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Hermite-Hadamard type inequalities for
F—convex functions involving generalized
fractional integrals
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Abstract. In this paper, we firstly summarize some properties of the family F
and F'—convex functions which are defined by B. Samet. Utilizing generalized
fractional integrals new Hermite-Hadamard type inequalities for F'—convex func-
tions have been provided. Some results given earlier works are also as special
cases of our results.
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1. Introduction

Let f: I € R — R be a convex function on the interval I of real numbers and a,b € I
with a < b. If f is a convex function then the following double inequality, which is
well known in the literature as the Hermite-Hadamard inequality holds [17]:

P < ot [ o < L0210 W

Note that some of the classical inequalities for means can be derived from (1.1) for
appropriate particular selections of the mapping f . Both inequalities in (1.1) hold in
the reversed direction if f is concave.

It is well known that the Hermite-Hadamard inequality plays an important role in
nonlinear analysis. Over the last decade, this classical inequality has been improved
and generalized in a number of ways; there have been a large number of research
papers written on this subject, see [7, 6, 12, 16], [24]-[23] and the references therein.
Also, many type of convexity have been defined, such as quasi-convex in [5], pseudo-
convex in [13], strongly convex in [19], e-convex in [10], s-convex in [9], h-convex
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n [28], etc. Recently, Samet in [20], have defined a new concept of convexity that
depends on a certain function satisfying some axioms, that generalizes different types
of convexity, including e-convex functions, a-convex functions, h-convex functions,
and many others.
Recall the family F of mappings F': R x R x Rx [0,1] — R satisfying the following
axioms:
(A1) If w; € L*(0,1), i = 1,2, 3, then for every \ € [0,1], we have
1 1 1
/ Fler(t), ea(t), es(t), \)dt = / er(t)dt, / ex(t)dt, / es(t)dt, \
0 0 0
(A2) For every u € L' (0,1), w € L>(0,1) and (21, 22) € R2, we have
1 1
/F(w(t)u(t),w(t)zl7 (t)z2,t)dt = T /’LU(t)u(t)dt,Zl,ZQ )
0 0
where Tr,, : R X R x R — R is a function that depends on (F,w), and it is nonde-
creasing with respect to the first variable.
(A3) For any (w,e1,e2,e3) € RY, e4 € [0,1], we have
wk(ey,ea,e3,e4) = Flwey, wey, wes, e4) + Ly,
where L,, € R is a constant that depends only on w.

Definition 1.1. Let f : [a,b] = R, (a,b) € R?, a < b, be a given function. We say that
f is a convex function with respect to some F € F (or F-convex function), iff

F(f(tz+ (1= t)y), f(z), f(y),t) <0, (x,y,t) € [a,b] X [a,b] x [0,1].
Remark 1.2. 1) Let € > 0, and let f : [a,b] — R, (a,b) € R?, a < b, be an e-convex
function, see [10], that is

flte+ (A =t)y) <tf(x)+ (L -t)f(y) +¢, (x,9,1) € [a,b] X [a,b] x [0,1].
Define the functions F: R x R x Rx [0,1] — R by
F(ey,e2,e3,e4) = e1 —eqes — (1 —eg)ez — e (1.2)
and Tr, : R X R xR = R by
1 1
Trw(er, ez, e3) =€ — tw(t)dt | e — (I —=t)w(t)dt | es —e. (1.3)
/ /
For
Ly=(1-w)e, (1.4)
it is clear that F' € F and
F(f(tz+ (1 —=t)y), f(2), f(y), 1) = f(te + (1 = t)y) —tf(z) = (1= 1) f(y) —e <0,

that is f is an F'—convex function. Particularly, taking e = 0, we show that if f is a
convex function then f is an F—convex function with respect to F' defined above.
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2) Let f : [a,b] — R, (a,b) € R%, a < b, be an a-convex function, a € (0, 1], that is

fltr+ (1 =t)y) <t*f(x) + (1 =t f(y), (z,y,t) € [a,b] x [a,b] x [0, 1].
Define the functions F': R x R x Rx [0,1] — R by
F(ei,ea,e3,e4) =1 —efea — (1 —ef)es (1.5)

and Tr, : R X R xR = R by
1 1
Trw(er, ez, e3) =€ — /to‘w / (1—-t%w es. (1.6)
0 0
For L,, = 0, it is clear that F' € F and

