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Characterizations of hilbertian norms involving
the areas of triangles in a smooth space
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Abstract. In the previous paper, we have defined together with I. Ionică the
heights of a nontrivial triangle with respect to Birkhoff orthogonality in a real
smooth space X, dimX ≥ 2. In the present paper, we remark that, generally, the
area of a nontrivial triangle in X has not the same value for different heights of
the triangle. The purpose of this paper is to characterize the norm of X if this
space has the property that the area of any triangle is well defined (independent
of considered height). In this line we give five equivalent properties using the
directional derivative of the norm. If X is strictly convex and dimX ≥ 3, then
each of these five properties characterizes the hilbertian norms (generated by
inner products).
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1. Introduction

Let X be a real normed space and let X∗ be its dual space. We recall that two
elements x, y ∈ X are Birkhoff orthogonal, x ⊥ y, if

‖x‖ ≤ ‖x + ty‖, for all t ∈ R,

where we denote by R the set of real numbers.
If the norm of X is generated by an inner product then this norm is called

hilbertian. Also, we recall that the space X is smooth if there exists

lim
t→0

‖x + ty‖2 − ‖x‖2

2t
= n′(x; y), for all x, y ∈ X.
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Since the function t 7→ ‖x + ty‖, t ∈ R, is convex, it follows that

x ⊥ y if and only if n′(x; y) = 0.

In a real smooth space X the basic properties of the norm derivative are the
following:

(P1) n′(x;x) = ‖x‖2, for all x ∈ X.
(P2) n′(x; a1y1 + a2y2) = a1n

′(x; y1) + a2n
′(x; y2), for all a1, a2 ∈ R and

x, y1, y2 ∈ X.
(P3) For every x ∈ X, the map y 7→ n′(x; y), y ∈ X, is a linear continuous

functional, that is n′(x; ·) ∈ X∗.
(P4) n′(x; y) ≤ ‖x‖‖y‖, for all x, y ∈ X.
(P5) n′(ax;x + by) = a‖x‖2 + abn′(x; y), for all a, b ∈ R, x, y ∈ X.
(P6) The mapping x 7→ n′(x; ·), x ∈ X, is continuous from X, endowed with

norm topology, into X∗ with the w∗-topology.
Particularly, we have the following homogeneous property:

n′(ax; by) = abn′(x; y), for all a, b ∈ R, x, y ∈ X.

Also, if Y is a finite dimensional subspace of X, then x 7→ n′(x; y) is continuous on Y
for any fixed y ∈ X. (For details concerning these properties see for instance [5-8].)

A simple and useful characterization of the hilbertian norm in a smooth space
using norm derivative was established by Joichi [11], Leduc [12], Tapia [17], namely

n′(x; y) = n′(y;x), for all x, y ∈ X.

Moreover, Leduc [12] proved that if dimX ≥ 3, then it is sufficient to have the
following weaker property:

n′(x; y) = 0 whenever n′(y;x) = 0. (1.1)

This property was extended using right norm derivatives by Papini [13]. There exists
many different characterizations of hilbertian norms using norm derivatives or norm
directional derivatives if smoothness is not request (see, for example [1-4,9-11,15-16]
and the monography of Amir [5]). Generally, these characterizations are obtained
using some known properties of remarkable lines of a triangle.

We recall a characterization of strictly convex spaces established by Tapia
[17], namely, a linear normed space X is strictly convex if and only if the equality
|n′(x; y)| = ‖x‖‖y‖ holds only if x, y are linear dependent elements.

In this paper we consider the heights of a triangle defined in [14], using Birkhoff
orthogonality. We establish five properties such that the areas of a triangle corre-
sponding to each height of the triangle have the same value, that is the area is well
defined. If X is also strictly convex and dimX ≥ 3, then every of these five properties
characterizes the hilbertian norms.

2. Main result

Let x, y, z be three distinct elements in a real smooth space X. In [14] there are
defined the heights of the triangle, having the vertices x, y, z, with respect to Birkhoff
orthogonality. This concept is different to other concepts considered in [1,2,4]. In our
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paper, we use the concept of height defined in [14]. Thus, the height corresponding to
vertex z is as follows:

hz;x,y =

{
z + t

(
x− z +

n′(x− y;x− z)

‖x− y‖2
(y − x)

)
| t ∈ R

}
.

Indeed, this straight line has the following property: x−y ⊥ hz;x,y. Consequently, the
area of triangle corresponding to this height is

Az;x,y =
1

2
‖x− y‖

∥∥∥∥x− z +
n′(x− y;x− z)

‖x− y‖2
(y − x)

∥∥∥∥ . (2.1)

Similarly, we get the areas Ax;z,y and Ay;z,x. We remark that

Az;x,y = Az;y,x = Az+u,x+u,y+u, for any x, y, z, u ∈ X.

Since the area of a triangle is conserved by translation we can consider only triangles
having a vertex in origin. We say that the area of nontrivial triangle is well defined if

Ax;y,z = Ay;z,x = Az;x,y. (2.2)

Obviously, we can suppose in the paper that dimX ≥ 2.

