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Certain class of m-fold functions by applying
Faber polynomial expansions
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Abstract. In this paper, we introduce new class X, (i, A, 7y, 3) of m-fold symmet-
ric bi-univalent functions. Furthermore, we use the Faber polynomial expansions
to find upper bounds for the general coefficients |amr+1|(k = 2) of functions in
the class X, (u, A, 7, 8). Moreover, we obtain estimates for the initial coefficients
|@m+1| and |a2m+1] for functions in this class. The results presented in this paper
would generalize and improve some recent works.
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1. Introduction

Let A be the class of functions of the form
f(2) :z—i—Zanz", (1.1)
n=2

which are analytic in the open unit disc U= {z € C: |z| < 1}.

We let S to denote the class of functions f € A which are univalent in U (see
details [5, 7]).

Every function f € S has an inverse f~!, which is defined by

FTHf(R) =2 (€U

" Hw) = w — agw? + (2a3 — az)w® — (5a3 — basas + ag)w* + - - - . (1.2)

and

>~ =

" (w) = w (w| < ro(f)s 1o(f) 2

In fact, the inverse function f~! is given by
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A function f € Ais said to be bi-univalent in U, if both f and f~! are univalent in
U. Let o denote the class of bi-univalent functions in U. In fact that this widely-cited
work by Srivastava et al. [18] actually revived the study of analytic and bi-univalent
functions in recent years and that it has led to a flood of papers on the subject by
(for example) Srivastava et al. [16, 17, 18, 21, 22] and others [6, 23] .
oo

Also the coefficients of g = f~!, the inverse map of f(z) = z + Z anz" € S, are
n=2

given by the Faber polynomial [9] (see also [1, 2]):

o) = f W) = w3 K (az,as, @ (13)
where
-n __ (771)' n—1 (7’”)' n—
K = Con D% T @ i
+ (—TL)' a® 4a + (_n ! an75
(—2n+3)n—4)"2 T 2(-n+2)(n->5) >
Klas+ (—n +2)a2) + —— Wm0 4 (—2n + 5)agad]

(—2n+5)!(n — 6)!

+>_ a3V

327

such that V; with 7 < j < n is a homogeneous polynomial in the variables
a2,0a3, " ,0n-
In particular, the first three terms of K, " are

1 1 1 .
§K12:7Q27 §K23:2agfa37 ZK34:*(5G§)*5(120,3+(14).

In general, for n > 1 and for any p € R, an expansion of K¥ is (see for details [1, 20]
or [2])

-1 ! !
plp )Dﬁ+ B pii.p 2 _pr14)

KH(aq,... =
002, Gng1) = pania+ =5 (1 — 3)13! (b —n)nl "
where
m m = m!(a2)l’1 "'(anJrl)Vn
Dn :Dn (a23a3a"'aan+l):nzl Vl!"'Vn! ) (15)
the sum is taken over all non negative integers vy, vs, -+ , v, satisfying

vit+vat ot vy =m,
V1424 4+ny, =n
The polynomials D" proved by Todorov [20].
It is clear that D! (ag,as, - ,ant+1) = ay (n > 1), [20, Page 2].
For each function f € S function, the function

h(z) = ¥/ f(z™) (1.6)
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is univalent and maps the unit disk U into a region with m-fold symmetry. A function
is said to be m-fold symmetric (see [14, 15]) if it has the following normalized form

00
f(Z) =2z+ Z a7nk+lzmk+1 (Z elUme N) (17)
k=1

We denote by S, the class of m-fold symmetric univalent functions in U.

The functions in the class S are said to be one-fold symmetric. The normalized
form of f is given as in (1.7) and the series expansion for f~!, which has been recently
proven by Srivastava et al. [19], is given as follows:

Flw) =w+ Y Apppw™ (1.8)
k=1

=W — Qw4 [(m A+ 1ar,  — azmpr]w?™ !

(1.9)

1
7[§(m +1)(3m + 2)a§n+1 — (3m 4 2)ams102ma1 + Az ]S 4

We denote by 3, the class of m-fold symmetric bi-univalent functions in U. Thus,
when m = 1, the formula (1.9) coincides with the formula (1.2). Some examples of
m-fold symmetric bi-univalent functions are given as follows:

! 1
zm m 1 14 2z™m Py —
(=) Llog(l_sz 1 and [~ log(1 - =]

with the corresponding inverse functions

1 m L m L
w’ n m 62w _ 1 m d 6w _ 1 m
) m an m )
1 wm e2u) 1 ew
respectively.

