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Existence, attractivity and controllability results
for integro-differential equations with state-
dependent delay

Imene Medjadj (%, Abdelkrim Salim (© and Mouffak Benchohra

Abstract. The objective of our research is to investigate the existence, attractiv-
ity and controllability of solutions for integro-differential equations with state-
dependent delays. We employ a fixed point theorem to establish the existence of
these solutions, while also utilizing the concept of measures of noncompactness.
In the last section, we give an example to show that the assumed conditions can
be verified and to illustrate our results.
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1. Introduction

Many branches of sciences such as physics, fluid dynamic, biology and chemistry are
described and characterized by integro-differential equations. The study of integro-
differential systems has captured the interest of many researchers. Grimmer was an
early pioneer in this field, making significant contributions to the understanding of
these complex systems through the use of resolvent operators. His work established
the existence of integro-differential systems and provided critical insights into their
behavior and dynamics, as documented in several of his papers [20, 21]. Resolvent op-
erators are mathematical tools that help analyze the properties of integro-differential
systems by expressing their solutions in terms of initial conditions and input functions.
These operators are particularly useful for examining the stability and controllability
of integro-differential systems. The existence, uniqueness, stability and controllability
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for various integro-differential problem with finite, infinite and state-dependent delay
have been studied by many researchers, see [4, 12, 15, 16, 18|.

In 1930, Kuratowski [25] introduced the notion of a measure of noncompactness,
which has been proven invaluable in functional analysis, particularly in metric fixed
point theory and the theory of operator equations in Banach spaces. Moreover, this
concept plays a crucial role in exploring the existence of solutions across various types
of equations, including ordinary and partial differential equations, as well as integral
and integro-differential equations. More detailed information on this approach can
be found in the works of Akhmerov et al. [2], Benchohra et al. [9, 10, 13, 14, 15],
Banas$ [4, 5, 6, 7].

Controllability theory is essential for understanding the behavior and dynamics
of abstract control systems. Its primary goal is to identify a suitable control function
that can guide the system’s state to a desired final state. Exact controllability refers
to the ability to steer the system precisely to the target state, while approximate con-
trollability involves guiding the system to a neighborhood arbitrarily close to the final
state. Due to the inherent uncertainty or imprecision in real-world systems, approxi-
mate controllability is often more practical and desirable. Over the years, numerous
researchers have examined the approximate or exact controllability of control systems,
resulting in a several published studies [8, 11, 19, 26, 27, 29, 30].

This study is dedicated to demonstrating the existence, attractivity and con-
trollability of the solutions for an integro-differential equation. Our analysis will be
conducted within the Banach space of real functions that are defined, continuous, and
bounded over the real axis R. Specifically, we will address the following problem:

)
2(0) = A2(0) + / B(S — s)z(s)ds + (5, 2.0,
0
) (1.1)
/ C(0,5, 2p(s,2,)) ds),5 € R :=1[0,400),
0

z(6) = w(d), ¢ € (—o0,0],

where (S, |-|) is a real Banach space, ¥ : Rx QxS — $is given function, ¢ : I'xQ — &
is a continuous function with I' = {(6,s) € ® x R,§ < s}, A is the infinitesimal
generator of a Cy-semigroup (Y(d))s>o on I, and B(J) is linear closed operator on
S with D(A) € D(B), w € Q. p: R x Q — R, Q is the phase space which will be
defined later. For any function z defined on R and any § € R, we denote by z5 the
element of £ defined by

zs(x) = 2(0 + x), x € (—00,0].

Next, we study the controllability of the following problem:

s
Z'(6) = Az(6) + /0 B(6 — s)z(s)ds + U (8, 2y(5,25)
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5
/ C(0, 8, 2p(s,2.)) ds) +Cu(d),a.e. § € R, (1.2)
0

2(0) = w(d), § € (—o0,0],
where u € L?(R, H) is the control function, H is the Banach space of admissible
control functions and C is bounded linear operator from H to &

The following is the structure of our paper. In Section 2, we begin by presenting
some background and preliminary information. Section 3 delves into the study of the
existence of mild solutions for the system (1.1). Building on this basis, we move to
Section 4, where we establish adequate requirements for the system’s attractivity. In
Section 5, we delve to the study of the controllability of (1.2). Finally, we offer an
example as a sample application to highlight the practical relevance of our findings.

