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Abstract. Steady motion of two types of incompressible Maxwell fluids with
power-law dependence of viscosity on the pressure is analytically studied between
infinite horizontal parallel plates when the gravity effects are taken into consid-
eration. Simple and exact expressions are established for the permanent compo-
nents of starting solutions corresponding to two oscillatory motions induced by
the lower plate that oscillates in its plane. Such solutions are very important for
the experimentalists who want to eliminate the transients from their experiments.
The similar solutions for the simple Couette flow of the same fluids, as well as
the permanent solutions corresponding to ordinary incompressible Maxwell fluids
performing the same motions, are obtained as limiting cases of general solutions.
The convergence of starting solutions to their permanent components as well as
the influence of physical parameters on the fluid motion is graphically underlined
and discussed.
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1. Introduction

Generally, in isothermal processes, the fluid viscosity depends on the flow con-
ditions and particularly on the shear-rate and pressure. The first who remarked that
the fluid viscosity could depend on the pressure was Stokes in his seminal work [21].
He also delineated motions in which the viscosity can be considered constant. Later,
experiments by Barus [2], Bridgman [3], Griest et al. [9], Bair et al. [1], Prusa et al. [16]
and so on certified this dependence. A linear dependence of viscosity on the pressure
was proposed by Barus [2] for low to medium pressure difference. At large pressure
differences, power or exponential law seems to be more suitable. In any case, exact
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solutions for steady (permanent) or unsteady motions of non-Newtonian fluids with
the pressure-dependent viscosity are lack in the existing literature excepting those of
Housiadas [10, 11] corresponding to a linear law of viscosity on the pressure.

In the following, we shall determine simple closed form solutions for the perma-
nent velocity fields corresponding to some unsteady motions of Maxwell fluids with
power-law dependence of the viscosity on the pressure. It is worth to point out the
fact that high pressure differences appear in many engineering applications such as
polymer processing operations [5], fluid film lubrication [22], microfluidics [4], phar-
maceutical tablet manufacturing, food processing and geophysics [20]. Techniques for
measuring the pressure dependent viscosity and of the pressure-viscosity coefficient
can be found in the work of Goubert et al. [8], respectively Park et al. [14]. An ex-
tensive literature regarding experimental and theoretical studies on these fluids was
provided by Malek and Rajagopal [13].

On the other hand, the gravity effects are important in many flows of the fluids
with practical applications. They are stronger in the case of fluid motions in which the
gravity acts along the direction in which the pressure varies. The first exact solutions
for steady motions of the Newtonian fluids with pressure-dependent viscosity are
those of Rajagopal [17, 18] between parallel plates or over an inclined plane due to
the gravity. Exact expressions in terms of the Kelvin functions have been established
by Prusa [15] for the solutions of modified Stokes problems of the same fluids. General
solutions for the same motions of the incompressible Newtonian fluids with power-
law or exponential dependence of viscosity on the pressure have been determined by
Rajagopal et al. [19] and Fetecau and Vieru [7].

In the present work we provide the first exact and simple expressions for per-
manent solutions corresponding to two oscillatory motions of incompressible Maxwell
fluids with exponential dependence of viscosity on the pressure between infinite hori-
zontal parallel plates. The fluid motion is generated by the lower plate that oscillates
in its plane. The similar solutions for the simple Couette flow of the same fluids as
well as some known solutions for the Newtonian fluids performing the same motions
are obtained as limiting cases of general solutions. Such solutions are important for
the experimentalists who want to eliminate the transients from their experiments. In
addition, they can be also used as tests to verify different numerical methods that are
used to study complex flow problems. Finally, the convergence of starting solutions
(numerical solutions) to their permanent components, as well as the effect of physical
parameters on the fluid motion, is graphically underlined and discussed.

2. Statement of the problem

Let us consider an incompressible upper-convected Maxwell (UCM) fluid with
power-law dependence of viscosity on the pressure at rest between two infinite hori-
zontal parallel plates at the distance d apart. Its constitutive equations, as it results
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from [12], are
T=-pI+8S, S+A¥ =n(pA

(2.1)
with trA =0 and % =% LS - SL",

where T is the Cauchy stress tensor, S the extra-stress tensor, I is the unit tensor,

A is the first Rivlin-Ericksen tensor, L is the gradient of the velocity vector u, p is

the Lagrange multiplier, A is the relaxation time and 7(p) is the fluid viscosity which
depends on the pressure.