In this work, we introduce new class X,,(u, A, 7, 5) of m-fold symmetric bi-
univalent functions defined on U and use the Faber polynomial expansions to obtain
the general coefficients axr1(k = 2) of m-fold bi-univalent functions in this class.
Also, we gain estimates for the general coefficients and early coefficients of functions
belonging to this class. We show that the results would improve some of the previouse
works like Hamidi and Jahangiri [11, 12, 13], Eker [8], Srivastava et al. [18, 19], Caglar
et al. [6], Frasin and Aouf [10] and Altinkaya and Yalgin [3].

2. Preliminary results

For finding the coefficients for functions belonging to the class ¥,,(u, A, v, 8), we
need the following lemmas and remarks.
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Lemma 2.1. [1, 2] Let f(z) = z + Z anz" € S. Then for any p € R, there are the
n=2

polynomials KF, such that

(f(Z))H =1+ i K (az, - ant1)2",

z n=1
where KF given by (1.4).
In particular

plp—1) 4

Ki'(ag) = paz,  Kj(az,a3) = pag + ———=a;

and

pla—=1)(n—2) 4

K3(az, a3, a4) = pag + plo = 1asaz + 30 aj.

Remark 2.2. Let f(z) = z + Zamk+1zmk+l € S;n. Then for any p € R, there are
k=1
the polynomials K7}, such that

<f(ZZ)>“ =1+ kZ:l K (amy1, -+ ey 1) 2™
Proof. The proof has been satisfied from f(z) € S, and Lemma 2.1. g
Case 2.3. In special case, if ami1 ="+ = App—1)41 = 0, then

K (amit1,-+ yamig1) =0; 1 SiSk—1
and

K],:(aerla T 7amk:+1) = HAmk+1-

Lemma 2.4. [4] Let f(z) =z + Z anz™ € S. Then

n=2

ZfI(Z):lfiF(a e a )Zk
f(z) s k42, y Uk+1 )
where Fi(az, a3, ,ag+1) 18 a Faber polynomial of degree k,

Fi(az, a3, ,ap1) = Z Ay i, ,ik)a?a? ~~af§+1 (2.1)

i1+2i2+-+kipr=k

and

‘ o q\k+2i1+3igt (k1) (iy i+ -+ — 1)k

A(u,zz, Vik) T ( 1) 1o k iligl - ig] . (2.2)

The first Faber polynomials Fy(az,as, - ,ar4+1) are given by:

Fi(as) = —aa, Fy(as,as) = a3 — 2a3 and Fs(az,as,as) = —a3 + 3azas — 3ay.
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oo
Lemma 2.5. Let f(z) =z + Zamk+1zmk+1 € S,.. Then we can write,
k=1
o0
zf'(2) k
f(Z) =1- Zka(am+la e 7amk+1)zm )
k=1
where
ka(am-i-la o 7amk+1) - ka(oa e 707 am+170a e 70a amk+1)
mk
_ Tm igm imk
- Z A(ilai27~-~:7;mk')a'7n+1a/27n+1 Oy

Mgy +2Mioy +- - +mkipr=mk

o0
Proof. By using Lemma 2.4 for function f(z) =z + Z Ump12™ T € S,n, we have
k=1

zf'(z)_ _ o
e ,;F |

Suppose that ¢,7 € Nand 1 £ j <m — 1. We consider three cases for k.
(i) If 1 £k <m—1, then Fi(0,---,0) =0.
——

k
(i) If k = tm, then, we have
th(07 e a07am+15 07 e 707a2m+1a Oa e 70a atm-‘,—l)
tm
_ im 2m itm
- E : A(il,i27~»-,itm,)am+1a2m+1 Ot
Mim +2Migm+- - +tmi, =tm
(iii) If kK = tm + j, then
th—i—j(O; e aoaam—‘rlaO,' o 30;a2m+1703 e 707at7n+1707’ c 70)
——
J
tm+j
_ ’im igm itm
- Z A(i1,i2,~~,’itm+j)a’m-‘rla’Qm-‘rl e at’m—i—l‘
M, +2Miom +-+tMmiy, =tm-+j
Since the equation
My + 2Mioy, + -+ + tMiy, = tm + 7,
doesn’t have positive integer solution, so
th+j(07' te 707a’m+1707' te 707a2m+1701 e 70aatm+1707 et 70) = O D
Case 2.6. In special case, if ami1 ="+ = app—1)41 = 0, then
Trmi(@ms1, - 3 Gmig1) =05 1SSk —1
and