2. Preliminaries
By k we denote the Banach space of all bounded and continuous functions from R

into & with
1[Ik = sup [(5)]-
d€eR
By k we denote the Banach space of all bounded and continuous functions from
into & with
[ 2llz = sup|2(d)].
seR

By B we denote the Banach space D(A) with

Izlg = [l Azl + |I=]l, = € B

Now let us recall some information about partial integro-differential equations and
resolvent operator.
We consider the following problem :

2'(6) /B — s)z(s)ds,for 6 > 0, (2.1)

20)=20€S
Definition 2.1. [20] A resolvent operator for problem (2.1) is a bounded linear operator
valued function R(6) € L() for § > 0, satisfying the following properties:
1. R(0) = I(identity map of ) and |R(8)|| < MeP°, for some constants M > 0

and B € R.
2. For each z € S, R(0)z is strongly continuous for 6 > 0.

3. For any z € §, R(-)z € C1([0, +00), 3) N C([0, +00), B) and
s
R'(8)z = AR(5)2+/ B(§ — s)R(s)zds = Az+/ R(6 — s)B(s)zds for § > 0.
0

The existence of resolvent operator has been discussed in [20, 21] under the
following assumptions.
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(R1) A is the infinitesimal generator of strongly continuous semigroup (1(6))s>0 on

R}

(R2) For all § > 0, B(d)z is closed linear operator from D(A) — < and B(d) €
L(B,S). For any z € B, the map § — B(J) is bounded, differentiable and the
derivative § — B’(§)z is bounded uniformly continuous on R¥.

Theorem 2.2. If the condition (Ry),(R2) hold, then the problem (2.1) has a unique
resolvent operator.

Now let us recall some fundamental facts of the notion of Kuratowski measure
of noncompactness.

Definition 2.3. [2, 5] Let S be a Banach space and Qg the bounded subsets of . The
Kuratowski measure of noncompactness is the map s : Qg — [0,00) defined by

%(3) =inf{e >0: 3\ C U 3\1 and diam(gi) < €}; here 3 € QOg,
i=1
and verifies:

. %(3) =0& 3 is compact (3 is relatively compact );

~

»(convl) =

e o o o o
X
W
+
<
IA
N
<
+ X

Here, 3 and convg denote the closure and convexr hull of bounded set 3, respectively.

Lemma 2.4. Let D be a bounded subset of . Then, for each € > 0, there exists a
sequence {U,}22 , C D such that

#(D) < 2x({Un};2) + e

Lemma 2.5. If {U,}5°, C L' is uniformly integrable, then the function § —
#2({Un(8)}22,) is measurable and

4 )
%<{/ Un(s)ds}> < 2/ 2 ({Un(5)}22)ds.
0 0

For any arbitrary nonempty bounded subset D of the space k and a function h,
we define

1> (h, €) = sup{||h(6) — h(s)[[;6,s € R, [0 — s| <€},
and
1°(D.¢) = sup{s*(h,e):h € D}, 53"(D) = lim (D, ).
Now we consider
5o (D) = Jim sup{(D(8)) : 6 € [0.7]},

diamD(6) = sup{[|z(d) — y(d)[ls : =,y € D},
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¢(D) = lim diamD(0).
d—00
Finally, we can consider the following function »* define by:
#"(D) = 1g°(D) 4 #00(D) + (D).

The function »* is a measure of noncompactness in the space k, for more details see
for instance [3].

Now we give the definition of a Meir-Keeler contraction.

Definition 2.6. [28] Let (X,d) be a metric space. A mapping N on X is called a
Meir-Keeler contraction if, for each € > 0, there exists A > 0, such that

e <d(z,y) <e+A=d(Nz,Ny) <e, forallzyeclX.

Definition 2.7. [1] Let Y be a nonempty subset of Banach space S, and u be a measure
of noncompactness on . An operator N : Y —'Y is called a Meir-Keeler condensing
operator if, for each € > 0, there exists A > 0, such that e < () < e+ A= pu(NQ) <
€, for any bounded set ) of Y.