F(f(tz + (1 =)y), f(2), f(y),t) = [tz + (1 = t)y) =t f(z) = (1 =1%)f(y) <O,
that is, f is an F-convex function.
3) Let h: J — [0,+00) be a given function which is not identical to 0, where J is an
interval in R such that (0,1) C J. Let f : [a,b] — [0,+00), (a,b) € R?, a < b, be an
h-convex function, see [28], that is

flz+ (1 =t)y) <ht)f(z) +h(1=1)f(y), (z,y,1) € [a,b] x [a,b] x [0,1].
Define the functions F : R x R x Rx [0,1] — R by

F(e1,ea,e3,e4) = €1 — h(eq)ea — h(1 —eq)es (1.7)
and Try : R x R x R — R by
1 1
Trw(er, e2,e5) = 1 — /h(t)w(t)dt er — /h(l C bt | es.  (18)
0 0

For L,, = 0, it is clear that F' € F and
F(f(te+ (1 =t)y), f(x), f(y), 1) = [t + (1 = t)y) = h(t) f(x) = h(1 = 1) f(y) <0,
that is, f is an F-convex function.

In [20], author established the following Hermite-Hadamard type inequalities using
the new convexity concept:

Theorem 1.3. Let f : [a,b] — R, (a,b) € R%, a < b, be an F-convex function, for
some F € F. Suppose that f € L*[a,b]. Then
1 h 1
dz,~ | <0
= | 1@ x,2>_ ,

F(f (a+b> / Fo)s,
: (bf / bf(x)dx,ﬂa),f(b)) <
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Theorem 1.4. Let f: I° CR — R be a differentiable mapping on I°, (a,b) € I° x I°,
a < b. Suppose that:

(i) |f'| is F-convex on [a,b] for some F € F;

(i) the function t € (0,1) = Ly, belongs to L' (0,1), where w(t) = |1 — 2t|. Then

a b
TFw (bia I );_f(b)_bia/a f(z)dx

Theorem 1.5. Let f: I° C R — R be a differentiable mapping on I°, (a,b) € I° x I°,

a < b and let p > 1. Suppose that \f’\p/(p_l) is F-convex on [a,b], for some F € F
and |f'| € LP/®P=YV(a,b). Then

Tea (Al £).1F @017 0)77V) <o,

1
,ﬂwhf@>+/hmﬁ<o

0

where

P
p—1

fla+fo) 1 [°
2 _b—a/af(x)dx

- ()

In the following we will give some necessary definitions and mathematical preliminar-
ies of fractional calculus theory which are used further in this paper. For more details,
see [8, 11, 14, 18].

Definition 1.6. Let f € L'[a,b]. The Riemann-Liouville integrals J&, f and J&" f of
order a > 0 with a > 0 are defined by

aaﬂm=IQmLx@—walﬂww,x>a

and

b
T f(z) = ﬁ/ (t—2)° " f(B)dt, x<b

respectively. Here, I'() is the Gamma function and J, f(z) = J)_f(z) = f(z).
It is remarkable that Sarikaya et al. in [25], first give the following interesting in-

tegral inequalities of Hermite-Hadamard type involving Riemann-Liouville fractional
integrals.

Theorem 1.7. Let f : [a,b] — R be a positive function with 0 < a < b and f € L' [a,b].
If f is a convex function on [a,b], then the following inequalities for fractional integrals

hold:
1(*57) < g @+ @) < HOTIE )

with o > 0.

