Stud. Univ. Babes-Bolyai Math. 67(2022), No. 1, 189-202
DOI: 10.24193/subbmath.2022.1.14

Some applications of Maia’s fixed point theorem
for Fredholm integral equation systems

Alexandru-Darius Filip

Abstract. The aim of this paper is to study the existence and uniqueness of
solutions for some Fredholm integral equation systems by applying the vectorial
form of Maia’s fixed point theorem. Some abstract Gronwall lemmas and an
abstract comparison lemma are also obtained.

Mathematics Subject Classification (2010): 47H10, 47H09, 34K05, 34K12, 45D05,
45G 10, 54H25.

Keywords: Space of continuous functions, vector-valued metric, matrix convergent
to zero, A-contraction, fixed point, Picard operator, weakly Picard operator, in-
tegral equation, Fredholm integral equation system, vectorial Maia’s fixed point
theorem, abstract Gronwall lemma, abstract comparison lemma.

1. Introduction

Let a,b € Ry, with a < b. Let C[a,b] be the set of all real valued functions
which are continuous on the interval [a, b]. Using a vectorial form of Maia’s fixed point
theorem, we study the existence and uniqueness of solutions (z1,x2) € (C[a, b])? for

the following Fredholm integral equation systems:
r1(t) = g1(t) + f; Ki(t,s,z1(s))ds + f; Hi(t,s,z1(s))ds 1)
zo(t) = ga(t) + f(f Ks(t,s,22(s))ds + f; Hs(t,s,x2(s))ds

and
21(t) = gi(t) + [T K (t,s,21(s))ds + [ Hi(t, s, 2(s))ds

2a(t) = ga(t) + [ Ko(t, s,20(5))ds + [ Ha(t,s,a1(s))ds
where g1, g2 € Cla,b], K1, Ko, Hi, Hs € C([a,b] X [a,b] x R,R) are given functions.

(1.2)
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2. Preliminaries

We recall here some notions, notations and results which will be used in the
sequel of this paper.

2.1. L-space

The notion of L-space was introduced in 1906 by M. Fréchet ([4]). It is an abstract
space in which works one of the basic tools in the theory of operatorial equations,
especially in the fixed point theory: the sequence of successive approximations method.

Let X be a nonempty set. Let s(X) := {{&n}nen | #n € X, n € N}. Let ¢(X)
be a subset of s(X) and Lim : ¢(X) — X be an operator. By definition, the triple
(X, c(X), Lim) is called L-space (denoted by (X, —)) if the following conditions are
satisfied:

(¢) if x,, =z, for all n € N, then {z, }nen € ¢(X) and Lim{z, tnen = .
(#9) if {xn}nen € c(X) and Lim{z, }neny = 2, then for all subsequences {z,, }ien of

{Zn}nen, we have that {z,, }ien € ¢(X) and Lim{zy, }ien = .

A simple example of an L-space is the pair (X, i), where X is a nonempty set

and % is the convergence structure induced by a metric d on X.

In general, an L-space is any nonempty set endowed with a structure implying a
notion of convergence for sequences. Other examples of L-spaces are: Hausdorff topo-
logical spaces, generalized metric spaces in Perov’ sense (i.e. d(x,y) € R""), generalized
metric spaces in Luxemburg’ sense (i.e. d(z,y) € Ry U {400}), K-metric spaces (i.e.
d(z,y) € K, where K is a cone in an ordered Banach space), gauge spaces, 2-metric
spaces, D-R-spaces, probabilistic metric spaces, syntopogenous spaces.

2.2. Picard operators and weakly Picard operators on L-spaces

Let (X,—) be an L-space. An operator f : X — X is called weakly Picard
operator (W PO) if the sequence of successive approximations, {f™(z)}nen, converges
for all x € X and its limit (which generally depend on z) is a fixed point of f.

If an operator f is WPO and the fixed point set of f is a singleton, Fy = {z*},
then by definition, f is called Picard operator (PO).

For a WPO, f: X — X, we define the operator f* : X — X, by

() == lim f*(x).
n—oo
Notice that, f>(X) = Fy, i.e., f is a set retraction of X on F}.
If X is a nonempty set, then the triple (X, —, <) is an ordered L-space if (X, —)
is an L-space and < is a partial order relation on X which is closed with respect to

the convergence structure of the L-space.