Tk (a7n+17 e aamk+1) = _mkamk+1-
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o0

Lemma 2.7. Let f(z) = z+ Zamkﬂzmkﬂ € S, then for every u 2 0, we have the
k=1

following expansion,

(1- ) (f(;))ﬂ +Af(2) (f(z))ﬂ_l 14 Liamens - san) 2™

z
k=1

B w N+ Amk
(f(z)) —i—’\fd% (f(z)) =1+ZM7KZ(am+17"',amk+1)2mk;u>0
k=1

)‘ZJ]:(S) tl-A=1- Z)‘ka(am+la e >amk+1)2mk ; pn=0.
k=1

Proof. The proof has been satisfied from Remark 2.2, and Lemma 2.5. 0

Lemma 2.8. [15] If p € P, then |cix| £ 2 for each k, where P is the family of all
functions p analytic in U for which Re(p(z)) > 0 where

p(z)=1+crz+cz?+c3z®+---.

3. Class 3, (i1, A\, 7, 8)

In this section, we introduce and investigate class X,,(u, A, 7, 8) of m-fold sym-
metric bi-univalent functions defined on U.

Definition 3.1. A function f given by (1.7) is said to be in the class X, (1, A,7, 3)
(Lz20, A21, yeC—-{0}, 0= B < 1), if the following conditions are satisfied:

fesm, %<Hi (1- ) (Jciz))ﬂﬂf’(z) (f(;)y_l—w > B (2 U)

R <1+i (1=2x) (g(;l))>#+>\g’(w) (g(ww)>”1 - 1D > 4 (w e ),

where the function g is the inverse of f given by (1.8).

and

Remark 3.2. There are some options of the parameters v, A and p which would provide

interesting classes of m-fold symmetric bi-univalent functions. For example,

(I) By putting v = 1; the class ¥,,(u, A, v, 8) reduces to the class N3 (8, \), which
was considered by Altinkaya and Yal¢n [3].

(IT) By putting v = 1 and A = 1 and p = 0; the class X,,(u, A, v, 8) reduces to
the class of m-fold symmetric bi-starlike of order £, which was considered by
Jahangiri and Hamidi [11].

(ITI) By putting v = 1 and p = 1; the class ¥, (i, A, v, 3) reduces to the class
AR . (B), which was considered by Eker [8].

(IV) By putting v = 1, w=1and A = 1; the class 2,,(u, A, 7, 5) reduces to the class
Hy m(83), which was considered by Srivastava et al. [19].
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Remark 3.3. For one-fold symmetric bi-univalent functions, we denote the class
S1(py Ay, B) = (s, A\, 7y, B). Special cases of the parameters 7, A and p which would
provide interesting classes of bi-univalent functions as follows:

(I) By putting v = 1; the class X(u, A, 7, 3) reduces to the class N5 (3, \), which

was considered by Caglar et al. [6].

(IT) By putting v = 1, A = 1 and p = 0; the class X(u, A, v, 8) reduces to the class
S&(B), which was studied by Brannan and Taha [5].

(III) By putting v =1 and p = 1; the class X(u, A, 7, 5) reduces to the class By (5, \),
which was studied by Frasin, Aouf [10] and Hamidi, Jahangiri [13].

(IV) By putting v =1, A =1 and p = 1; the class X(u, A, 7, 8) reduces to the class
Hx (), which was studied by Srivastava et al. [18].

(V) By putting v =1, A =1 and 0 £ p < 1; the class X(u, A, v, 8) reduces to the
class of bi-Bazilevic of order 5 and type p, which was studied by Jahangiri and
Hamidi [12].

Theorem 3.4. Let [ given by (1.7) be in the class X (p, A\, y,8) (= 0, A
ye€C—{0},0=8<1). If g1 =+ = Gp(r—1)+1 = 0, then

2[y[(1 - 5B)
W+ Amk

1\
—_

|ampt1| = i (kB22).