Meanwhile, Sarikaya et al. in [25], presented the following important integral iden-
tity including the first-order derivative of f to establish many interesting Hermite-
Hadamard type inequalities for convexity functions via Riemann-Liouville fractional
integrals of the order a > 0.
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Lemma 1.8. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € Lla,b], then the following equality for fractional integrals holds:

f(a) : O 2F(<;_+a1)1 78, £(b) + Jg_f(a)]

b—a

! « /
=2 A[uf@ — 2] ' (ta+ (1 — t)b) dt. (1.10)

Budak et al. in [3], prove the following Hermite-Hadamard type inequalities for F-
convex functions via fractional integrals:

Theorem 1.9. Let I C R be an interval, f: I° CR — R be a mapping on I°, a,b € I°,
a <b. If f is F-convex on [a,b] for some F € F, then we have

F(r(%52) e . G )

2 )7 (b—a)” (b—a)>
1
+/0 Lw(t)dt <0 (111)
and
Trow (T U2 10) + 5 1@ 0G0 + 0. 50) + 7))

1
+/Lw(t)dt <0, (1.12)
0

where w(t) = at®~1.

Theorem 1.10. Let I C R be an interval, f: I° CR — R be a differentiable mapping
on I° a,b € I° a < b. Suppose that |f'| is F-convex on [a,b] for some F € F and
the function t € [0,1] — Ly, belongs to L' [0, 1], where w(t) = |(1 —t)* — t*|. Then

SO )
“\b—a

2 " 2(b—a)®
For the other papers on inequalities for F-convex functions, see [2, 4, 15, 26, 27].
Now we summarize the generalized fractional integrals defined by Sarikaya and
Ertugral in [22].
Let’s define a function ¢ : [0, 400) — [0, +00) satisfying the following conditions:

[Ta £ (b) + Ty f(a)l|, [ f (@)l | (D) ﬂf)

1
+/ Lyyydt < 0. (1.13)
0

1
/ Mdt<+oo, (1.14)
0 t
1 o(s) 1 s
— < < for - < - < 1.1
A~ (7‘)_1L1()1r2_7’_27 (1.15)
e\r P
:2) <B 5(2) for s <r, (1.16)
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e(r)  ¢(s)
r2 52

AW

1
< Clr—sl=3 5S-<2 (1.17)

S
r

where A, B,C > 0 are independent of r, s > 0. If ¢(r)r® is increasing for some o > 0
and % is decreasing for some 5 > 0, then ¢ satisfies the conditions (1.14)—(1.17).

The following left-sided and right-sided generalized fractional integral operators are
defined respectively, as follows:

o Ipflx) = /m %f(t)dt, x> a, (1.18)
b
bflwf(a:):/ %f(t)dt, x < b. (1.19)

The most important feature of generalized fractional integrals is that they generalize
some types of fractional integrals such as Riemann-Liouville fractional integral, k-
Riemann-Liouville fractional integral, Katugampola fractional integrals, conformable
fractional integral, Hadamard fractional integrals, etc.

Sarikaya and Ertugral in [22], establish the following Hermite-Hadamard inequality
and lemmas for the generalized fractional integral operators:

Theorem 1.11. Let f : [a,b] — R be a convex function on [a,b] with a < b, then the
following inequalities for fractional integral operators hold:

fla) + f(b)
2 )

/ ( - ") < L)t Lf(a)] <

5 G (1.20)

where the mapping A : [0,1] — R is defined by

Az) = /Mcxt. (1.21)
0

Lemma 1.12. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If
f' € La,b], then the following equality for generalized fractional integrals hold:

f(a)+ f(b) 1
2 T 2A(1) o+ Lo f(b) + -1y f(a)]
1
- (;)A—(f)) /[A(l —t) = A(t)] f' (ta+ (1 —t)b) dt. (1.22)
0

Motivated by the above literatures, the main objective of this article is to establish
some new Hermite-Hadamard type inequalities for F'—convex functions via generalized
fractional integrals. Some special cases will be obtain from main results. At the end,
a briefly conclusion will be given as well.
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2. Hermite-Hadamard type inequality via generalized fractional
integrals

In this section, we establish some inequalities of Hermite-Hadamard type including
generalized fractional integrals via F—convex functions.

Theorem 2.1. Let I C R be an interval, f : I° CR — R be a mapping on I°, a,b € I°,
a <b. If f is F-convex on [a,b] for some F € F, then we have

F(5(50) ity 1o SO g v 1ed@13) + [ it <o @

and
Trw (A(ll) la+ Lo f(0) + v-1of(a)l, f(a) + f(b), fla) + f(b)>
1
+ Lw(t)dt <0, (2.2)
/
where w(t) = W(Eizla))t).