In the setting of ordered L-spaces, we have some properties concerning W POs
and POs.

Theorem 2.2.1 (Abstract Gronwall Lemma). Let (X, —, <) be an ordered L-space and
f:X — X be an increasing WPO. Then:

(1) ve X,z < f(x) = o< f>();

(i) v e X, x> f(x) = = > f(x).
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In particular, if f is a PO and we denote Fy = {z*}, then:
(") Vee X,z < f(z) =z <%
(W)VeeX, x> f(z) =z >a".

Theorem 2.2.2 (Abstract Comparison Lemma). Let (X, —, <) be an ordered L-space
and the operators f,g,h : X — X be such that:

(1) f<g<h
(2) f,g,h are WPOs;
(3) g is increasing.

Then:
r,y,z€X, t <y <z= f2x) <g™(y) <h7(2).

In particular, if f,g,h are POs and we denote Fy = {z*}, F, = {y*}, F), = {z*},
then

Va,yz€X, e<y<z=z" <y <z

Regarding the theory of WPOs and POs see [12], [13], [15], [16], [18], [11], [17], [3].

2.3. Maia’s fixed point theorem
The following result was proved by M.G. Maia in [5].

Theorem 2.3.1. Let X be a nonempty set, d and p be two metrics on X andV : X — X
be an operator. We suppose that:

(1) there exists ¢ > 0 such that, d(z,y) < cp(x,y), V 2,y € X;
(2) (X,d) is a complete metric space;

(3) V:(X,d) — (X,d) is continuous;

(4) V:(X,p) = (X,p) is an l-contraction, i.e.,

31 €10,1) such that p(V(z),V(y)) <lp(z,y), V z,y € X.

Then:

(i) Fy ={z"};
(i) V: (X,d) = (X,d) is PO.

Maia’s Theorem 2.3.1 remains true if we replace the condition (1) with the following
one:

(1") there exists ¢ > 0 such that, d(V(z),V(y)) < ep(x,y), V z,y € X.

Hence, we obtain the so called Rus’ variant of Maia’s fixed point theorem. More
considerations can be found in [11], [9], [10], [14].
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2.4. Matrices which converge to zero

We denote by M,,(R,) the set of all m x m square matrices with positive real
elements, by I,,, the identity m x m matrix and by O,, the zero m x m matrix.

A € M, (R;) is said to be convergent to zero if A™ — O,, as n — oco.

Some examples of matrices that converge to zero are the following;:

a) A= <Z Z) € My(R,), where a,b € Ry and a +b < 1;

b) A= (Z z> € M>(Ry), where a,b e Ry and a+b < 1;

c) A= (a l;) € Ms(R;), where a,b, ¢ € Ry and max{a,c} < 1.

A classical result in matrix analysis is the following theorem (see [19], [1]), which
characterizes the matrices that converge to zero.

Theorem 2.4.1. Let A € M,,(R). The following assertions are equivalent:

(1) A is convergent to zero;
(2) its spectral radius p(A) is strictly less than 1; that is, |\ < 1, for any A € C
with det(A — Al,,,) = 0;

(3) the matriz (I, — A) is nonsingular and
(I —A) ' =L, +A+ A%+ .+ A"+
(4) the matriz (I, — A) is nonsingular and (I, — A)~! has nonnegative elements.

Throughout this paper, we will make an identification between row and column vectors
in R™.
2.5. Vector-valued metric spaces

Let X be a nonempty set. A mapping d : X x X — R is called a vector-valued
metric on X if the following conditions are satisfied:
(1) d(z,y) =0€eR™ < x =y, for all z,y € X;
(2) d(z,y) =d(y,z), for all z,y € X;
(3) d(z,y) < d(z,z) +d(z,y), for all z,y,z € X.
On R, the relation < is defined in the component-wise sense.
Some examples of vector-valued metrics are the following:

Example 2.5.1. Let X := (Cla,b])? and d : (C[a, b])? x (Cla,b])? — RZ, defined by

d = t) — t t) — t
(o) = (o o1 0) = (0], s lea(0) 3200 )
for all x = (z1,22), y = (y1,2) € (Cla,b])*.