In the next, we determine exact expressions for the permanent (steady-state or

long-time) solutions corresponding to some motions of the incompressible UCM fluids

with power-law dependence of viscosity on the pressure of the forms

n(p) = ula(p —po) +1° or n(p) = pla(p — po) +1]'/2, (2:2)
where p is the fluid viscosity at the reference pressure pg and the positive constant «
is the dimensional pressure-viscosity coefficient. The gravitational effects will be also
taken into consideration. If « = 0, (p) = p and Egs. (2.1) correspond to the ordinary
UCM fluids. If both & and A are zero, the governing equations (2.1) correspond to
incompressible ordinary Newtonian fluids.

At the moment ¢ = 0% the lower plate begins to oscillate in its plane according

to
u="Ucos(wt)i or wu=Usin(wt)i, (2.3)
where i is the unit vector along the x-direction of a suitable Cartesian coordinate
system x, y and z while U and w are the amplitude, respectively the frequency of the

oscillations. Due to the shear the fluid is gradually moved and we are looking for a
solution of the form [15, 19, 12]

u=u(y, )i, p=py). (2.4)
Using Egs. (2.4) in (2.1) and introducing the obtained results in the balance of linear

momentum, we get the following relevant partial or ordinary differential equations
[12]

ot (y, Ou(y, ou(y, ot (y,
7(y,1) + ATG = p(p) 2ut) | Ot — OTlud),

(2.5)

where 7(y,t) is the non-trivial shear stress, p is the fluid density and g is the grav-
itational acceleration. The incompressibility condition is automatically satisfied and
Eq. (2.5)3 implies

p(y) = pg(d—y) +po with po=p(d). (2.6)

Eliminating 7(y, t) between Egs. (2.5); and (2.5)2 and bearing in mind the expressions
of n(p) and p(y) from Egs. (2.2) and (2.6), we find the next governing equations

2'LL “
ulapg(d — y) + 122548 — 2papglapg(d — y) + 1) 24540
2.7)

2
= p ATyl | Oull) | g <y < d, >0,
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_ Pu(y,t) papg Au(y,t)
py/apg(d—y) +1555= — - N T

(2.8)

=p [)\76 uly.t) 4 L‘gz’t)} ;7 O<y<d, t>0,
for the velocity field u(y, t) corresponding to the motion of the two types of UCM fluids
with power-law dependence of viscosity on the pressure between infinite horizontal

parallel plates.
The appropriate initial and boundary conditions are given by the relations

u(y,0) =0, uly, t) =0 if 0<y<d, (2.9)
ot |,
u(0,t) = U cos(wt) or u(0,t) = Usin(wt), u(d,t) =0 for ¢t > 0. (2.10)
Introducing the following non-dimensional variables, functions and parameters
S T 72 A 7 . T7d ., d?

Y R =2 U U T :,uiU7 W= o = apgd, (2.11)

where v = p/p is the kinematic viscosity of the fluid and dropping out the star nota-
tion, we obtain the following two dimensionless initial and boundary value problems

[a(1 —y)+ 1]2625752/@ —2afa(l —y) + 1] au(y, )

(2.12)
- We62§§§’t) F el g<y <1, t>0,
u(y,0) = 250 =0 0=y<L
= (2.13)
u(0,t) = cos(wt) or sin(wt), u(1,t) =0 for t > 0,
and
— % u(y, ) e du(y,t)
a(l y) +1 0y2 zx/a(lfy)Jrl oy
(2.14)
= WeZuly) 4 Julwt) . gy o1, £ 0,
u(y,0) = 24w =0 0=sysL
= (2.15)

u(0,¢) = cos(wt) or sin(wt), u(1l,t) =0 for ¢t > 0,

where We = A\v/d? = \/(d?/v) is the Weissenberg number (the ratio of the relaxation
time of the fluid and a characteristic time scale).

3. Solution

In the following, in order to avoid confusion, we shall denote by u.(y,t) and
us(y, t) the starting solutions of the dimensionless initial and boundary value problems
characterized by Eqgs. (2.12), (2.13) or (2.14), (2.15). Generally, these solutions can
be written as sums of their permanent and transient components, namely

U’C(y7 t) = ucp(y7 t) + uCt(y7 t)’ Us (y7 t) = usp(ya t) + uSt(?/v t)' (31)
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Some time after the motion initiation, the fluid moves according to starting solutions.
After this time when the transients disappear or can be neglected, its movement
is characterized by the permanent solutions wu.,(y,t) or usy(y,t). In practice, the
experimentalists want to know the required time to reach the permanent state. This
is the time after which the fluid flows according to the permanent solutions. In order
to determine it, at least the permanent solutions corresponding to a given motion
have to be known. This is the reason that, in this section, we shall determine closed
form expressions for these solutions only.