Proof. Since f is F'—convex, we have

F((552) @ w5) <0 Yo e o,

2
For
x=ta+ (1—1t)b and y =tb+ (1 —t)a,
we have
a+b 1
F(f( 5 ),f(ta+(1—t)b)7f(tb+(1—t)a),2) <0, Vtel0,1].

_ e((b-a)t)
tA(1

Multiplying this inequality by w(t) ) and using axiom (A3), we get

F(“O((b_a)t)f<a+b),w((b_a)t)f(tant(l—t)b),

tA(1) 2 tA(L)
¢ ((b—a)t)
tA(1)

for all ¢ € [0,1] . Integrating over [0, 1] with respect to the variable ¢ and using axiom
(A1), we obtain

F(5Y) [Me(b-a)t) 1 te(b—a)t) B
F( e /0 : dt,A(l)/o —0 fta+ (1 - oy,

1
f(tb + (1 - t)a)7 2) + Lw(t) < 07

1 Ly (b—a)t) 1 1
A(1) /0 t f(tb+ (1 = t)a)dt, 2) +/0 Lyydt <0.
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Using the facts that
1 _a b -
/0 Mf(ta + (1 —=t)b)dt = /a %f(x)dx = a+1wf(b)
and
1 —u bo(r—a
/ Mf(thr (1—t)a)dt :/ Mf(x)da7 = -1, f(a),
. « T—a

we obtain

a+b 1 1 1 '
F (f <2) ,m at Lo f (D), m v—1Lpf(a), 2) +/0 Lyydt <0,

which gives (2.1).
On the other hand, since f is F-convex, we have

F(f(ta+ (1—=1t)b), f(a), f(b),t) <0, Vi €[0,1]
and
F(f@tb+ 1 —t)a),f), f(a),t) <0, Vte[0,1].
Using the linearity of F, we get
F(f(ta+ (1 =1)b)+ f(tb+ (1 —t)a), f(a) + f(b), f(a) + f(b),t) <0,
vVt € [0,1]. Applying the axiom (A3) for w(t) = (’D(S\a“))t), we obtain

p((b—a)t)
F(tA(l) [f (ta+ (1= 6)b) + f (tb+ (1 = t)a)],

OB [f(a) + f(b)], W [f(a) + f(b)] ,t> + Lo <0,

for all ¢ € [0,1]. Integrating over [0, 1] and using axiom (A2), we have

T </0 ‘W [F (ta+ (1— 1)b) + f (th+ (1 — H)a)] dt,

1
fla) + £(b), f(a) +f(b)> +/ Lydt <0,
0
that is .
Tr,w (1\(1) lar Lo f (D) + o1y f(a)], f(a) + f(b), f(a) + f(b)>
+ Lw(t)dt <0.
/

The proof of Theorem 2.1 is completed.

0

Remark 2.2. If we take ¢(t) = lf—a in Theorem 2.1, then the inequalities (2.1) and

(@)
(2.2) reduce to the inequalities (1.11) and (1.12).
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R

Corollary 2.3. If we take o(t) = #ﬁa) in Theorem 2.1, then we have the following

inequalities for k-Riemann-Liouville fractional integrals

a+b Tr(a+k) o Ty(o + k) . 1
F<f( 9 )7 (b_a)% Ia+., kf(b)’m1b77 kf(a)’2>

1
+ [ Luwdt <0
0

and

Trow (T 12 o0+ 15 @) S+ £0).£(0) + 1))

1
0

where w(t) = 4t ~1.