Example 2.5.2. Let X := (Cla,b])? and p: (Cla,b])? x (Cla,b])? — RZ, defined by

= (([imo-sora) ([ -mora)')
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for all = (z1,22), ¥ = (y1,%2) € (Cla, b))%

A nonempty set X endowed with a vector-valued metric d is called a generalized
metric space in Perov’ sense (or a R7-metric space) and it is denoted by the pair
(X,d). The notions of convergent sequence, Cauchy sequence, completeness, open
and closed subset and so forth are similar to those defined for usual metric spaces.
The basic fixed point result which holds in generalized metric spaces in Perov’ sense
is the following (see [6], [7]).

Theorem 2.5.3 (Perov’s fixed point theorem). Let (X,d) be a complete generalized
metric space, where d : X x X — R Let f : X — X be an A-contraction, i.e. there
exists a matriv A € M,,(R4) convergent to zero, such that

d(f(z), f(y)) < Ad(z,y),V z,y € X.
Then f is PO in the L-space (X,i).

Remark 2.5.4. It would be of interest to extend the study from [8] and [2] to the case
of vector-valued metric spaces.

3. Vectorial Maia’s fixed point theorems

In this section we present the Rus’ variant of Maia’s fixed point theorem in the
setting of generalized metric spaces in Perov’s sense.

Theorem 3.1. Let X be a nonempty set, endowed with two vector-valued metrics,
d,p: X X X = RP. Let T : X — X be an operator. We assume that:

(1) there exists a matriz C € M,,(Ry) such that
d(T(x), T(y)) < Cplx,y), ¥V x,y € X;

(2) (X,d) is a complete generalized metric space;

(3) T:(X,d) = (X,d) is continuous;

(4) T: (X,p) = (X,p) is an A-contraction, i.e. there exists a matric A € M,,(Ry)
convergent to zero, such that

p(T(x), T(y)) < Ap(z,y), ¥V z,y € X.
Then T is PO in the L-spaces (X, —d>) and (X,5).

Proof. Let g € X. By (4), the sequence of successive approximations {T"(xo) }nen
is a Cauchy sequence in (X, p). Indeed, for n,p € N we have

n+p—1 n+p—1
p(T" (20), TP (20)) < Y p(T"(wo), T* (20)) < Y A*p(o, T(w0))
k=n k=n

< A" (I, — A) " p(x0, T(20)) — 0 as n, p — oo.
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By (1), we get that {T"(xo)}nen is a Cauchy sequence in (X, d). By (2), there exists
x* € X, such that T"(xg) A 2 asn — oo. By (3), it follows that z* € Fr, since
(", T(x")) < d(z*, T"(z0)) + d(T" (z0), T("))
= d(z*, T" (20)) + d(T(T" " (w0)), T ("))
—d(z*,2*) +d(T(z*),T(z")) =0, as n — 0.
By (4), we obtain the uniqueness of the fixed point z*. Hence T is PO in (X, i)

We show next that T is PO in (X, 5).
For any z € X, since z* € Fr, by (4) we have

pa*, T"(x0)) = p(T"(x¥), T (x0)) < Ap(x*,29) — 0 as n — 0o
which implies that T™ () £ 2* as n — oo. Since z* is the unique fixed point, we get

that T is PO in (X,5). O

Remark 3.2. Notice that, in the proof of the above result, Perov’s Theorem cannot be
applied for T : (X, p) — (X, p), because the lack of completeness of the generalized
metric space (X, p).

Remark 3.3. From the proof of the above result, we can deduce the following weak
Perov’s contraction principle:

Theorem 3.4. Let (X, p) be a generalized metric space, where p : X x X — RT'. Let
T:X — X be an operator. We assume that:

(Z) FT 3& @;
(i9) there exists a matriv A € My (Ry) which converges to zero, such that
p(T(x),T(y)) < Ap(x,y), for all x,y € X.

Then T is PO in the L-space (X,5).
Another fixed point result of Maia type in vectorial form is the following.