Now we give the fixed point theorem with respect a Meir-Keeler condensing
operator.

Theorem 2.8. [1] Let D be a nonempty, bounded, closed, convexr subset of a Banach
space . and p be an arbitrary measure of noncompactness on . If N : D — D is a
continuous and Meir-Keeler condensing operator, then N has at least one fized point
and the set of all fized points of N in D is compact.

In this segment, we will utilize an axiomatic definition of the phase space 9 as
introduced by Hale and Kato in [22]. We will adhere to the terminology employed in
[24]. Consequently, (9, - |q) will constitute a seminormed linear space of functions
that map (—o0,0] into & and adhere to the specified axioms:

(A7) Ifto : (—00,¢) = S, ¢ > 0, is continuous on R and wy € 9, then for every § € R:
(i) s € Q
(i) 37, > 0 such that |w(8)| < 1y |ws]la ;
(iii) 3 ZAQ()JAg() Ry — R, independent of o with I, continuous and bounded,
and 73 locally bounded where:

sl < L2(8) sup{ [w(e)| : 0 < o < 6} +13(8) o |a-

(Az2) For the function w in (A4;), tos is a Q—valued continuous function on R.
(A3) The space £ is complete.

Denote

o~

5 = sup{l2(8) : 6 € R},
and
= sup{l5(6) : 6 € R}.

o~
w



276 Imene Medjadj, Abdelkrim Salim and Mouffak Benchohra

3. Existence of mild solutions

Definition 3.1. We say that a function z € k is a mild solution of problem (1.1) if
2(0) = w(d),6 € (—o0,0] and

5 s
2(5) = R(5)TD(O) +/ R((S - 5)\1/(37 Zp(s,zs)a/ C(sv 97 Zp(a,zg)) da)ds» a.e. 6 €.
0 0
(3.1)
Set
Ap™) ={plo,@) : (0,) € R x Q, p(o,w) < 0}
Let p: R x Q — R be continuous and:

(ECx) The function § — s is continuous from A(p~) into 9 and there exists a con-
tinuous and bounded function U% : A(p~) — (0, 00) where

lws|| < UBZ(0)||w]| for every d € A(p™).

Remark 3.2. The condition (ECy), is frequently verified by functions continuous and
bounded. For more details, see for instance [24].

Lemma 3.3. [23] If z : R — S is a function such that zo = w, then

Izl < (I + U%)l|wlla + L sup{z(x)|; x € [0,maz{0,0}]}, 0 € A(p™) UR,

where U% = sup U7(9).
deA(p™)

Let us introduce the following hypotheses:

(EC1) A: D(A) C S — S is the infinitesimal generator of a uniformly continuous Cp
semigroup (1())s>o-

(EC3) The conditions (Ry), (R2) hold, and there exist constants M > 1,«a > 0 such
that

sup{||R(0)|| p(g) : 6 > 0} < Me™*°.

(EC3) The function ¥ : £ x Q x I — $ is Carathéodory and satisfies the following
conditions:
i) There exists a function k; € L!(R), such that :

W00, z,y) =¥, 2%, y")|| < k() ([l — 2" + ly —y*[), 0 € Rz, 2" € Q,y,9" €T,

ii) For each § € R, we have and

s

lim sup/ e 0=k (5)ds = 0.
d=005eR Jo

iii) For each bounded set D; C Q and Dy C S, and each § € & we have

#(W(6,D1,D2)) < k1(9) [ G(Sllp ) #(D1(0)) + #(D2)
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(ECy) i) There exists a function ko € L*(R) such that:
1€(0,'s,2) = €(8, 5, 27) || < ka(s)llz — 27,

for each (d,s) € I' and for all z, z* € Q.
ii) For each bounded set D C 9, we have

#(C(8,5,D) < k2(9) s #(D(0)).

Remark 3.4. We denote by
ki = kil 22 (w)
for

)
i=1,2, V"= Sup/ U(s,0,0)ds, ¢* = sup{[|¢(d,5,0)[, (d,5) €T}
ser Jo

Theorem 3.5. Assume that (ECy) — (ECy), (ECy) hold. If SMIxk; (1+k3) < 1, then
the problem (1.1) has at least one mild solution on k.