Corollary 2.4. If we choose F(ey,ea,e3,eq) = €1 — egea — (1 — eq)es — e in Theorem
2.1, then the function f is e-convex on [a,b], where € > 0 and we have the following
new double inequality:

F(552) e < gamy et @+ o of@l < LD L S0 oy
Proof. Using (1.4) with w(t) = ‘P(S\zla))t), we have
1 1
_ p(b—a)t)\ . _
/Lw(t)dt—&‘/ (1— A1) ) dt =0 (2.4)
0 0
Using (1.2), (2.1) and (2.4), we get

So
a+b 1
- = 1 _1 —e<
1(*57) - g Lot 1o O - L@ =2 <0,
that is .
a+ 1
< — .
F(*52) + 2 = gpy Lo Tof ) - Lo (o)

On the other hand, using (1.3) with w(t) = %?f))t), we have

Trw(er, e, e3) = e — (/tht) €2 (2.5)
0

1
- /(1—t)Wdt €3 —¢€
0
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for ey, ez, e3 € R. Hence, from (2.2) and (2.5), we obtain

0 > T <A<11) e T f(0) + b_Lp ()] Fla) + £(8), F(a) + f<b>)

1
+ / Lw(t)dt
0

1
1 ¢ ((b—a)t)
=AM lar Lo f(D) + o1, f(a)] — (O/ttz\(l)dt) [f(a)+ f(b)]

(/1—t b_“ dt)[f(a)+f(b)]—a

0
- m ot Lo f(0) + v-Tof(a)] = [f(a) + F(B)] -

This implies that
1
A la4 Lo f (D) + b1 f(a)] < fla) + f(b) + €
and thus the proof is completed. O

Remark 2.5. If we take ¢ = 0 in Corollary 2.4, then f is convex and we have the
inequality (1.20).

Corollary 2.6. If we choose F(ey,es,e3,e4) = ey — h(eq)ea — h(1 — eq)es in Theorem
2.1, then the function f is h-convex on |a,b] and we have the following new double
iequality:

1 a+b 1
! (57) = g O+ LS

1
[f(a) + f(b)]
= T2A)
L o((b—a)t)
x /0 EE2 () + b1 - . (2.6)

Proof. Using (1.7) and (2.1) with L, = 0, we have

a+b 1 1 1 !
0 > F(f <2> A (H—Lpf(b)vm b—ltpf(a)vz) +/0 Ly(rydt

5 ) i Lo Lo FB) o Lof ()],

I
K,’
N

S
2|+

S
~——

|

>
N
o |
——
>‘
| =
S—

that is

1 a+b 1
sy’ (557) < oy e o1 0) 1 ToF (o)
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On the other hand, using (1.8) and (2.2) with w(t) = £24=9D e obtain

AL
0 > T (A(ll) e Ipf(8) + 1L f(@)]. f(a) + F(B), f(a) + f(b)>
1
+ Lw(t)dt
/

_ [ 1 py 2=t /1 h(1 — t)‘P((b“)t)dt} [f(a) + F(B)]
0 0

tA(1) tA(1)
= i L ) 0 Lo (@)
~xtg ([ om0 - o1 2CZ2 00 )+ s,
that is .
m [a+wa(b) +o— wa(a)]
and thus the proof is completed. O

Theorem 2.7. Let I C R be an interval, f : [° CR — R be a differentiable mapping
on I°, a,b € I°, a < b. Suppose that |f'| is F-convezx on [a,b], for some F € F and
the function t € [0,1] = Ly, belongs to L'[0,1], where w(t) = W Then,
we have the following inequality:

TF,w< e [ HO T - s ot 0+ v Lot @)
|f'(a)],1f'(b)] 7t> +/ Lup(dt < 0. (2.7)
0

Proof. Since |f’| is F-convex, we have
F(f'(ta+ (L=8)b)|,[f" ()|, [f'(B)],t) <0, Vi € [0,1].
Using axiom (A3) with w(t) = W, we get
Fw®)|f (ta+ (1 =6)b)|,w®) [f (@), w@®) [f'®)] ) + Luw <0, ¥t € [0,1].

Integrating over [0, 1] and using axiom (A2), we obtain

1

Tr. ( / w(t) £ (ta+ (1 = 0b)|dt, |f'(@)] . |F' (b)) ,t) T / Lugydt <0,
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vVt € [0,1]. From Lemma 1.8, we have

fla)+ f(b) 1

2 2A(1) |

< /O w(t) |f' (ta+ (1 —t)b)| dt.