Proof. By using Lemma 2.7, for m-fold symmetric bi-univalent functions f of the form
(1.7), we have:

1 f(2) a , f(2) p—1
1+; (1>\)<2) +/\f(z)< . > 11 »
k=1 Y

o0
Similarly for its inverse map, g(w) = f~1(w) = w + Z Apier1w™ L we have:

k=1
1 g \" (g ]
1+=|(1-=N) o + Ag'(w) T -1
I S
—14 Z Lk(A7n+1a t 7Amk+1)wmk.

7y

k=1
Furthermore, since f € %,,,(u, A, v, 8), by definition, there exist two positive real-part
functions

p(z)=1+ Z 2™
k=1

and

qglw) =1+ dekwmk,
k=1
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where Re p(z) > 0 and Re g(w) > 0 in U so that:

1 H pu—1
L+ (1-X\) (f(;)) + 2 (2) (f(;)) - 11
- (3.3)
=141 =B)> Ki(cm, - s comp)z™
k=1
and
Iz p—1
A (LY (g(w)) + Mg/ (w) <g(w)> - 1]
- (3.4)
=141 =8)) Ki(dm, - dpp)w™
k=1
Equating the corresponding coefficients of (3.1) and (3.3), we have:
Li(Gmat, s Gmpg1) — (1= )KL (e co)- (3.5)
Y
Similarly, from (3.2) and (3.4) we obtain:
Lk(Am+1, . ,Amk-i-l) — (1 _ ,B)Kkl;(dm, . ,d'rnk;)- (36)

aé
Note that for a1 =0 (1 i < k—1), we have Ay =0 (124 < k—1) and
Akarl = —Amk+1-
For p > 0, by using Case 2.3 and Lemma 2.7 the equalities (3.5), (3.6) can be written

as follows: Ak
m
K Amk+1 = (1 - ﬁ)cmlm

+ Amk
_ljliamkwkl = (1 - ﬂ)dmk

By getting the absolute values of either of the above two equations and applying the
Lemma 2.8, we get:
_ I =Blemr] _ (= B)ldmr| _ 2171 = 5)

w4 Amk p+Amk T p+Amk

For ;» = 0, by using Case 2.6 and Lemma 2.7 the equalities (3.5), (3.6) can be written
as follows:

|@mk+1]

mk

Amk+1 = (1 - 6)C'mk7

Amk
T mkt = (1= B)dm-
By getting the absolute values of either of the above two equations and applying the
Lemma 2.8, we get:

| = = B)lemnl _ 1A = B)ldmrl 2111 = B) O
mhk+ Amk Ak =" mk

We obtain estimates for the initial coefficients of functions f € X,,(u, A\, v, 5).
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Theorem 3.5. Let f given by (1.7) be in the class Xy, (1, A, v, 8). Then

|am+1| < min 21 = p) 2 i - p)
m41] = ESY (1 +22m)(m + p)

and
21— B)2(m+1)  2[y|(1—
lamsi] < { P = 8)%( ! ), 2 —5)
(1 + Am) p+2xm
(A =B) [2m+p+1+]1—p }
p+22m m+ u '
Proof. For f(2) = 2z + apmi12™ M + agmyp1 22 4 -+ we get
1 FEN" L (F@N
1+—-1(1—=Ax A -1 3.7
s Ha-n (1) e (X (3.7
A 2X -1
— 14 Mamﬂzmﬂ + (1 + 2xm) domi1 + (=1 A 22
gl gl 2
and for
g(’LU) = fﬁl(w) =w - am+1wm+1 + [(m + 1)a72n+1 - a2'rn+1]w2m+1 ey
we get
1 " et A
14+ [(1=N) (g(w)) g (w) <g(w)> _ 1] —1- Mamﬂwm“
Y w w v
2) 2 1
Comparing the corresponding coefficients of (3.3) and (3.7), we have
(n+ dm)amir = y(1 = B)em, (3.9)
-1
(1 +2xm) <a2m+1 + u2a,2n+1> = (1 — B)com.- (3.10)
Similarly, by comparing the corresponding coefficients of (3.4) and (3.8), we have
—(p+2Am)ami1 = (1 = B)dm, (3.11)
2m+p+1
(i 23m) (g + ELEDGE ) <1 . (312
From (3.9) and (3.11), we get
e = —dum (3.13)
" 21— B2, + )
2 i 1- Cm + dm
= . .14
am+1 2(/~L+)‘m)2 (3 )
Adding (3.10) and (3.12), we get
CL2 _ 7(1 — ﬁ)(CQm + d2m) (315)