3.1. Case 1(p) = plapg(d —y) +1]?
To determine both permanent solutions in the same time, we use the complex
velocity
up(y, t) = uCP(y7 t) + iusp(ya t)7 (3'2)
where ¢ is the imaginary unit. This velocity has to satisfy the partial differential
equation

(1 — ) + 122D 9afa(1 —y) + 1] 2D

(3.3)
= Weltpt) | 2uwd) . ooy o teR,
with the boundary conditions
up(0,t) = e’ w,(1,t)=0; teR. (3.4)
Making the following suitable change of the spatial variable
1 T
y= atl-¢ or equivalently r = In[a(1 —y) + 1], (3.5)
@
Eq. (3.3) takes the simpler form
u T Up (T, 2u T Up (T
|:8 P( t) + 0 ;D( t):l _Wea 6{;(2 7t) _|_ o pa(t 7t);
(3.6)
O0<r<a, t>0,
where a = In(a + 1). The corresponding boundary conditions are
uy(0,t) =0, wupy(a,t) =™ teR. (3.7)

Following [12], we are looking for a solution of the form
uy(r,t) =U(r)e™’; re(0,a), t€R. (3.8)

Substituting u,(r,t) from Eq. (3.8) in (3.6), we find that the unknown function U (r)
has to satisfy the following boundary value problem

AU () + U (1)) + wwWe —i)U(r) =0; U(0)=0, Ua) =1. (3.9)
The solution of this boundary value problem is given by the next equality
ELt —1+ /1 - dw(wWe — i) /a?
Ur)= ot = V1 = dw(wWe —i)/a? (3.10)

erza _ erla’ > 2
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Consequently, the complex velocity field u,(y,t) is given by

[a(l —y) +1]” — [a(l —y) +1]"
(@a+1)" —(a+1)"

up(y,t) = et 0<y<1, t>0, (3.11)

and the dimensionless permanent velocities ., (y, t) and g, (y, t) have the expressions

(=) + 2 —fa(l =) + 1",
T e e

=y 1 - e -y + 1",
R e e e e

where Re and Im denote the real, respectively the imaginary part of that which
follows.

Uep(y,t) = Re {

(3.13)

3.2. Case 1(p) = pla(p — po) + 1]'/2
In this case the corresponding dimensionless complex velocity u,(y,t) has to

satisfy the following partial differential equation

_ 82“1)(%75) o a Oup(y,t)
ol —y) + 175 2ol i1

(3.14)

- WeZ ugt(zyt) + au‘})(f”t); 0<y<l1, teR,

with the same boundary conditions (3.4). Making the change of spatial variable

1— 2
y= atl-r or equivalently r =/ a(l —y)+1, (3.15)
a

we attain to the next boundary value problem
a? 8%u,(r,t) Ouy(r,t)  Ouy(r,t)
— L =W P ! b, t>0 3.16
4r  Or? o + ot <r<t =0 ( )

where the constant b = v/a + 1.
Looking again for a solution of the form (3.8), we find that the corresponding
function U(r) has to satisfy the following boundary value problem

QAU (r) +4yrU(r) =0; UQ1)=0, U(D) =1, (3.17)

where v = w(wWe — 7). The equation (3.17) is an ordinary differential equation of
Airy type whose general solution is of the form

Ur)=vr [ClJl/g (iﬁ) + CoYy 3 (;L;\/Trﬂ : (3.18)

where C and Cy are arbitrary constants. On the basis of the boundary conditions
(3.17)2 and (3.17)3, it immediately results that

i (32) 7y Gavam) =7y (32) ¥y (s vm)
Vo, (30 g, (28) -7y (52) vy (22v8)

U(r) = (3.19)
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Consequently, the dimensionless velocity fields corresponding to this problem are

i v (B2) 7y (v - 0y (B35) vy (dvAT)
Uep(y, t) = %Re Yé (4?}7?) J% (?%\/%) - J% (%Tﬁ) : (7&