Proof. We transform the problem (1.1) into a fixed point problem. Consider the op-
erator = : k — k defined by :

w(d), ifd € (—o0,0],
E(z) := 5 s
R()w(0) —|—/ R(6 — s)\Il(s,zp(S_,zS%/ (5,0, 25(0,29))d0)ds, if 6 € R.
0 0
Let ¥(-) : R — < be the function defined by:
w(9), if § € (—o0,0];
9(8) =
R(0) w(0), ifdeR.
Then ¥y = w. For each h € k with h(0) = 0, we denote by h the function
0; if & € (—o0,0];
(0) = ,
h(d); ifdeR.

If z satisfies (3.1), we can decompose it as z(6) = h(d) + ¥(d), 6 € R, which implies
25 = hs + U5 for every § € R and the function h(-) satisfies

h

5
h(5) :/ R(5 — S)\I/(S, hp(s)hs+195) + ﬂp(s’hs+195),
0

/ C(Sv 67 hp(s7hs+19s) + ﬁp(@,h9+193))d0) ds.
0
Set
Ro = {h €k h(0) =0},
and let
||h||]ko = sup{|h(d)| : § € R}, h € ko.



278 Imene Medjadj, Abdelkrim Salim and Mouffak Benchohra

ko is a Banach space with the norm II-1lg, -
We define the operator A : kg — kg by:
0, ifs<o0,
s
A(h)(8) = /0 R(§ — S)\I/(S, hp(s’hSJrﬁs) + ﬂp(s’hSJrﬁs),

S

(5,0, Pp(0.hg199) + V(0.5 +0))d0)ds,if § € R,
0

The operator A maps @0 into ﬁo, for each 6 € R we have

|A(R)(3)]
< II/ (85 Pop(s,hat9) T Dps,hatvs)s
/0 (850, hp(o,ho+00) T D p(6,ho+00))d0)
— U(s,0,0) + ¥(s,0,0)]ds||
5
<M / ey () By 9,) + Dp(on 10 s
o s
+M/O e—a<5—s)k1(s)||/0 (C(5:0, hp(@.no+05) + U p(6.ho+95))
~ C(5,6,0) + C(s,0,0))d6]ds
)
+M/ e=a(=9) W (s, 0, 0)]|ds.
0

Thus,

)
A <3 [k (e 10y + Dyt
) s
0[O (s) [ a(O) om0 + D00
+M/ A=) (s / 1< (s,6,0)|d0ds

+M/ 0= w(s,0,0)]|ds.

Then,

|A(h)(0 |<M/ ~ O (5) (2 lh(s)| + (I + UF + LMe™*h)[[w]l))ds

Y, / 5=}, / ka(0) (Bl (0)

+ (15 + U= + LMe %) ||w||a)dods
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é s
+M/ e*a@*S)kl(s)/ ¢ (s,6,0)|d0ds
0 0
é
+M/ e =91 W(s,0,0)| ds.
0

Let C = (lAg, + 07 +Z\2MZ\1)||'{A_]||Q Then, we have
JAR)(9)] < MEiT|Ihllg, + MCik; + Mkikshs||h]lg,
+ MCWETR + MECH + MU .= C* < C*.
Hence, A(R)(6) € Ko.
MCykt + MC kRS + ME{C + MU*

1— MET(1+ k3)
closed ball in kg centered at the origin and of radius t. Let z € o, and § € R. Then,

|A(2)(8)| < Mkilor + MCykf + METk3lor + MO kK + MEICH + MU*
Thus,

Let v > 0 be such that ¢t >

, and o, be the

INAZ) (), <,
then A(o.) C 0.
The proof can be given by following steps.

Step 1: A is continuous.
Let {h"},en be a sequence such that A" — h in o,. Firstly, we are going to study
the convergence of the sequences (hZ(s hn))n€N7 seR.

