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A maximum theorem for generalized convex
functions

Zsolt Péles

Dedicated to the memory of Professors Gdbor Kassay and Csaba Varga.

Abstract. Motivated by the Maximum Theorem for convex functions (in the set-
ting of linear spaces) and for subadditive functions (in the setting of Abelian
semigroups), we establish a Maximum Theorem for the class of generalized
convex functions, i.e., for functions f : X — R that satisfy the inequality
f(zoy) < pf(x)+qf(y), where o is a binary operation on X and p, ¢ are positive
constants. As an application, we also obtain an extension of the Karush—Kuhn—
Tucker theorem for this class of functions.
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1. Introduction

In what follows, a linear space X always means a vector space over the field
of real numbers. If X is a topological linear space, then its (topological) dual space
is denoted by X*. The Maximum Theorem for convex functions, which is due to
Dubovitskii and Milyutin (cf. [9]), can be stated as follows.

Theorem 1.1. Let X be a linear space, let D C X be a convex set and let f1,..., fn:
D — R be convex functions such that

0 < max(fi(x),..., fu(z)) (x € D).
Then there exist Ay,...,A\p > 0 with Ay + -+ X\, = 1 such that
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A standard application of the Maximum Theorem is to prove the subdifferential
formula for the pointwise maximum of convex functions, which was established by
Dubovitskii and Milyutin (see [9]). For the standard terminologies and notations, we
refer to the list of monographs in the list of references, where the reader can find
many more details and applications.

Theorem 1.2. Let X be a topological vector space, D C X be an open convez set, p € D
and f1,..., fn: D — R be continuous convex functions with fi(p) =--- = fn(p) and
define f := max(f1,..., fn). Then

df(p) = conv (0f1(p) U---Udfn(p)).

Proof. Using that f(p) = fi(p) = -+ = fu(p), for all h € X, we obtain
Fp.h): = lim flp+ tf;) — /()
_ iy max(fi(p 4 th), o fu(p £ th)) = f(p)
t—0+ t
_ m max(fl(p-‘rth)_f(p) fn(p+th)—f(p)>
t—0+ t t
— lim max (fl(p“!‘ t]“;) - fl(p)7~~ ., fn(p + th;) - fn(p)>
t—0+
= max ( lim hip+ t}? — fl(p),..., lim In(p+ H;) — f"(p))
t—0+ t—0+

= max(fi(p,h),..., fl(p,h)).

First assume that a continuous linear functional ¢ € X* belongs to df(p). Then, in
view of the above formula for directional derivatives, we get

p(h) < f'(p,h) = max(fi(p,h), ..., fr(p.h))  (h€X).
This relation implies that
0 < max(f{(p, k) — (W), - foph) — o(h)) (b€ X).

This inequality states that the maximum of the convex functions h — f/(p, h) — ¢(h)
is nonnegative. Thus, by the Maximum Theorem, there exist Ai,..., A, > 0 with
A1+ -+ A\, = 1 such that

0 < M (fi(p k) = @(h) + -+ + Aulfr(p, h) —0(h))  (h € X),
equivalently,
p(h) < Afi(p.h) + - Aafp(p h) = Afr+ - Aufo) () (b€ X).
Using the so-called Sum Rule, we get
p €A fi+ - Anfa)() = MOfi(p) + -+ A0 fn(p)
C conv (afl(p) U---U 8fn(p)).

The proof of the reversed inclusion is simpler, thus it is left to the reader. O
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Another motivation for this paper comes from the theory of subadditive functions
defined on Abelian semigroups. The following result was stated in the monograph [7]
of Fuchssteiner and Lusky.

Theorem 1.3. Let (X,+) be an Abelian semigroup and let fi,...,fn : X — R be
subadditive functions such that

0 < max(fi(z),..., ful))  (z€X),
Then there exist A\y,...,Ap > 0 with A\ +--- 4+ A\, = 1 such that
0< Mfilz)+- -+ A fulx) (x € X).
This result has beautiful applications in the book [7], for instance, the

Phragmen-Lindel6f Principle and the Hadamard Three Circle Theorem (both results
belong to the theory of complex functions) can elegantly be verified in terms of them.