T (pF 22m)(m 4 p)
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Therefore, we find from the equations (3.14), (3.15) and Lemma 2.8 that

2|1 - B)
w4+ Am

IvI(X = B)
lam+1] = 2\/(u +2xm)(m 4+ p)’

respectively. So we get the desired estimate on the coefficient |am,41]-
Next, in order to find the bound on the coefficient |agm, 11|, we subtract (3.12) from
(3.10). We thus get

|a7n+1| §

and

(m+1) 4 (1 = B)(cam — dam)

m = 3.16
a2m+1 5 Gm+1 T 30a+ 22m) (3.16)
Upon substituting the value of a2, ,; from (3.14) into (3.16), it follows that
21 -p)? 1)(c2, + d? 1-— m — dom
o LU B A D ) A0 e —dan)

4(p + Am)? 2(p + 2 m)

We thus find that

laams1] < 2121 = B)*(m+1)  2[y[(1-5)
mtl = (u+ Am)? p+2xm

On the other hand, upon substituting the value of a2, from (3.15) into (3.16), it
follows that

(1 -5) 2m+ p+ Deam + (1 — p)dom
a2m+1 = . (318)
2(p + 2 m) m+
Consequently, we have
V(A =8) [2m+p+1+[1—pl
‘a2m,+1| é .
W+ 22m m+ [
This evidently completes the proof of Theorem 3.5. d
4. Corollaries and consequences
By setting v = 1 in Theorem 3.4, we conclude the following result.
Corollary 4.1. Let f given by (1.7) be in the class /\fgm (B, ).
If amyr =+ = apm—1)41 = 0, then
2(1-p)
m <———2: (kz22).
i S 2 (62 2)
By setting m = 1 in Corollary 4.1, we conclude the following result.
Corollary 4.2. Let f given by (1.1) be in the class N&(B,\). If az = -+ = a, = 0,
then 21— B)
<= (k22).
ol S 257 5 (k22

By setting A =1 and pu = 0 in Corollary 4.1, we conclude the following result.
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Corollary 4.3. Let f given by (1.7) be m-fold symmetric bi-starlike of order (.
If amyr =+ = am—1)41 = 0, then
2(1-5)
—— (k22).
mk ) ( = )

By setting m = 1 in Corollary 4.3, we conclude the following result.

|amk+1| é

Corollary 4.4. Let f given by (1.1) be in the class S5(B). If az = --- = ax, = 0, then

i £ 220 (2 9),

By setting = 1 in Corollary 4.1, we conclude the following result.

Corollary 4.5. Let f given by (1.7) be in the class Agm(ﬁ)
If amyr =+ = am—1)41 = 0, then

21-8) . (k= 2).

< = 77
‘amk+1| = 1—|—/\mk; )

By setting m = 1 in Corollary 4.5, we conclude the following result.

Corollary 4.6. Let f given by (1.1) be in the class Bs(8,\). If ag = --- = ap = 0,
then
2(1-p)
< AN P2 >
il < 0 (b2 ),

By setting A = 1 in Corollary 4.5, we conclude the following result.

Corollary 4.7. Let f given by (1.7) be in the class Hx,m(B).
If amyr =+ = ap—1)41 = 0, then

2(1 - 5)

- (k=2).
1+mk’( =22)

|amk:+1 | é

By setting m = 1 in Corollary 4.7, we conclude the following result.

Corollary 4.8. Let f given by (1.1) be in the class Hx(B). If az = --- = ax, =0, then
2(1-5)
<= 7. >
|a’k+1| = 1 +k b (k = 2)

By setting m = 1, A = 1 and 0 £ g < 1 in Corollary 4.1, we conclude the
following result.

Corollary 4.9. Let f given by (1.1) be bi-Bazilevic of order 8 and type p.
If ag =---=ax =0, then

M; (k = 2).