Theorem 3.5. Let X be a nonempty set, endowed with two vector-valued metrics,
dp: X x X =R Let T : X — X be an operator. We assume that:

(1) FT 7é @;
(2) there exists a matriz C € M,,(R;) such that

d(T(z), T(y)) < Cp(z,y), ¥V x,y € X;

(3) T: (X,p) = (X,p) is an A-contraction, i.e. there exists a matric A € M,,(Ry)
convergent to zero, such that

p(T(x),T(y)) < Ap(x,y), ¥V z,y € X.
Then T is PO in the L-spaces (X, i>) and (X, 5).
Proof. By applying Theorem 3.4, T is PO in (X, 5). So Fp = {z*}. For any z; € X,
d(z*, T (wo)) = d(T" ("), T (x0))
< Cp(T"(2"), T" (o))
< CA"p(z*,29) = 0
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as n — 00. So T'is PO in (X,i>). O

4. Applications of vectorial Maia’s fixed point theorem

In this section we study the existence and uniqueness of solutions for Fredholm
integral equations systems (1.1) and (1.2), by applying the vectorial Maia’s fixed point
theorem.

First, let us consider the system (1.1)

z1(t) =g1(t) + f; Ky (t,s,21(s))ds + fj Hi(t, s,21(s))ds
2o(t) = go(t) + [ Ko(t, s,22(s))ds + [ Ha(t, s, 2(s))ds

where g1, g2 € Cla,b], K1, Ko, Hy, Hy € C([a,b] X [a,b] X R, R), are given functions.
We are searching the conditions in which the system (1.1) has a unique solution
(z1,22) € (Cla, b])*.

We assume that there exist Lg,, Ly, >0, j € {1,2} such that:

|K(t,s,u) — K;(t,s,v)] < Lg,|u—vl,
|H;(t,s,u) — Hj(t,s,v)| < Ly, |u— v,

for all ¢, s € [a,b], u,v € R, j € {1,2}.

On X := (Cla, b])* we consider the metrics d,p: X x X — R3, where

max [z1(t) — y1(t)]
t€la,b]

)= o (1)~ 0) ()
and
I‘l 2d 2
o) = (/1 1 (1) t); 7 (4.2)
(Jy |~T2 2(1)[*dt)?
for all z = (z1,22), y = (y1,y2) € (Cla,b])?.
We consider the operator T : (Cla,b])> — (Cla, b])?, defined by
~ ((Ta(=)(1)
T(z)(t) = <T2(x)(t)> -
B <g1(t) + fab Ki(t,s,z1(s))ds + f: Hl(t,s,xl(s))ds> .
g2(t) + ff Ky(t,s,22(s))ds + f; Hs(t, s,22(5))ds
for all z = (z1,22) € (Cla, b])?.
We have,
Tt - [FTB@0 = TP

([O1Ta(2)() — Ta(y) () 2dt) *
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and
<|T1(’I)(t)T1(y)(t)> < <ff|K1(t78,I1(5))K1( 1 (s))|ds )
To(@)(t) = ()W)~ \ [ |Kat, s,22(s)) — Ka(t, s, ya(s))|ds
N <f: |H1(t,s7x1(s)) Hi(t,s, yl(s))|d8>
[P | Ha(t, s,22(5)) — Halt, s,y2(s))|ds

g (f:LKJm(s) <s>|ds> (f:LHJm(s) —yl(s>|ds>
B )

2 Lig,wa(s) — ya(s)lds

el (MLK] 2ds)* + (f 1L [Pds) P (Sl (s) - yl(s)|2ds)%>
T NN Pds)® 4 ([ ds)*] (fla(s) = a(s)]ds)
_ ((LKl + LHl)\/Hﬁ(xl,yl)>
(Lia + L)V = ap(a2,42) )’

where
1

1
2 2
plz1,y1) (/ |21 (s |2d3> . p(x2,y2) (/ |z2(s |2d3> .

Hence,
b 3 Ll
o(T(z), T(y)) < ((f,;[(LKl + L, )Vb—ap(z1,y1)] dt)l>
(S [(Lry + L, )V — ap(w2, y2)]?dt) >
(L A+ L) (b= )iz )\ i
= <(LK2 +LH2)(b— a)ﬁ(x%yz)) - AP( 7y)a
where

R (L 1+L 1)(b_a’) 0
A (Bt B L+ Lo ) € Vol

is a matrix that converges to zero if (L, +Lp, )(b—a) < 1 and (Lg,+Lp,)(b—a) < 1.
So, if we add these two conditions, T' becomes an A-contraction with respect to p.
In addition, for all z,y € C|[a,b], we have d(T'(z),T(y)) < Cp(z,y), where

Ly, + Ly,)Vb—a 0 )

.= (Em ! € My(Ry).