2. The general maximum problem

The two Maximum Theorems described in the Introduction motivate the follow-
ing definition.

Definition 2.1. Let X be a nonempty set. A family F C {f : X — R} is said to have
the discrete mazimum property if

fiseosfn€F, 0 < max(fi(z),..., fu(z)) (x € X)
implies that there exist (A1,...,\,) € S, such that
0<Xifi(z)+- + A fn(z) (x € X).
Here, for convenience, S,, denotes the (n — 1)-dimensional simplex

{1, A) ERM [ A, .., A 20, M+ + A\, =1}

If X has at least two elements, then the set of all functions F := {f : X — R}
does not have the discrete maximum property. Indeed, Let {A;, A2} be a partition
of X and fi(z) :==01if z € A;, fi(z) == =1 if x € A;. Then max(f1, f2) = 0, but
Afi+ (1 = X)fo <0 for all A € [0,1]. This example shows that, in order to possess
the discrete maximum property, the family 7 C {f : X — R} must satisfy some
additional nontrivial conditions.

In the next result we characterize the situation when a finite family of given
functions possess a nonnegative convex combination.

Theorem 2.2. Let X be nonempty and fi1,...,fn : X — R. Then there exists
(AMy.. oy An) € S™ such that

0<Mfi(z)+- -+ Anfulz)  (z€X) (2.1)
if and only if
0 < max }(hfi(xl) + - thnfz(xn)) (1,...,2n € X, (t1,...,tn) € Sy). (2.2)

i€{l,...,n
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Proof. Assume first that (2.1) holds for some A € S,,. To verify the necessity of
(2.2), let z1,...,2, € X and (t1,...,t,) € S, be arbitrary. Then, using (2.1) for
x€{xy,...,Tn}, we get

0< th (/\1f1($]‘) + -+ /\n.fn(x]))

j=1
=D Ai(tafila) + -+ tafiln))

i=1
< emax  (tfi(e) -t tafi(an).

This shows the necessity of condition (2.2).
Now assume that (2.2) holds and, for € X, define the set A, C S,, by

Api={(M,.. . 20) €Sn [0S A fi(@) + - 4 A fu() ] (2.3)
The inequality (2.1) is now equivalent to the condition
) A #0, (2.4)
zeX

because every element A of the above intersection will satisfy (2.1). It easily follows
from the definition that A, is a compact convex subset of the (n — 1)-dimensional
affine space

{(/\17~-~>/\n)ER"|/\1+.--+)\n:1}.

Therefore, according to Helly’s Theorem, the condition (2.4) is satisfied if and only
every n-member subfamily of {A, | x € X} has a nonempty intersection. To verify
this, let 1, . ...z, € X be fixed arbitrarily. According to inequality (2.2), the pointwise
maximum of the convex functions

Sn 2 (try . tn) = by fi(wy) 4+ - + o fi(en)

is nonnegative over S,,.
Therefore, in view of Theorem 1.1, there exists (A1,...,A,) € Sy, such that

0< Z)\i (tlfi(xl) +ooet tnfl(xn))

=> ti(Mhla) + o Afalzy) (B ta) € Sn).
j=1

Ifi € {1,...,n}, then substituting (t1,...,%,) := (0;;)7—; into the above inequality,
we get that
Mfi(z) + -+ Aafalz) (G €{1,...,n}).

This shows that A € A, N---N A, , proving that this intersection is nonempty, as it
was desired. g

In the case n = 2, the above theorem immediately implies the following statement.
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Corollary 2.3. Let X be a nonempty set and f,g: X — R. Then there exists \ € [0, 1]
such that

0<Af(@)+(1-Ng@) (veX) (2.5)
if and only if

0 <max (tf(x) + (1= t)f(y),tg(x) + 1= t)g(y))  (v,y€ X, t€[0,1]). (2.6)

3. Generalized convexity

The general convexity property that we introduce below is going to play an
important role in the sequel.