<
|ak+1|: Ltk =

By setting v = 1 in Theorem 3.5, we conclude the following result.
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Corollary 4.10. Let f given by (1.7) be in the class Ngm (B8,A). Then

f20-5) 1—f
|amy1] = mln{ L+ Am ’2\/(u—|—2)\m)(m+ﬂ)}

2= Pm+1)  21-8) (=) [2mtptitiiop
(1 + Am)? w42 m’ p+ 2 m m+p '

and
meﬂ§{

By setting m = 1 in Corollary 4.10, we conclude the following result.

Corollary 4.11. Let f given by (1.1) be in the class NE(B, ). Then

agémin{2(1_6>72 1—F }
pt A (1 +20) (1 + p)

and

(4 A)2 w+2X T+ 20 14+p
By setting A = 1 and g = 0 in Corollary 4.10, we conclude the following result.
Corollary 4.12. Let [ given by (1.7) be m-fold symmetric bi-starlike of order 8. Then

L20-p); 0=t

2(1-5)

o1
m 72

m3§{4ﬂ—5f+2ﬂ—ﬁ)G—ﬁ)F+u+H—uq}.

|am+1| é
=p<1

and
%;0§5< 2m+1

|a27n+1| g

2(1_5)2(7”"‘1) 1-8 . 2m+1
et smip =8 <1

By setting m = 1 in Corollary 4.12, we conclude the following result.

Corollary 4.13. Let f given by (1.1) be in the class S&(B), then

V20 -8); 0S8=3

lag| =

and
|as| = ,
1-B)(5-48); §SB<L
By setting g = 1 in Corollary 4.10, we conclude the following result.
Corollary 4.14. Let f given by (1.7) be in the class Agm(ﬁ), then

/ 1-8 ) (14 m)?
2 (1+2xm)(1+m) ’ 0sps1- (1+2xm)(1+m)

2(1-p) . (1+Am)?
im0 LT GEmmaEm =8 <1

|am+1| g
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and

20 PPmsn) 2025 H-p) 20D

< mi -
|a2im+1| < min { (14 Am)? 1+2xm’ 1+ 2\m

142m’

Remark 4.15. The bounds on |a,,+1] and |ag;, 1| given in Corollary 4.14 are better
than those given by Eker [8, Theorem 2].

By setting m = 1 in Corollary 4.14, we conclude the following result.
Corollary 4.16. Let f given by (1.1) be in the class Bs(8, ), then

2(1-8) S 0<B< 1422—)\2

112X = (1120
|a2| §
20-5) . 12a-
[EDWE 12+(123\r2,\A) sp<1
and )
. [41 =B 2(1-p) 2(1-p) 2(1-B)
o < =
|%=mm{(1+xy’%1+2x’1+2A 112n

Remark 4.17. The bounds on |as| and |az| given in Corollary 4.16 are better than
those given by Frasin and Aouf [10, Theorem 3.2].

By setting A = 1 in Corollary 4.14, we conclude the following result.
Corollary 4.18. Let f given by (1.7) be in the class Hx m(5), then

/ 1-8 . m
2 (1+2m)(1+m) 0 § ﬂ § 2m+1

2(1-5) .
Trm 3 ompr = A <1

|am+1| g

and

2(1*ﬂ)2+2(1*5) 2(15)} 2(1-p)

< mi =
|a2m+1|—mm{ 1+m 14+2m’ 1+2m 142m

Remark 4.19. The bounds on |an+1] and |agm+1| given in Corollary 4.18 are better
than those given by Srivastava et al. [19, Theorem 3].

By setting m = 1 in Corollary 4.18, we conclude the following result.
Corollary 4.20. Let f given by (1.1) be in the class Hx(B), then

2(1-8) . 1
=5—;0sp8=s3

|a2| <
1-8;1<pB<1
and

Remark 4.21. The bounds on |as| and |as| given in Corollary 4.20 are better than
those given by Srivastava et al. [18, Theorem 2].
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By setting A = 1 and 0 £ p < 1 in Corollary 4.11, we conclude the following
result.

Corollary 4.22. Let f given by (1.1) be bi-Bazilevic of order 8 and type p. Then

/ —B
2 (u+2)(1+u Sps 2+M

|a2| §
21-p) .
s T =A<
and
41-8) . 1
G 0S8 = 5
las| = .
41-8) 2(1-p) .
(RS ERR TR 2+u =A<l
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