v) < pflerPw) < pe, PO (4.13)
rh(z) <rh(cyPp) < 7e, Pd (4.14)
and so
plf(v;) — f(v)] 2p., PO, for all j € N
r|h(z;) — h(2)] 27c, Pd , forall j €N
Now, from Proposition 3.4 and by Lebesgue’s theorem, we can deduce
lm Vipf(o)) = Vpf(v))
ler{:oV(rh(zk)) = V(rh(z))

<
<
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So, letting j — oo in equations
uj = Pp—AV(pf(vj)), w;=Py—nV(rh(z;))

we have (4.9) and (4.10). Similarly, we obtain (4.11) and (4.12).
Next, we affirm that (u, v, w, z) satisfies

ou
Au — i Apf(v)
ov
Av — = = ngg(w)
. (4.15)
Aw — e nrh(z)
0z
Az — i oek(u)

Since 6, ¢ satisfies (Hp) and pe,, 7., € P> (R™), using Proposition 3.2, we have
Pe, PO, e, P € Lj, (R" x (0,00))
Moreover (4.13), (4.14) and Proposition 3.4 imply that
Pf(v), Th(z) € Li, (R x (0,00))
and
V(pf(v), V(rh(z)) € C(R" x (0,00)) C Lipe(R" x (0,00))

Similarly
qg(w), V(ag(w)), ek(u), V(ek(u)) € Li,(R™ x (0,00))

0
Now, applying the heat operator A — n in (4.9), (4.10), (4.11) and (4.12), (u,v,w, z)
is clearly a positive solution (in the sense of distributions) of (4.15).
Furthermore since V(pf(v)), V(qg(w)), V(rh(z)) and V(ek(u)) are continuous in
R™ x (0, 00) and using Proposition 3.5, we deduce from (4.9), (4.10), (4.11) and (4.12)
that

(u,v,w,2) € (C(R" x (0,00)))*

which implies according to hypothesis (H;) and proposition 3.4 that
limu(z,t) = limPy(z,t) =¢(z), zeR
limv(z,t) = limPy(x,t)=¢(z), z€R"
t—0 t—0
limw(z,t) = limPy(z,t) =~(z), zeR
}%z(m,t) = tlgr(l)P(j(x,t) =((z), z€R

This completes the proof of our theorem. O
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