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Abstract. Ostrowski inequality is one of the celebrated inequalities in Mathemat-
ics. The main purpose of our study is to generalize the result of Ostrowski-Griiss
type inequality for first differentiable mappings and apply it to probability density
functions, composite quadrature rules and special means.
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1. Introduction

Literary, such integral inequality that measures the deviation of the integral of
the product of two functions and the product of the integrals is referred to Griiss
inequality [9].

In 1938, a Ukrainian mathematician A.M. Ostrowski (1893-1986) presented an
inequality in his paper [15]. Since then this inequality is known in the history as
Ostrowski inequality. A number of authors have written about generalizations of Os-
trowski’s inequality in the last few years. For example, this topic is considered in
[1, 4, 5, 6, 7, 11, 12, 13, 16]. This inequality has been proved to be an exalted and
applicable tool for the development of various branches of Mathematics. Integral in-
equalities that create bounds on the physical quantities are of great importance in
the sense that these types of inequalities are not only applicable in integral operator
theory, statistics, probability theory, numerical integration, nonlinear analysis, infor-
mation theory, stochastic analysis and approximation theory but also we can find its
applications in different areas of biological sciences, physics and technology.

S.S. Dragomir and S. Wang [7], in the year 1997, gave a proof of the following
Ostrowski-Griiss type inequality:
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Theorem 1.1. Let ¢ : I — R, where I C R is an interval, be a mapping differentiable
in the interior I° of I, and let by, by € I° with by < by. If a < ¢'(n) < A\, n € [by, ba)
for some constants a, X € R, then

ba
O — / o(6)de — 7¢(b§z - ffbl) (n bt ;bz)
b

1
1
< b2 =b)(A —a), (1.1)
Vn € [b,bs].
The above inequality gives a relation between the Ostrowski inequality [15] and
the Griiss inequality [14].
In the year 2000, by the use of pre-Griiss inequality, N. Ujevi¢, M. Mati¢ and J.

E. Pecari¢ [11] had improved the factor of the right membership of (1.1) with ﬁ as
follows:

Theorem 1.2. Let ¢ : I — R, where I is an interval such that, I C R, be a mapping
differentiable in the interior I° of I, and let by, ba € I° withb; < bs. Ifa < ¢'(n) <
A, m € [by,bs] for some constants a, A € R, then

b
o)~ L [ ot A0 (bl
by

by — b1 ba — by 2

1
<
S WA
N n < [bl,bg].
In the year 2000, by the use of Cebysev functional, N. S. Barnett et al. [2]

improved the result given by N. Ujevi¢, M. Mati¢ and J. E. Pecari¢ by proving first
membership of the right side of (2.1) in terms of Euclidean norm as follows:

(b2 = b1)(A — ), (1.2)

Theorem 1.3. Let ¢ : [by,bs] — R be an absolutely continuous function whose first
derivative ¢' € La[by,bs]. Then we have the following inequality

bo
o) - g [ ot - LBIZRR () )
by

(br—b) [ 1 (6ba)— 6B\
- [bz_blnéf’”z—(bz_bl )]

1
< m(b2 — b))\ — @), (1.3)

ifa < ¢'(€) < Aaefor& onlb,bo] Vi € [by,bo].

In [2], we can evaluate the pre-Griiss inequality as follows:

T2(¢,9) < T(¢,0) T(), 1),
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where T(¢,) is the Cebysev functional as defined in [3] and ¢, € Ly[by, bo] .

In the next section, we provide a generalization of (1.3) and then use it to
probability density functions, composite quadrature rules and special means.

2. Main result

Theorem 2.1. Let ¢ : [b1,ba] — R be an absolutely continuous function whose first
derivative ¢' € La[by,bs], we have

1= fon - 2L 000) (Dbl ] 200 100

(St )=o) () bitta) (s g0

ba
1
" / H(6)de

1

< [(52;2"1)2(3#—3h+1)+(1—2h)(n—bl)(ﬁ—b1;b2>
R (n_ by ;@)2 : lb;bl 16113 — (W) %
+h(l - h) <77_b1;b2)2r’ 2.1)

ifa < @) < Xaeforéonlb,by], Vi € [by+hlgt bitb] gndp e [0,1].