( 0 (LK2+LH2)\/I)—CL 2( +)

By applying Theorem 3.1, the system (1.1) has a unique solution in (C|a, b])?. Hence,
we have obtained the following result:

Theorem 4.1. Let a,b € Ry with a < b. We consider the system of Fredholm integral
equations



Some applications of Maia’s fixed point theorem 197

where g1, 92 € Cla,b], K1, Ko, Hi, Hy € C([a,b] X [a,b] x R,R) are given functions.
We assume that:
(i) there exist Ly, Ly, >0, j € {1,2} such that:
|K(t,s,u) — K;(t,s,v)] < Lg,|u—vl,
|Hj(t,s,u) — Hj(t,s,v)| < Ly, |u— v,
for all t,s € [a,b], u,v € R, j € {1,2};
(i) (Li, + Ly,)(b—a) <1 and (Lg, + Lg,)(b—a) < 1.

Then the system has a unique solution x* = (a3, x%) € (Cla, b])?.

Remark 4.2. By Theorem 3.1, the operator T defined in (4.3) is PO. Hence, for all
t € [a,b] we have z*(t) = h_)m T,(t), for each zp = (zf,2%) € (Cla,b])?, where
n—oo

{zp}nen C (Cla,b])? is defined by
i (2 g1(t) + [V Ko (t,s, 2L (s))ds + 7 Hi(t, s, 2% (s ))ds)
w0 <x%+1(t)> ( t)—i—fab Ks(t,s,72(s)) ds—l—f Hs(t,s,22(s))ds

Corollary 4.3. Let a,b € Ry with a < b. We consider the system of Fredholm integral
equations

z1(t) = g1 (t) + [P Ku(t, s,21(s))ds
a(t) = ga(t) + [} Koa(t, s, 22(s))ds

where g1, g2 € Cla,b], K1, K2 € C([a,b] x [a,b] x R,R) are given functions.
We assume that:
(i) there exist Lx, >0, j € {1,2} such that:

|K;(t,s,u) — K;(t,s,v)] < Lg,|u— ],

for allt,s € [a,b], u,v € R, j € {1,2};
(#1) Lg,(b—a) <1 and Li,(b—a) < 1.

Then the system has a unique solution x* = (a3, x3) € (Cla, b])?.

Proof. We apply Theorem 4.1, by considering H; and Hy as zero functions and by
taking Ly, =0 and Ly, = 0. O

Now, let us consider the system (1.2)
z1(t) = g1(t) + f; Ki(t,s,21(s))ds + fab Hi(t,s,x2(5))ds
22(t) = g2(t) + [, Ka(t,s,23(5))ds + [ Ha(t, s, 21(s))ds

where ¢1, g2 € Cla,b], K1, Ko, Hy, Hy € C([a,b] X [a,b] x R,R) are given functions.
We assume that there exist Lg,, Ly, >0, j € {1,2} such that:
|K;(t,s,u) — K;(t,s,v)| < Lg, |u — v,
|Hj(t,s,u) — Hj(t,s,v)| < Ly, |u— v,
for all ¢, s € [a,b], u,v € R, j € {1,2}.
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On X := (Cla,b])® we consider the metrics d,p : X x X — R% defined as in
(4.1) and (4.2). Also, we consider the operator T : (C[a,b])? — (C[a,b])?, defined by

Th(z)(t)
TW@:<nmw>
_ (gl(t) —|—f: Kl(t,s,xl(s))ds—i-f; Hl(t,s,xz(s))ds>
92(t)

+f; Kg(t,s,xQ(s))derfab Hy(t,s,21(s))ds

for all z = (z1,22) € (Cla, b))
In a similar manner as shown for the system (1.1), we get p(T(x),T(y)) < Ap(z,y),
for all z,y € (C[a, b])?, where

(4.4)

a)) S M2<R+)

The matrix A converges to zero if

|(LK1 + LK2) + \/(LKI + LK2)2 - 4(LK1LK2 - LH1LH2)‘
2

So, if we add this condition, T" becomes an A-contraction with respect to p.
In addition, for all z,y € (C[a, b])?, we obtain d(T(x),T(y)) < Cp(z,y), where

c LKI\/b—a LHI\/b—a
o LHQ\/bfa LK2\/b—a

By applying Theorem 3.1, the system (1.2) has a unique solution in (C[a, b])?. Hence,
we have obtained the following result:

(b—a) <1

) € My(Ry).