If s € R is such that p(s, hs) > 0, then we have,

9

a < hpenny = hospmlla + 1o nmy = hgs,n)

< l2||hn - h”at + th(s,hfj) - hp(s,hs)
which proves that hg(s’h?) — hy(s,n,) in Q as n — oo for every s € R such that
p(s, hs) > 0. Similarly, is p(s, hs) <0, we get

||hg(s,hg) - hp(s,hs)

95

th(s,h;") - hp(s,hs)HD = ||¢g(s,hg) — Pp(s,h)lla =0,

which also shows that hZ(s hny = hp(s,hy) In 0 as n — oo for every s € R such that

p(s, hs) < 0. Using the previous arguments, we can prove that hZ(s hy) ¢ for every
s € R such that p(s, hs) = 0.

|A(R™)(3) — A(h)(0)]
5
< /o R(6 — s)¥ (s, hos.hnt9.) + Dps,pnto.)s

/0 (s, 90, hﬁ(e,hgws) + ’9p(0,hg+ﬁe))d9)d5
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/ R(6 — $)U (s, hy(s,ho+9.) T Pp(shets)s
/ C S 9,hp(9,h6+199) +’L9p(97h9+199))d9)d5”
<M/ Gl S)H\I/ svhp(sh”+19 )+19p(sh"+19 )s

/0 (5,0, hiyg nn 495y T Vo, hy+09))d0)ds
W (s, hp(s,nyt9.) + ﬁp(s,herﬁs)a/O C(5,0, hpo,ng+00) U p(0,h0+06))d0) ds]|.

Then by (EC3) and by the Lebesgue dominated convergence theorem we get,
[A(R™) — A(R)|lg, — 0, as n — occ.
Thus A is continuous.

Step 2: A(o.) is equicontinuous. Let B = [0,b] be a compact of [0, +00), for

b>0.
Let 61,02 € B, with d5 > 01, we have

|A(h)(61) — A(h)(62)]

o1
< |/ R(61 = 8)¥ (8, hp(s,no+0,) + Vp(s,h+0.)s
0
/0 C(8,0, hp(o,ne199) + ’l9p(0,h9+199))d9) ds||
P
- / R(82 = 8)U (8, hp(s,nut0.) + Dp(s hato,)s
0
/0 C(8,0, hp(o,ne199) + ’l9p(0,h9+199))d9) ds||
01
< [T URGL— 5) ~ B = o oo 0 + D00y
0

/0 C(S, 0, hp(97h9+199) + ’190(9»}?'9+199))d9)
— U(s,0,0) + ¥(s,0,0)|ds
P
+ /{; HR((SQ - S)|||\II(57 hp(s,hs+195) + ﬁp(s,hs+195)7
/0 C(S, 0, hp(97h9+199) + ’l9p(0,h9+199))d9)
— U(s,0,0) + ¥(s,0,0)|ds

51 R
< / IRy — 5) — R(0s — 5)|[k1(s) (ot + C1)ds
0
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01
+/0 [R(01 — 5) — R(62 — s)|[[|W(s,0,0)]|ds
01 s N
+/0 IR(5, — 8) — R(62 — s)||k1(s)/0 ko (0) (It + Cy)dOds

o1 s
+ / IR, — 8) — RS — 9)|[k1(s) / 1¢(5.0,0)]|d0ds

52 ~
+M e™ 027y (5)(lot + Cy)ds
01
b2
far [ e o) w(s,0,0) s
01

5o s 7
M e~ 2= (s) / k2(0) (ot + C1)dbds
51 0

52 S
P [ g () / I¢(s,6,0)[|dods.
51 0

By (ECy), |A(h)(61) — A(h)(82)| — 0 as 6; — d2. Then A(o) is equicontinuous.

Step 3: We show that A : o, — o, is a Meir-Keeler condensing operator.
For D C ¢, A(D) is bounded. Then there exists a countable set D, = {h, }>2; C D.

Claim 1. Using the fact that A(c,) is equicontinuous and by the definition of
e (), we get that
15" (A(D)) = 0.