Y1 (52/7b)
4/~ 4r Al 4r
.1 VT Y (TJ) Ty (35VA7) = 73 (TJ) Yy (3avim)
Usp\Y,1) = —=1In e
Vo vy (B8) 7y (82 vAT) - 7y (B2) s (22 vA)
where r = /a(l —y) + 1. These solutions, as well as those given by Egs. (3.12)
and (3.13), are independent of initial conditions (2.15); and (2.15)2 but satisfy the

boundary conditions and the corresponding governing equations (2.12), respectively
(2.14).

et (3.20)

, (3.21)

4. Limiting cases

In order to obtain the steady solutions corresponding to the simple Couette flow
of the same fluids, as well as the permanent solutions for incompressible ordinary
UCM fluids performing the same motions or to recover some known results from the
existing literature, we shall consider in this section three special cases.

4.1. Case w — 0 (Simple Couette flow)
Taking the limit of the permanent solution u.,(y,t) given by Eq. (3.12) when
w — 0 and using the asymptotic approximations
g 2'T(v)
~—, Y, ~N——>
2°T'(v + 1)’ (2) 2Y

for uep(y, t) given by Eq. (3.20), we recover the steady solutions [[6], Egs. (44)]

gy (2) for v >0 and 2z << 1, (4.1)

e+ -y Vel —y+r1-1
ucy(y) = P respectively ucp(y) = =11 (4.2)

corresponding to the simple Couette flow of the two types of incompressible New-
tonian fluids with power-law dependence of viscosity on the pressure. This is not
a surprise since the governing equations corresponding to steady motions of incom-
pressible Newtonian or UCM fluids with/without pressure dependent viscosity are
identical. It is important to point out the fact that the dimensionless steady solutions
given by Eqgs. (4.2) can be directly obtained from the corresponding boundary value
problems. They correspond to the fluid motion induced by the lower plate that is
moving in its plane with the constant velocity U.

4.2. Case a — 0 (Flows of ordinary incompressible UCM fluids)

The governing equation corresponding to unsteady motions of incompressible
ordinary UCM fluids between infinite horizontal parallel plates, namely
Puly,t)  uly,t) _ 9ul(y,t).

Ve ot a2

0O<y<l1, t>0, (4.3)
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is obtained making v — 0 in any one of the equations (2.12) or (2.14). Consequently,
the velocity fields wocp(y,t) and uosp(y,t) corresponding to unsteady motions of
these fluids generated by cosine, respectively sine oscillations of the lower plate can
be obtained as limiting cases of the solutions wu,(y,t) and wusp(y,t) given by Egs.
(3.12), (3.13) or (3.20), (3.21). Using the well known asymptotic approximations

Ju(2) = \/gcos {z — W] ’

Y, (z) = /£ sin [z— W} for z>>1,

in Egs. (3.20) and (3.21), it is easy to show that for small enough values of the
dimensionless pressure-viscosity coefficient o

- i)
Saly—1)+1 Sm{“f{l—mﬂ
sin{“f[l—mﬂ
Jaly— 1D + 1 sin{‘ﬂf[l—m}}

Now, using the Maclaurin series expansions for [1 + a(1 —)]>/* and (14 )3/ in
Egs. (4.5) and (4.6) and taking their limits when a — 0, we get the permanent
solutions

(4.4)

et (4.5)

Usp (Y, t) = ewt % (4.6)

3/4

woep (3 1) = Re {W} |
(4.7)
sin|(1— .
wouplyt) = T { U e |

corresponding to the incompressible ordinary UCM fluids performing the same mo-
tions. To the best of our knowledge, the solutions given by Eqs. (4.7) are also new in
the literature. As expected, making o« — 0 in any one of the equalities (4.2) or w — 0
in Eq. (4.7)1, the steady velocity field uncp(y) = 1 — y corresponding to the simple
Couette flow of incompressible ordinary Newtonian fluids is recovered.