2
b—a

o+ Lo f(0) + -1y f(a)]

Since T ,, is nondecreasing with respect to the first variable, we establish

fla) + f(b)

1
2 2A(1) [

a*Lp.f(b) + b*Lpf(a)]

)

1
|f’(a>|,|f’(b)l,t> +/ Lyypydt < 0.
0
The proof of Theorem 2.7 is completed. d

Corollary 2.8. Under assumptions of Theorem 2.7, if we choose
F(e1,e2,€3,e4) = €1 —eqea — (1 —eq)es — ¢,

then the function |f’| is e-convex on [a,b], € > 0 and we have the following new
inequality:

‘f (a) ;_ f (b) - 21\1(1) [a+I<Pf(b) + b—Lpf(a)]
= (g&f)) ( / tIA(L = 1) = A®)] dt) 1/ (@)] + /b)) (2.8)
0

Proof. From (1.4) with w(t) = W, we have

1

/ Lw(t)dt

0

[ A=) — A)
50/(1 - B
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Using (1.3) with w(t) = |A(1 —t) — A(¢)], we get

1
A1 -
TF7'U)(€17€2763) = ( t| t (t)|dt) €9
0

(/ IA A )|dt) (€2 +e3) —

for e1, ea,e3 € R. Then, by Theorem 2.7, we have

oot |0

2 2A(1)
|ﬂ®»UﬂMJ)+Alwmﬁ

2

[t Lo f(B) + - Lo f(a)]],

1
: - AT [+ Lo f(b) + p-1,f(a)]

_(/H“llng@Manwﬂ+wwm
0

[ (AL = 1) — A1)
de (1 _/ A0 dt) —c.

0

This completes the proof. O

Remark 2.9. If we choose ¢ = 0 in Corollary 2.8, then |f’| is convex and we have the
inequality:

‘f (a) ; f (b) - 2A1(1) [a*IS&f(b) + b*Ig;f(CL)]
1
Sﬁ&f(/ﬂMr4 <nm>w«m+vwm7 (2.9)
0

which is given by Sarikaya and Ertugral in [22].
Corollary 2.10. Under assumption of Theorem 2.7, if we choose

F(e1,e2,e3,e4) = e1 —h(es)ea — h(1 — eq)es,
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then the function |f'| is h-convex on [a,b] and we have the inequality:

‘f(a) +10) 2A1( 5 e Lo f )+ o T f(a)]

S(?\(;)@[If( )|+ 1S (b }(/h YIA(L— 1) — (t)|dt), (2.10)

0

which is given by Ali et al. in [1].
Proof. From (1.8) with w(t) = |A(1 —t) — A(¢)|, we have

1
Tpuw(er, ez, e3) = €1 — (/h (t) M(l_/\t()l)_wdt) €2
AL —t) — A(t)]
(/h S YEY d’f)
' 1
=e; — M |A (1 —t At))|
- (/h(t) - ) (/h dt)

e [H0 RO )

0
for e1, ea,e3 € R. Then, by Theorem 2.7, we have

TF,w<b2a LI Sl ded0)+ - Lf @]
2

— o [P i e et 0+ o LS )

- ( / h(t)Wdt) 1 @] + 1 o)l <0
0

This completes the proof. O

(a)], | (®)] 7t>

Remark 2.11. If we take ¢(t) = % in Theorem 2.7, then the inequality (2.7) reduces
to the inequality (1.13).

a

Corollary 2.12. If we take ¢(t) = #?(a) in Theorem 2.7, then we have the following
inequalities for k-Riemann-Liouville fractional integrals

Tp,w<bfa HO IO e s, f )+ 15, ufta)] ,|f'<a>,f'<b>,t>

1
+/ Ly@ydt <0, where w(t) = |(1—t)% —t%].
0
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3. Conclusion

In the development of this work, using the definition of F—convex functions some
new Hermite-Hadamard type inequalities via generalized fractional integrals have
been deduced. Also, this class of functions can be applied to obtain several results in
convex analysis, related optimization theory, etc. The authors hope that these results
will serve as a motivation for future work in this fascinating area.
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