Claim 2. We have
§
AAD)) < 2] | R =W 0 + Dotz s0.)
S
/0 C (50, W30 hyr0s) + Dp(o,ng+00))d0)ds )~ ) + €

§
§4l2M/ e "k (s)( sup  #(Do(0))(s)
0€(—00,0]

0
+ %(/U C(:0, B30 g r09) T Vp(6,np+00))d0) ds) + €

)
< AM / eoB=k(s) sup  (Do(o))ds
0

0€(—00,0]

+8l,M /Oéea(és)kl(s)( /Oskg(a) sup  2(Do(p))db)ds + €

0€(—00,0]

5
< 8l2M/ e O () (1 4+ k3)  sup  2(Do(p))ds + e.
0 QE(—O0,0]
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Then since € is arbitrary, we get

#(A(D)(0)) < 8MIski(1+k3) sup (Do)

QE(—O0,0]
Then, 3., (AD) < 82\2Mkf(1 + k3) 350 (D).
Claim 3. We have
|h(6) — b (5)]
8
<[ RG = 9(sanro + e
0
/0 C(& 0, hp(9,h9+199) + ﬁP(91h9+790))d9)
5
— /0\ R(5 — S)‘ll(s, h:;(s,h_’;+’l93) + 19p(s,h:+195)7
/0 C(s’ 0, h;(ewhEJﬂ%) + ﬁ;(97h9+199))d0) ”

s
< M/o €_a(5_s)k1(3)th(s,hsws) + Dp(s,het9.) = Pp(s,nr 0,y — Up(s,hz+v,)llds

é s
3 [ eI (6) [ Ra(O)l a0y + T o
0 0
= oo, ns+95) — Vp(0,;+0) l|dOs

)
<M / ==k (YT ]h(s) — h*(s)|ds

0
5 s
+ M/ e*a“*S)kl(s)/ ko(0)12|h(0) — h*(0)|dOds.
0 0
Then,
o(AD) < (MK (1 + k3))e(D).
From Claims 1,2 and 3, we deduce that
" (A(D)) < 8(Mloki(1 + k3))s" (D).

For a fixed € > 0, set

A Lo 8LME (k)
SLMEN(L+ k)
We get that
€< (D) <e+ A= x"(AD)) < e.
That means A is a Meir-Keeler condensing operator, then using Theorem 2.8 we can
say that the operator A has at least fixed point, so the operator = : k — k has a fixed
point z(d) = h(d) + ¥(5) and the set of all fixed points of = in k is compact.
O
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4. Attractivity

In this section, we are going to study the attractivity of solutions.

Definition 4.1. [16] We say that the solutions of problem (1.1) are locally attractive
if there exists a closed ball B(£*,¢v*) in the space k, where £* € k, such that for any
solutions € and & of (1.1) belonging to B(&*,t*), the following convergence holds:

lim (£(s) = &(s)) = 0.

s——+o0o

When the limit is uniform with respect to B(£*,t*), we say that the solutions of (1.1)
are uniformly locally attractive.

Theorem 4.2. Suppose that the hypotheses (ECy) —(ECy), (ECy) hold. If 8MlAng(1 +
k3) < 1, Then the solutions of problem (1.1) are uniformly locally attractive.

Proof. Let h* be a solution of (1.1), for h € B(h*,t*), by (EC}) — (EC4), we have

IA(R)(8) — B (S)]l
= [lA(R)(9) = A(R) (9]

<M/ ~a(6=9) k) (s)Talh(s) — h*(s)|ds
M / A=) (s) / ks (0)1a|h(6) — h*(6)|d0ds

<M/ *(0=5) k) (5)lor* derM/ @(0=9)k, (s )/ ko (0)lyt* dbds
0

< (Mlzlﬁ(l + k3))c"
<rt*.

Then A(B}) C B;.
For each h,h € B(h*,v*),d € [0, +00), we have :

1h(8) = h(d)]
= [A(R)(6) — AR) )]

< M/ ~a(-);, (s)Ta|h(s) — (s)|ds
+M/ —a(d-s) / k2 (0)12|h(0) — h(6)|dbds
< Mlpt* / e O~k (s)ds + Mlyc* k2/ —a0=8)k (s)ds.
0 0

We conclude that ||h(8) — h(8)| — 0, as § — co. O
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5. Controllability

Definition 5.1. The system (1.2) is said to be controllable if for every initial function
w(8) € Q, and Z € S and for v € R, there is a control z € L*([0,7],S), such that the
mild solution z(-) of the problem (1.2) satisfies the condition z(y) = Z.