Definition 3.1. Let X be a nonempty set, o : X x X — X be a binary operation,
p,q > 0 be constants. A function f : X — R is called (o, p, ¢)-convez if

flxoy) <pf(x)+qfly) (z,y€X).

Trivially, if X is a convex subset of a linear space, p = ¢q = %, and zoy =
then f is (o, p, ¢)-convex if and only if f is Jensen convex. On the other hand, if X is
an Abelian semigroup, p = ¢ =1, and x oy = x + y, then f is (o, p, ¢)-convex if and
only if f is subadditive.

The proof of the following assertion is elementary, therefore it is omitted.

Tty
2

Theorem 3.2. The family of (o, p, q)-convex functions is closed with respect to addition,
multiplication by positive scalars and pointwise maximum.

The main result of this paper is stated in the following theorem.

Theorem 3.3. Let X be a nonempty set, o : X x X — X be a binary operation, and
p,q > 0 be constants. Let f1,..., fn: X = R be (o,p, q)-convez functions such that

0 < max(fi(z),..., fu(z)) (x € X).
Then there exist A\1,..., A\, > 0 with Ay +---+ X\, = 1 such that
0<Aifi(z)+- + A fo(z) (x € X).
The following auxiliary result establishes the key tool for the proof of Theorem 3.3.

Lemma 3.4. Let X be a nonempty set, o : X x X — X be a binary operation, and
p,q > 0 be constants. Let

S::{aLer

Then 1 —S C S and S is dense multiplicative subsemigroup of [0,1].

There is an operation * : X x X — X such that

every (o,p, q)-convez function is (*, a,b)—convex.}

Proof. If s € S, then there exists an operation * : X x X — X and a,b > 0 such that
s= 4 and fis (*,a,b)-convex, i.e.,

fl@xy) <af(x)+0f(y)  (z,y€X).
Thus, interchanging the roles of x and y, we get
flyxa) <bf(x) +af(y)  (z,y€X),
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which means that f is (x, b, a)-convex, where x+'y := y*x. Therefore 1 —s = a%_b e s,
which shows that 1 — S C S.

Additionally, let ¢ € S be arbitrary.

Then there exists a binary operation - : X x X — X and ¢,d > 0 such that ¢ =
and f is also (-, ¢, d)-convex, i.e.,

fl-y) <cfl@)+df(y)  (z,y €X).
Using the (-, ¢,d)- and the (x, a, b)-convexity of f (twice), for all z,y € X, we obtain
f(wxy) - (y=y)) <cf(xxy)+df(y*y)
< claf(@)+bf(y)) +d(af(y) +bf(y))
=acf(z) + (bc+ ad + bd) f(y).

This implies that f is (o, ac,be + ad 4 bd)-convex, where z oy = (x xy) - (y *x y).
Therefore,

ac
ac+ bc+ ad + bd <
which proves that S is closed with respect to multiplication.
By induction, it follows that

5,

st =

s"e S (se€ S, neN). (3.7)

The assumption that f is (o, p, g)-convex implies that SN]0,1[# (. Therefore, (3.7)
yields that inf S = 0. Using the inclusion 1 — S C S, we can see that sup S = 1.
Finally, to prove the density of S'in [0,1], let 0 < a < b < 1 be arbitrary. By sup .S = 1,

we can choose s € S so that 3 < s < 1. Then, for some n € N, (in particular, with

_ Llog(a)

log(s)J), we have s™ € [a, b], which implies that S N [a,b] is nonempty. O

In the next result, we verify the Maximum Theorem for two functions.

Theorem 3.5. Let X be a nonempty set, o : X x X — X be a binary operation, and
p,q > 0 be constants. If f,g: X — R are (o,p, q)-convez functions satisfying

0 < max(f(z),9(x))  (z€X), (3.8)
then there exists A € [0,1] such that (2.5) holds true.