Proof. Consider the following kernel defined in [8] p : [b1,b2]* — R

g_ (bl—’_h%)? ng € [blan}v
p(m,€) = €= (M52 —h225P) . if € € (n.ba+ba =),
g_ (bQ—h%)a ’Lff S (b1+b2_nab2}'

By replacing ¢(&) with p(n, &) and ¥(€) with ¢'(£) in Korkine’s identity defined as:

ba ba

T06.0) 1= gz | [ (606 = 6 046) = vs)deas,

b1 by
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we get
bo
— / (0, €)6/(€)d - lb/ €1 /¢
ba bo "
— s | [ 000 = )@ © - S oacas 22)
by by
We have,

by
1

g [ P99 (€

b1

b
= E5 o) + 1o +olba)) - - [ o(eae+ X020,

b1

ba

1 b1+ b
b2b1/p(n,€)d£—h< 5 —n)

b1

and

by
/¢'(€)d§ — M

by — b1 bo — by

Identity (2.2) becomes,

(11 o — AL (Drba] o) ol

2
L0+ b ; n) = ¢m) (77 b -; b2) <¢(b12)3 - Z((,ﬂ)
b
1
e KO
by
1 by ba
- 2(b2b1)2b/b/(p(n,§) —p(n,5))(¢'(§) — ¢'(s))dds. (2.3)

Vn € [by+hbgt bitbel and b€ [0,1].
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By using the Cauchy-Schwartz inequality in terms of double integrals, we can write
ba bo

2(by — by)? //(p(n,f) —p(n,8))(¢'(€) — ¢'(s))déds
b1 by
1 b2 b 3
(w//(p(mé) p(n,s))ngds)
by by
by ba %
( 2(by — b1) // d§d8) : (2.4)
? 1 b1 b1
However,
1 by bo
W//(P(%f) —p(n, s))?deds
b1 by
1 b2 1 b 2
i /p2(n,§)d§— <b2 - /p(n,f)dg)
by b
(b —61)2 b4 b 9
- QT(?)hQ—?)h—Fl)—i—h(l—h) <77—122>
and
by bo
,b // dfds
2 1 b1 by
= o(ba) — p(b1) )"
- - <b2—b1> : (2.6)

By using (2.3) — (2.6), we evaluate the first inequality of (2.1).
By using the following Griiss inequality, we proved the second inequality of (2.1)

by bo 2
1 / 2 1 ' 1
0= b2—b1/(¢ (6))"dé - (bz—b1/¢(§)d£) SZ(A_OZ){
by

b1
where a < ¢'(§) < A a.e for € on [by, ba). O

Remark 2.2. Since
3h? —3h+1< 1,V hel0,1]

and is minimum for h = %
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Thus, (2.1) shows an overall improvement in the inequality obtained by Barnett
et al. in [2].
We have some remarks of (2.1) in the form of special cases.

Remark 2.3. Under the assumptions of Theorem 2.1 we can get different special cases
by putting different values of h and 7.

Special Case 1. For any value of h and n =b; or h =1 and n = % or h = % and
n = be, (2.1) gives trapezoid inequality [17],

ba
b1) + &(b
e LGS
by
o lemb2[ 1 (6() 000
< — ¢l = —F———
2v3 b2 b by — by

1

< m()\—a)(bg—bl)z. (2.7)
Special Case 2. If we take h = 0 and n = %, (2.1) becomes mid-point inequality

[17],

<m—mw(“;“)—7w®%
b1

(b2=b0)> | 1 Lo (b)) —o(b)\]"
< L=t [m_mwm—(b_m)]

(A= a)(by — b1)>. (2.8)

-

b
< 15

Special Case 3. If h = % and 7 = 2422 (2.1) becomes an averaged mid-point and
trapezoid inequality [17],

(b)) +26 (MF) £ g(by) 1 [
: —bim/MO%
b1
by b2 [ 1 o (élb)— 6B\’
— [m_mwm—(w_h)]
< Lo - (2.9)

< A
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Special Case 4. If h = % and n = @, (2.1) becomes % Simpson’s inequality for
differentiable function ¢ [17],

bo

G2 o0 +40 (252 ) + 000 - [ ot0ar
by
o —b)? [ 1 s (6b2) — o))
< o [bQ—b1H¢||§_( ) -2 )]
< L)) (210)

12

3. Applications

3.1. For probability density functions

Let X, ¢ and ® be a continuous random variable, the probability density function
and the cumulative distribution function, respectively such that ¢ : [by,bs] — R4
and ® : [by,b3] — [0,1], defined as,

by —b1 b1+
/¢> §)de, 1 € [b1+h S| € ibal,

and the expectation of the random variable X on [by, bs] is defined as,

ba
(xX) = / € 6(6) de
by

Then, we have:

Theorem 3.1. By using above assumptions and if the probability density function ¢ €
Lolby, bs], we have

‘(1_h) {(I)(”)_bg—b1 2 27 b

4 2(b1 4 b2 =) — () 1 < b1+b2>‘

1 <n_b1+b2>} L b - B(X)

7 N 7

(b2 — b1)?
12

1

<
~ by —b

b1+b2>2

(3h* —3h+ 1)+ h(1 — h) (n— 5

s =2 -0 (- 252)| " 10 - wlol - 12,
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M — by — b1)? by +by\”
< M=m) (b= by (302 — 3h 4+ 1) + h(1L — h) [ — 2222
2 12 2
1
by +0b 2
-2 - o) (n- 52| (31)
where m < ¢ < M a.e on [by1,b2], V1 € [b1+h%,%].
Proof. By putting ¢ = ® in (2.1), we obtain (3.1). O

Corollary 3.2. By using the assumptions of Theorem 3.1 we have,

‘(1 — h)Pr (X chth ;ID) % - 76213;51(5()
< \f(3h2—3h+ 1)%[(b2 — b1) 813 — 1)
< m(:%h?—3h+1)§(b2—b1)(M—m). (3:2)

3.2. For composite quadrature rules

To obtain the estimates of composite quadrature rules, we may use (2.1),

Theorem 3.3. Let I,: by = ug < up < -+ < Up_1 < Up, = by be a partition of
the interval [by,bo], Auj; = ujr1 —uj, b € [0,1], uj + hA;“ < ¢ < %,
7=0,...,n—1. Then,

/ H(E)dE = S L, €, 1) + R(, I, €, ).

where

S(6,In, &, 1) nil { < (u;) + ¢(uj+1)> n o(u; +uj+12—§j) — 6(&5)

Jj=

+(1—h) {qb(é“j) - Hogpt) — o) (43 - >}

N (fj oy +2Uj+1> <¢(uj+2u_j ¢(uj)>} Auj. (3.3)
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and
|R(¢, In, &, 1)
< f Au?(?)hQ—:sth1) LI 2m)(E — ) (g — T
- = 12 Uj J 9
uj + g\ : "2 1
+h(1 =) (ﬁj - 2) [Au; 0113 = ($(ujs1) — d(u;))]
2
< 3 —aZAuJ 3h2 3h+1)+h(1—h)<gj_“j+;‘j+1)
Uj + Ujy1 3
+(1 = 2h)(& — ) (§j - 2)} : (3.4)

AuJ uj +u]+1
?

Proof. Applying inequality (2.1) on ¢; € [uj +h } and summing over j

from 0 to n» — 1 and using triangular inequality we get (34) O

Special Case 1. If h =0 in (3.3) and (3.4), (j =0,...,n — 1) we have,

.
(¢, In: €, h) 5; (&) + ¢ + ujr — &)1 Au;.
and
|R(¢ In,f h)|
n—1 %
< ) <§j_%‘+2w+1)]
7=0
X [Au 1612 = (Suj41) — $(uj))?]?
1 n—1 Au’ Yy 2
< 50\—04);)A“? ;;j+(€j—uj)(£j—uj2uﬁl>]

Special Case 2. If §; = % in (3.3) and (3.4), (j = 0,...,n — 1), we have a
perturbed composite mid point and trapezoidal quadrature rule.

S0 1,1 = S - (B

Jj=0

(A0t 5, a9
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and
|R(¢, In, )|
n—1
< zﬁ(3h2—3h+1 jZOAuJ Auj|¢'15 = (P(ujr1) — b(uy))?]?
L aant 2N AL
< 4\/3()\ @)(3h? —3h +1) jz:(:)Au]. (3.6)

Special Case 3. If h = 0 in (3.5) and (3.6), (j =0,...,n—1), then we have composite
midpoint quadrature rule.

n—1
S(¢, 1) = E:jo N (“”;““) : (3.7)
and
|R(¢, 1)
1 n—1 . 1
< 37 ;O Ay [ |6 13 = ($ujr) — (uy))?]?
1 n—1 )
< m(/\—a)jgoAuj. (3.8)

Special Case 4. If h = 2 in (3.5) and (3.6), (j = 0,...,n — 1), then we have a
composite mid point and trapezoidal quadrature rule.