Let us introduce the following hypotheses:

(ECs) (i)For some 7 € N, the linear operator 20 : L2([0,~], H) — S is defined by
8!
Wz = / R(y — s)Cu(s)ds,
0
has a pseudo-invertible operator 20~ which takes values in L?([0,4], H)/Ker23
(ii) There exists positive constants M and M; such that :

IC]| < My and |27} < Ms.

(iii) There exists a function k3 € L*(R), and a positive constant k4 such that for
any bounded sets D C &, and D' C H, we have

((W'D)(6)) < k3(8)5(D),

and
#(C(D")) < ka(D'(9)),
where § € R.
Remark 5.2. We denote by k35 = ||k3|[11(%)-
Theorem 5.3. Suppose that the hypotheses (ECy) — (EC5), (ECy) hold and
8Mly (K + k3k3) (1 +yMaMiM) < 1.
Then problem (1.2) is controllable.

Proof. We define a control

N gl s
Uy = m_l (/Z\_ R(V)W(O) - / R<7 - S)\II(Sa Zp(s,zs)v/ C(sa 9, zp(G,ZQ)d9>ds>)(6)
0 0
Now we shall show that the operator = : k — k defined by :
w(d), if e (—o0,0],

) s
E(2) == 4 R(6)w(0) +/ R(§ — S)W(S,ZP(S’ZS),/ (5,0, 2p(0,29))d0) ds
0 0
5
+/ R(6 — s)Cuy(s)ds, if § € R,
0

Let 9(-) : R — <& be the function defined by:
w(9), if § € (—o0,0],
5) =
R($) w(0), ifdseR.
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Then ¥y = w. For each h € k with h(0) = 0, we denote by h the function
0;  ifd e (—o0,0]

(0) = ,
h(d); ifdeR.

If = satisfies (3.1), we can decompose it as z(d) = h(d) + 9(d), d € R, which implies
z5 = hs + U5 for every § € R and the function h(-) satisfies

h

§
h(§) :/ R((S - S)\I/(S, hp(s,hs-i-ﬁs) =+ ﬂp(s,hs-i-ﬁs)a
0

s é
/ C(s,@,hp(s,hs_ws) + 19p(9,h9+190))d9)d8 +/ R(6 — s)Cup49(s)ds,d € R.
0 0
Set
ko = {h € k: h(0) = 0},
and let
[h]lz, = sup{|h(8)| : 6 € R}, h € ko.

ko is a Banach space with the norm II-1lg, -
We define the operator A : ﬁo — ﬁo by:
0, ifd<o0,

5
/ R(6 = 5)U (8, hy(s hoto.) T Dp(shat0.)s
OS

C(5,0, Pp(0.hg109) + V(0,1 +95))d0) ds,

)
+/ R(0 — s)Cupto(s)ds, ifd e R,
0

The operator A maps ﬁl&o into ko, for each 6 € R we have

[unto0(s)]
. ~ 4
< |Qﬂ71(2_ R(’)/)W(O) + /0 R(’}/ - 6)\11(57 Zp(6,25)a/0 C((Sa 05 Zp(&zg))da)dt) (S)|
Y
< My|Z] + M ||| + /O IR(y = k1O Pp(5,hs+05) T 0 p(5,hs+05) | dE
Y
+ [ IRG - 5)2.0,0)1d8
0
¥ §
+ / IR(y — 6) [k (5) / ko O om0 001 + D 010 00|05
0 é
+ [ IR = 8k (6) / ¢(6.6,0)/|d0ds)(s)
0 0

LIPS

< My[|2] + M [lrogll + ME] / Bl + (s + 0 + BhMe T[] a))dd
0
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v ~ ~ ~ o~
+M\1/*+Mk;/ ko (0) (T 1(8)] + (Is + OF + I My)||w||a)d0ds + MEIC])
0