Theorem 4.4. Let a,b € Ry with a < b. We consider the system of Fredholm integral
equations

21(t) = 1 (t) + [P Ku(t,s,21(5))ds + [ Hi(t, 5, 20(s))ds
wa(t) = ga(t) + [} Ko(t,s,02(s))ds + [} Ha(t, s,x1(s))ds

where g1, 92 € Cla,b], K1, Ko, Hy, Hy € C([a,b] X [a,b] x R,R) are given functions.
We assume that:

(i) there exist Ly, Ly, >0, j € {1,2} such that:
|Kj(t7 Svu) - Kj(tv S>U)| < LKj |u - 'U"
|Hj(t,s,u) — Hj(t,s,v)| < Ly, |u— v,
for allt,s € [a,b], u,v € R, j € {1,2};
(”) IFTG‘(LKl +LK2) + \/(LK1 +LK2)2 _4(LK1LK2 - LHILH2)‘ <1l

Then the system has a unique solution x* = (2}, x3) € (Cla, b])?.
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Remark 4.5. By Theorem 3.1, the operator T defined in (4.4) is PO. Hence, for all

t € [a,b] we have x*(t) = lim z,(t), for each zo = (z},23) € (Cla,b])?, where
n—oo

{Zn}nen C (Cla,b])? is defined by
Boa(t) = (x;+1@)> _ (gla)4-jf1(1a,s,x;(s»ds+-jjf{la,s,xi(s»ds>.
" go(t) + f: Ky(t,s,22(s))ds + fab Hy(t, s, 2} (s))ds

Corollary 4.6. Let a,b € Ry with a < b. We consider the system of Fredholm integral
equations

xn-l—l (t)

21(t) = g1(t) + [ Hi(t,s,22(5))ds

z2(t) = g2(t) + f: Hs(t,s,x1(s))ds

where g1, 92 € Cla,b], Hy, Hy € C([a,b] x [a,b] x R,R) are given functions.
We assume that:

(i) there exist Ly, >0, j € {1,2} such that:
|Hj(t,s,u) — Hj(t,s,v)| < Ly, |u— v,
for allt,s € [a,b], u,v € R, j € {1,2};
(i9) (b= a)y/Tm L, < 1.
Then the system has a unique solution x* = (27}, x3) € (Cla, b])?.

Proof. We apply Theorem 4.4, by considering K; and K5 as zero functions and by
taking Lx, =0 and Lg, = 0. O

5. Abstract Gronwall lemmas

Since the operators T, defined in (4.3) and (4.4), are POs, by using Theorem
2.2.1 we can establish the following abstract Gronwall lemmas for our systems (1.1)
and (1.2).

Theorem 5.1. Let a,b € Ry with a < b. We consider the system of Fredholm integral
equations

z1(t) = g1(t) + f: Kq(t,s,21(s))ds + ff Hy(t,s,x1(s))ds
23(t) = g2(t) + [ Ka(t, s,wa(s))ds + [ Ho(t,s,2(s))ds
where g1, 92 € Cla,b], K1, Ko, Hi, Hy € C([a,b] X [a,b] x R,R) are given functions.
We assume that:
(i) there exist Ly, Ly, >0, j € {1,2} such that:
|K;(t,s,u) — K;(t,s,v)] < Lg,|u—vl,
|H;(t,s,u) — Hj(t,s,v)| < Ly, |u— v,

for allt,s € [a,b], u,v € R, j € {1,2};
(Z’L) (LK1 + LHl)(b — a) <1 and (LK2 +LH2>(b— a) <1



200 Alexandru-Darius Filip

(13i) K;(t,s,-), H;(t,s,-) : R = R are increasing functions, for all t,s € [a,b] and
jeA{1,2}.

Let z* = (x7,23) € (Cla,b])? be the unique solution of the system.