1= Ui + Uj
S(6,1n) = 102[7¢ <J2“1>
=0

+3 (W)] Au; (3.9)
and
|R(¢, In)|
= 2\({?; Z Au; AUJM’ ||2 (P(ujt1) — ¢(uj))2]%
- f ZA“ . (3.10)

40[

Special Case 5. If h = 1 in (3.5) and (3.6), for j =0,...,n — 1, we have a composite
trapezoidal rule.
n—1

; Z(¢(“j) + d(ujy1))Au; (3.11)

24
7=0

S(¢7[n) =
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and

|R(¢, In)|

1 © , N2 Y ()2
ﬁjzo Ay [Aul|¢'[15 — (d(ujg1) — pluy))?]

Nl

IN

1 n—1 )
< m(x\—a);Auj. (3.12)

3.3. For special means

Throughout this section A, G, H, L, I and L,, stands for Arithmetic, Geometric,
Harmonic, Logarithmic, Identric and p—Logarithmic means, respectively, for defini-
tions we refer the readers to [10].

Example 3.4. Let the function ¢ be defined by ¢(n) = n?,p € R\{—1,0}. Then we
have,

by
1
by

P(b2) — ¢(b1) _ . p1

by — by p-b
d(b1) + &(b by + bh
(1)2 (2): 12 2:A(b€,bg),
b
1618 = e [ 16©Pds = L3
by — by 2 by — by 2(p—1)
by
and
¢br+bo—m) _ 2A—n) —n"
2 2 ’
Thus, (2.1) becomes,
_ 24 — )P — P
(=) [ =28 7b = )] a0 - 1+ BRI
+pL i (n— A)|
by — by)?
< |pl %(3h2—3h+1)+h(1—h)(n—,4)2
H(1—2R) (b)) (n— A)| x [nggjg —Lﬁ(_”f”] : (3.13)

By taking n = A in (3.13), we obtain,
|(1— h)AP + h AV}, b5) — LP|

< |p| (b2 _bl)

1
2V (302 — 3h 4 1)7 L2 — 2
2V/3 ( ) { }

2(p—1) p—1
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which is minimum for h = %
By taking h = 1, we obtain,

’A(b’l',bp Lp’ < (b2 72— L2(p*1)}% )

C = [y - 20

Example 3.5. Let the function ¢ be defined by ¢(n) = %, (ne [bl + h@, @} C

(0,00)). Then,
b2
1
%m/a&mz

P(b2) —(by) 1

by — by G?’
¢(b1) +P(b2) A
2 - GY
b? + byby + b2
/ 2 g 2
§)| dg - 3G6 9

b

1 $(b) — d(b1)\?  (bo — b1)?
o [ opae - (A=) )
by

and

&b + by — 1) _ n—A
2 n(2A —n)

Thus, (2.1) takes the form,

ha 1 n—A (-4
G2 L n(24-n) G?

‘(1h) Eﬁ;(nm} +

(b2 — b1)?

o (3h* —=3h +1) + h(1 — h)(n — A)?

T —b)

+(1—=2h)(n—b1)(n —A)| X T3

(3.14)

Put n = A in (3.14), we obtain,

1 A 1
B W il P
’(1 Nt e L‘

(b2 = b1)?

et (3h? —3h+1)2.
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By taking n = L in (3.14), we obtain,
‘QhA hL h L-A ‘

@@ T IeA-D

< W(W = 3h+1)+h(1 = h)(L — A)”
: (b2 — b1)
FA =2 =b)(L - A) | x =Ze

Example 3.6. Let the function ¢ be defined by ¢(n) = Inn, (n € [b1 + h%, %} C
(0,00)). Then

bo
1
w_me0%=mL

$(b2) —o(br) 1

by — by L’
¢(b1) ;r o02) _y 6
, 1
€)|2d§ = @7

¢b1 +bo —n) —6(n) _ | <2A—77>;
2 n

and

)2 (b2) = d(b1)\" _ L* - G?
Ide = < by — by ) G2

Therefore, (2.1) becomes,

(1—h) vk _ o\ 3
S U A)+ln(2A ”)

In T i 7
(by —1)* .o 2

< | (3R = 3h+ 1)+ h(1 = h)(n — A)
Ha—2m - b)y - A)| < T (3.15)
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Choose = A in (3.15), we obtain,
AQ=MGhl by — by
<
I T 2V3
At h =1, (3.15) becomes,

“ (ba — b1)(L? — G?)*
QfLG '

L2 - G672

) 2 1
_ +1)2

n

By taking n = I in (3.15), we obtain,

h _ _I\?
lnG—%—hL 4) +In (QAI I>

Ih L
< @(Mtshﬂ)muw)(pm?
1 m)I b)) %
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