Theorem 2.1. Let X be a real smooth space with dimX ≥ 2. The areas of nontrivial
triangles in X are well defined if and only if one of the following equivalent properties
is true:

(i) The area of any triangle having a vertex in the origin is well defined;

(ii) ‖x− y‖ · ‖x− z+n′(x−y;x−z)
‖x−y‖2 (y − x)‖=‖y − z‖ · ‖y − x+n′(y−z;y−x)

‖y−z‖2 (z − y)‖
= ‖z − x‖ · ‖z − y + n′(z−x;z−y)

‖z−x‖2 (x− z)‖, for all distinct elements x, y, z ∈ X;

(iii) ‖x−y‖ ·‖x−z+ n′(x−y;x−z)
‖x−y‖2 (y−x)‖ = ‖y−z‖ ·‖y−x+ n′(y−z;y−x)

‖y−z‖2 (z−y)‖,
for all distinct elements x, y, z ∈ X;

(iv) ‖x‖ · ‖‖y‖2x− n′(y;x)y‖ = ‖y‖ · ‖‖x‖2y − n′(x; y)x‖, for all x, y ∈ X;
(v) for any two-dimensional subspace Y ⊂ X there exists a constant K > 0 such

that, for all x = (x1, x2) and y = (y1, y2) in Y , the following equality holds:

‖‖x‖2y − n′(x; y)x‖ = K‖x‖|x1y2 − x2y1|.
If X is strictly convex and dimX ≥ 3, then every of these properties is true if

and only if the norm of X is hilbertian.

Proof. According to the equalities (2.1) and (2.2) the area of every triangle with
vertices x, y, z is well defined if and only if the equalities (ii) hold. Since we can
consider only triangles with a vertex in origin, we have the equivalence (i)⇔(ii).
Also, (ii) is equivalent with the equalities obtained if z = 0, that is

‖x− y‖
∥∥∥∥x +

n′(x− y;x)

‖x− y‖2
(y − x)

∥∥∥∥ = ‖y‖
∥∥∥∥y − x− n′(y; y − x)

‖y‖2
y

∥∥∥∥
= ‖x‖

∥∥∥∥y − n′(x; y)

‖x‖2
x

∥∥∥∥ ,
which proves that equality (iv) holds for all non zero distinct elements x, y ∈ X.
Therefore, (ii)⇔(iv). Conversely, if we change x, y with x− y and z − y respectively,
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we get (iv)⇒(iii). The implications (ii)⇒(iii) and (v)⇒(iv) are obvious. Next we
observe that the equality (iii) applied to the elements y, z, x proves that (iii)⇒(ii).

Now, we prove the equivalence (iv)⇔(v). If Y is the linear subspace generated
by the linear independent elements x, y, then there exist two functions A,B : R2 → R
such that

n′(u; v) = A(u1, u2)v1 + B(u1, u2)v2, for all u = (u1, u2), v = (v1, v2),

where A,B are homogeneous. Thus, we have

‖x‖2y − n′(x; y)x = ((A(x1, x2)x1 + B(x1, x2)x2)y1

− (A(x1, x2)y1 + B(x1, x2)y2)x1,

(A(x1, x2)x1 + B(x1, x2)x2)y2 − (A(x1, x2)y1 + B(x1, x2)y2)x2)

= (B(x1, x2)(x2y1 − x1y2),−A(x1, x2)(x2y1 − x1x2))

= (x2y1 − x1y2)(B(x1, x2),−A(x1, x2)).

Therefore, the equality (iv) becomes

‖y‖ · |x1y2 − x2y2| · ‖(B(x1, x2),−A(x1, x2))‖
= ‖x‖ · |x1y2 − x2y1| · ‖(B(y1, y2),−A(y1, y2)‖,

for all x, y ∈ Y , that is the function

x 7→ ‖x‖−1‖(B(x1, x2),−A(x1, x2)‖, x = (x1, x2) ∈ Y \{0},

is a constant function. Since

|x1y2 − x2y1| · ‖(B(x1, x2),−A(x1, x2))‖ = ‖‖x‖2y − n′(x; y‖x‖)‖,

it follows that (iv) is equivalent with (v).
Assume that X is strictly convex. If n′(x; y) = 0, it follows by (iv) that

‖‖y‖2x− n′(y;x)y‖ = ‖x‖‖y‖2.

Since n′(x; ‖y‖2x− n′(y;x)y) = ‖x‖2‖y‖2, we obtain that

n′(x; ‖y‖2x− n′(y;x)y) = ‖x‖‖‖y‖2x− n′(y;x)y‖.

By Tapia’s characterization of strictly convex spaces [17], we get that the elements x
and ‖y‖2x− n′(y;x)y are linear dependent, that is n′(y;x) = 0. But dimX ≥ 3, and
so, by Leduc’s result [12], it follows that the norm is necessary hilbertian.

Remark 2.2. The characterization of hilbertian norms by property (iv) was given in
[10].

Remark 2.3. By the homogeneity property of the norm it follows that we can consider
only elements having equal norms. Consequently, we have the following equivalent
properties:

(i′) the area of any isosceles triangle is well defined;
(iv′) ‖y − n′(x; y)x‖ = ‖x− n′(y;x)y‖, for all x, y ∈ X, with ‖x‖ = ‖y‖ = 1.
Also, in equality (v) we can consider only x, y having the same norm.
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