Then the following implications hold:

(1) for all x = (z1,x2) € (Cla, b])? with
(xl(t)) _ <g1(t) + [P K (t,s,21(5))ds + [ Hl(t,s,xl(s))ds>
w2(t)) ~ 92(t) —l—ff Kg(t7s,x2(s))ds+f; Hy(t,s,22(s))ds ’
for all t € [a,b], we have x < x*;
(2) for all z = (x1,2) € (Cla,b])? with
(xl(t)> N (gl(t) + [V Ky (t,s,a1(s))ds + [0 H (¢, s,xl(s))ds>
22()) 7 \ga(t) + [ Kolt, s, 2a(s))ds + [° Hal(t, 5,25(5))ds)
for all t € [a,b], we have x > z*.

Theorem 5.2. Let a,b € Ry with a < b. We consider the system of Fredholm integral
equations

21(t) = 1 (t) + [V Ko (t,s,21(5))ds + [ Hy(t, 5, 20(s))ds
2o(t) = ga2(t) + [ Ko(t,5,5(s))ds + [ Ha(t,s,a1(s))ds

where g1, 92 € Cla,b], K1, Ko, Hy, Hy € C([a,b] X [a,b] X R,R) are given functions.
We assume that:

(i) there exist L, Ly, >0, j € {1,2} such that:
|Kj(t7 57”) - Kj(t7 57U)| < LK]‘ |U - rU‘7
|Hj(ta S,’LL) - Hj(ta S,’U)| < LHj |’LL - U|7
for allt,s € [a,b], u,v € R, j € {1,2};
(ZZ) IFTG‘(LK1 + LKQ) + \/(LK1 + LK2)2 - 4(LK1LK2 - LH1LH2)‘ <1;
(i13) K;(t,s,-),H;(t,s,-) : R = R are increasing functions, for all t,s € [a,b] and
Jje{1,2}.
Let z* = (x%,23) € (Cla,b])? be the unique solution of the system.
Then the following implications hold:
(1) for all z = (x1,2) € (Cla,b])? with
(ml(t)> _ (gl(t) + f; Ki(t,s,21(s))ds + fab Hl(t,s,xg(s))ds>
22(0)) 7 \ga(t) + [ Kalt, s,05(s))ds + [ Ha(t, s,01(s))ds

for all t € [a,b], we have x < x*;
(2) for all z = (z1,72) € (Cla, b])? with

<x1(t)> N (gl(t) + [P KA (ts,a1(s))ds + [ H(t, s,xg(s))ds>
22()) 7 \ga(t) + [ Kalt, s, 2a())ds + [° Ha(t, 5,2:1(s))ds)
for all t € [a,b], we have x > x*.
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6. Abstract comparison lemmas

We can establish also some abstract comparison results, taking into account
Theorem 2.2.2. One of them is the following.

Theorem 6.1. Let a,b € Ry with a < b. We consider the systems of Fredholm integral
equations

21(t) = i (t) + [P Ki(t,s,21(s))ds + [ Hi(t,5,21(s))ds

' b (6.1)
x9(t) = go(t) + [ Ka(t,s,22(s))ds + [ Ha(t,s,x2(s))ds
yi(t) = g3(t) + [} Ks(t,5,91(s))ds + [ Ha(t, 5,31 (s))ds 62
Yo (t) = gat) + [ Ka(t,s,y2(s))ds + [7 Ha(t, s, ys(s))ds
21(t) = gs(t) + [2 Ks(t,5,21(s))ds + [ Hs(t,s,21(s))ds 63

25(t) = go(t) + [ Ko(t, 5, 20(5))ds + [ He(t, 5, 22(s))ds

where g; € Cla,b], for alli =1,6 and K;, H; € C([a,b] x [a,b] xR, R), for all j = 1,6,
are given functzons.
We assume that:

(i) there exist L, Ly, >0, j = 1,6 such that:
|K;(t,s,u) — K;(t,s,v)] < Lg,|u—vl,
|H;(t,s,u) — Hj(t,s,v)| < Ly, |u— v,

for allt,s € [a,b], u,v € R, j =1,6;
(i) (L, + Lu,)(b—a) <1, for all j =1,6;
(t33) K,;(t,s,-),H;j(t,s,-) : R = R are increasing functions, for all t,s € [a,b] and
J=34
() for allt € [a,b],
(gl(t)—i—f; Ki(t,s,21(5)) ds—l—f Hi(t,s, xl(s))ds>
ga(t —i—f; Kg(t,s,xg(s))ds—l—fng(t,s,xz(s))ds
< (93@) +f(f Kj(t, s, x1(s)
ga(t —I—f: Ky(t, s, 22(5)
( (s)
( (s)