Proof. First we show that f and g satisfy the inequality (2.6). To verify this, let
z,y € X and let s € S (where the set S was defined in Lemma 3.4.) Then there exist
a binary operation x* : X x X — X and constans a,b > 0 such that the (o,p,q)-
convexity of f and g implies the (x, a,b)-convexity of them. Thus, by the maximum
inequality (3.8) at = x y, we get

0 < max(f(z xy), g(z *y)) < max(af(x) +bf(y),ag(z) + bg(y))-
Therefore

b a
A et

fz) +

0§max<aib ($)+%H9(y))v
and hence
0 < max (sf(z) + (1 — s)f(y),sg(x) + (1 = s)g(y)).
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Because s € S was arbitrary and S is dense in [0,1] (according to Lemma 3.4), we
can conclude that (2.6) is satisfied for all ¢ € [0, 1].

Having proved that (2.6) is valid, in view of Corollary 2.3, it follows that there exists
A € ]0,1] such that (2.5) holds. O

Proof of the discrete Maximum Theorem. The statement is trivial for n = 1 and it
has been proved for n = 2. Assume its validity for some n > 2. Let fo, f1,..., fn be
(o, p, q)-convex functions such that

0 < max(fo(z), f1(z),..., fu(z)) (x € X).

Let g(x) := max(f1(x),..., fn(z)). Then, by Theorem 3.2, we have that g is (o, p, q)-
convex and
0 < max(fo(x), g(z)) (x € X).

Using now Theorem 3.5, we obtain the existence of A € [0, 1] such that
0 < Afo(2) + (1= MNg(@)
— max (Mo(2) + (1= M@)o Mo(@) + (1= Nfale)) (2 € X).
By the inductive assumption, there exists (A1,...,A,) € Sy, such that
0 <X (Mo(@) + (1= N fi(2) + -+ A (Mol@) + (1= N) fu(2))
= AMo(@) + M =Nfi(z) +--+ Al = Nfulz)  (zeX),

which proves the statement for (n + 1) functions. O

4. An application

In the subsequent result we establish an extension of the Karush-—Kuhn—Tucker
Theorem.

Theorem 4.1. Let X be a nonempty set, o : X x X — X be a binary operation, and
p,q > 0 be constants. Let fo, f1,...,fn : X — R be (o,p,q)-convex functions and
assume that fo(xg) = 0 and o € X is a solution of the constrained optimization
problem

Minimize  fo(x)  subject to  fi(x),..., fu(z) <O0. (4.9)
Then there exist (Ao, A1,...,An) € Sp+1 such that
Mfi(xo) == A fi(xo) =0 (4.10)
and
0<Xofo(z)+ A fa(z)+ -+ A\ fulx) (z € X). (4.11)

Conversely, if conditions (4.10) and (4.11) hold for some (Ao, A1,..., A\n) € Spy1 with
Ao > 0, then xq is a solution of the optimization problem (4.9).

Proof. If xg is a solution of the optimization problem then, for all z € X, the inequal-
ities

fo(x) < folxo) =0 and fi(@), ..., falz) <0
cannot hold simultaneously. Hence

0Smax(fo(a:),fl(x),...,fn(x)) (.IEX)
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Therefore, in view of Theorem 3.3, there exist (Ao, A1, ..., An) € Spt1 such that (4.11)
holds.

Being a solution to (4.9), o is admissible for the optimization problem, that is, we
have that fi(xo),. .., fn(zo) < 0. Hence

0 < Xofolzo) + M fi(zo) + -+ A fu(zo) = M fr(zo) + -+ + A fnl(zo) < 0.

The terms in the last sum are nonpositive, therefore, the only way this sum can be
zero is that it is zero termwise. Hence the transversality condition (4.10) is also true.
To prove the reversed statement, assume that (4.10) and (4.11) hold for some
(Moy A1y ooy An) € Spg1 with Ag > 0. Let € X be an admissible point with re-
spect to problem (4.9), i.e., assume that fi(zg),..., fn(zo) < 0. Then, by (4.10) and
(4.11), we get

Ao fo(zo) = Aofo(zo) + A fi(zo) + - 4+ An ful(20)
=0 < Xofo(x) + Afi(z) + -+ A fulx) < Aofo(z),
(

which, using that Ag > 0, implies fo(zg) < fo(z), and proves the minimality of zg. O
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