4.3. Case We — 0 (Flows of Newtonian fluids with pressure-dependent viscosity)

By now letting We — 0 in all results that have been obtained in the third
section, we recover the dimensionless permanent solutions corresponding to the two
types of incompressible Newtonian fluids with power-law dependence of viscosity on
the pressure performing the same motions. More precisely, the permanent velocity
fields wuep(y, t) and usy(y,t) given by Egs. (3.12), (3.13) and (3.20), (3.21) take the
simplified forms [6]

(4.8)

uNCP(yvt) =Re { [a(l — y) ha 1]” — [Oé(l - y) + 1]TS eiwt} ,

@+ )" —(a+1)”
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Unsp(y,t) =Im { (1 _(3/03::11;1: : Eoofé(i_l)ﬁiz +1] eiwt} ’ (4.9)

respectively

UNep(Y,t) =

VT Re { vy (B ) vy (e o) -y (25 ) vy (4 v=ior) eiwt} (4.10)

v ¥y (252) 7y (35 v=isb) 7y (D52 ) vy (45 v=iw) ;

unsp(y,t) =

Vil { vy (527, (42 vior) - Jy (B2 vy (45 v=ier) eiwt} (4.11)

v Yy (B 7y (82 v=iwb) -y (R vy (42 v=iwb) ;
where r3 4 = ZlEyIHdiv/a?

5. Numerical results, discussion and conclusions

Generally, starting solutions corresponding to oscillatory motions of fluids can
be presented as sums of their permanent and transient components. As it is known,
the transient solutions tend to zero for increasing values of the time ¢. Consequently,
the transients disappear in time and in practice it is important to know the time after
which the fluid flows according to the permanent solution. This is the required time to
reach the permanent state. To determine it, for a given motion, at least the permanent
solution has to be known. This is the reason that we established here closed form
expressions for the permanent solutions corresponding to some oscillatory motions of
two types of incompressible UCM fluids with power-law dependence of viscosity on
the pressure.

These expressions have been also used to determine the similar solutions (4.2);
and (4.2)y for the simple Couette flow of the same fluids and to provide the cor-
responding solutions from Eqs. (4.8)-(4.11) for ordinary incompressible UCM fluids
performing the same motions. In addition, as a proof of their correctness, known
solutions for the incompressible Newtonian fluids with power-law dependence of the
viscosity on the pressure performing the same motions have been obtained as limiting
cases of present solutions.

In order to get some physical insight of results that have been here obtained,
as well as to certify their correctness, Figs 1-4 have been prepared for different val-
ues of the physical parameters and the time ¢. Figs. 1 and 2 clearly show that, as
expected, the starting solutions u.(y,t) corresponding to the motion of the two types
of incompressible UCM fluids with power-law dependence of viscosity on the pressure
induced by cosine oscillations of the lower plate converge to their permanent compo-
nents uep(y,t) given by Egs. (3.12) and (3.20). Furthermore, from these figures it also
results that the required time to reach the permanent state diminishes for decreasing
values of the Weissenberg number We. Consequently, the permanent state is rather
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obtained for oscillatory motions of Newtonian fluids as compared to UCM fluids with
power-law dependence of viscosity on the pressure.
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FIcure (1) Convergence of starting solution u.(y,t) (numerical so-

lution) to its permanent component u.,(y,t) given by Eq. (3.12) for
a=0.95, w = 7/12 and two values of We.

In the subsection 4.2 we analytically proved that, if the dimensionless pressure-
viscosity coefficient @ — 0, the permanent solutions u.,(y,t) and wug,(y,t) given
by Egs. (3.20) and (3.21) tend to the permanent solutions woep(y,t), respectively
uosp(y,t) corresponding to the ordinary incompressible UCM fluids performing the
same motions. For completion, as well as for the results validation, Figs. 3 have been
prepared to show the convergence of the other permanents solutions u.,(y,t) and
usp(y,t) given by Egs. (3.12) and (3.13) to uoep(y,t) and uosp(y,t). In all cases, the
fluid velocity smoothly decreases from maximum values on the lower plate to the zero
value on the stationary wall.

The time variations of the dimensionless mid plane velocity fields uc,(0.5,1)
and us,(0.5,¢) given by Egs. (3.12) and (3.13) have been depicted in Figs. 4 for
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FIGURE (2) Convergence of starting solution u.(y,t) (numerical so-

lution) to its permanent component u.,(y,t) given by Eq. (3.20) for
a =0.95, w = 7/12 and two values of We.

w = 7/12 and We = 0.2 and three different values of the pressure-viscosity coefficient
a. The oscillatory specific features of the two motions are better underlined and the
oscillations’ amplitude diminishes for decreasing values of the parameter «. As it was
to be expected, the order of magnitude of the oscillations’ amplitude is the same for
both motions and the phase difference is clearly observed.
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