(

) (

< <g5 t)+ [0 Ks(t, 5,1 (s))ds + [ Hs(t, s, 21
g6 t)"‘f;Kﬁ(t, s, xa(s

Let x* = (a3, 23),y* = (y7,v3), 2% = (27, 23) € (Cla,b])? be the unique solutions of
the systems (6.1), (6.2) and respectively (6.3) .
Then for any x = (x1,%2),y = (y1,92), 2 = (21, 22) € (Cla,b])* we have

r<y<z=a" <y <z



202 Alexandru-Darius Filip

References

[1] Allaire, G., Kaber, S.M., Numerical Linear Algebra, Springer, New York, NY, USA,
2008.

[2] Balazs, M.-E., Maia type fized point theorems for Presic type operators, Fixed Point
Theory, 20(2019), no. 1, 59-70.

[3] Berinde, V., Iterative Approzimation of Fized Points, Lecture Notes in Mathematics,
Springer-Verlag Berlin Heidelberg, 2007.

[4] Fréchet, M., Les Espaces Abstraits, Gauthier-Villars, Paris, 1928.

[5] Maia, M.G., Un’osservatione sulle contrazioni metriche, Rend. Semin. Mat. Univ.
Padova, 40(1968), 139-143.

[6] Perov, A.L, On the Cauchy problem for a system of ordinary differential equations,
Pviblizhen. Met. Reshen. Differ. Uravn, 2(1964), 115-134.

[7] Perov, A.L, Kibenko, A.V., On a certain general method for investigation of boundary
value problems, (Russian), Izvestiya Akademii Nauk SSSR, Seriya Matematicheskaya,
30(1966), 249-264.

[8] Petrusel, A., Rus, L.A., Fized point theory in terms of a metric and of an order relation,
Fixed Point Theory, 20(2019), no. 2, 601-622.

[9] Rus, I.A., On a fized point theorem of Maia, Stud. Univ. Babeg-Bolyai Math., 22(1977),
40-42.

[10] Rus, I.A., Basic problem for Maia’s theorem, Sem. on Fixed Point Theory, Preprint
3(1981), Babeg-Bolyai Univ. Cluj-Napoca, 112-115.

[11] Rus, LA., Generalized Contractions and Applications, Cluj Univ. Press, Cluj-Napoca,
2001.

[12] Rus, L.A., Picard operators and applications, Sci. Math. Jpn., 58(2003), no. 1, 191-219.

[13] Rus, LA., Fized points, upper and lower fized points: abstract Gronwall lemmas,
Carpathian J. Math., 20(2004), no. 1, 125-134.

[14] Rus, L.A., Data dependence of the fized points in a set with two metrics, Fixed Point
Theory, 8(2007), no. 1, 115-123.

[15] Rus, L.A., Some nonlinear functional differential and integral equations, via weakly Pi-
card operator theory: a survey, Carpathian J. Math., 26(2010), no. 2, 230-258.

[16] Rus, L.A., Some problems in the fized point theory, Adv. Theory of Nonlinear Analysis
Appl., 2(2018), no. 1, 1-10.

[17] Rus, LA., Petrusel, A., Petrusel, G., Fized Point Theory, Cluj Univ. Press, Cluj-Napoca,
2008.

[18] Rus, LA, Serban, M.A., Basic problems of the metric fized point theory and the relevance
of a metric fized point theorem, Carpathian J. Math., 29(2013), no. 2, 239-258.

[19] Varga, R.S., Matriz Iterative Analysis, vol. 27 of ”Springer Series in Computational
Mathematics”, Springer, Berlin, Germany, 2000.

Alexandru-Darius Filip

Babeg-Bolyai University, Faculty of Economics and Business Administration,
Department of Statistics-Forecasts-Mathematics,

Teodor Mihali Street, No. 58-60, 400591 Cluj-Napoca, Romania

e-mail: darius.filip@econ.ubbcluj.ro