< Ma[|Z] + My ||vos]la + MU* + MEIC* + nMk; (a||h]| + C1)
+nME; kS (||| + C1)] = Ca.
Then,

)
AR)(8)] < | / R(5 = )0 (5, hygopsm) + Do),
/0 <(57 07 hp(@,h9+199) + ﬁp(@)h9+ﬂ9))d0) dS”

5
+ | / R(§ — 8)Cupyo(s)ds|
0
Then, we have
[A(R)(6)] <MD ||hllg, + MC1k; + ME; k3l | hlly, + MCikiks
+ Mo M M||Z] + MEH\'U&HQ + MU*
+ ME;C* + nME; (1|8l + C1) + nMk; k3 (12| B + C1))
<C* 4+ M{MCy := Cs
<Cjs.

Hence, A(h)(8) € ko.

Let t > 0 be such that

Mo My M[|Z|+MU ||[ws||a +ME* + MEF ¢ +n MOk (14k3)]+ MC1 kT + M C1 k] kS
1—-Mligkt (14+k}k3)—yMa M1 M212k} (14-k3) ’

v 2
and o, be the closed ball in ﬁ(:o centered at the origin and of radius z. Let z € o, and
0 € ®. Then,

|A(2)(6)] < ME Tyt + MCykT + METkilor + MCy KT kS
+ MaMy M[|Z] + M1y ||ws|la + nME: (Iyx + Cy)
MU+ MESC + nMEE (e + C)
Thus,
A )z, <,
then A(o:) C oy.

The proof can be given by following steps.

Step 1: As in the proofs of Theorem 3.5, we can prove that A(h)(4) is continuous
and A(o,) is equicontinuous on any compact B = [0,b] of [0, +00), for b > 0.
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Step 2: We show that A : o, — o, is a Meir-Keeler condensing operator.
For D C o, A(D) is bounded. Then there exists a countable set Dy = {h,}52; C D.

Claim 1. Using the fact that A(o) is equicontinuous and by the definition of
(), we get that ng°(D) < n°(AD) = 0. Then n5°(D) = 0.

Claim 2. We have

5
#A(D)(9)) < M / IR s Do(o))ds e

4
+ 4Mky / e 0= kg (s)
0

%({/ R(v—é)\IJ(s,zp(s)zs),/O C((S,s,zp(g)z(?))dﬁ)déds}:io)

<8l2M/ A=k (s)(1+k3) sup s(Do(o))ds + €
0€(—00,0]

+4Mk4/ o= o () Mpkr (s)(1+ 2k2)  sup  s¢(Do(0))ds
0

0€(—00,0]

)
< ShM / == ($)(1 + k3) + haks (s) Mnks (s)(1 + £3)
0

x sup #(Do(0))ds.
0€(—00,0]

Then,

#(AD)(S) < SMboki(1+ k) + kakiMnki(1+k}) sup 3(Do(0)) + e
96(700»0]

We have
500 (A(D)) < [8Mlok (1 + k3) + kaky Mnk (1 + k3)] o0 (D).
Then, 5 (A(D)) < L1375 (D).

Claim 3. We have
[h(6) — h™(5)]
< | R((S - 8)\11(8, hp(s,h5+195) =+ ﬂp(s,herﬁs)a

/ C(8:0, Pp(s,ne0,) T Vp(0,ho+00))d0) ds
0

5 s
—|—/ R(§ — s)Cupyg(s)ds — / R(6 — 5)¥ (s, h:(svhl‘ﬁ-ﬁs) + V(s nr 495
0 0
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/O C(S’ 9’ h:(s,h;‘-‘rﬂs) + 7‘9P(9xh5+‘99))d9)d8|
4
+/ R(§ — 8)Cup»yo(s)ds
0
6 o~
<M / e~ 0=k ()la|h(s) — h*(s)|ds
0
5 s .
+M / e 0=k (s) / k2(0)l2|h(0) — h*(0)|dOds
0 0
§
+M1M2M/ e =) ME (s)la|h(s) — h*(s)|ds
0

) s
b MMM / e=C=5)p Mk (s) / ks (0)a|h(8) — h*(0)]d6ds.
0 0
We have ¢(AD) < [Mlgkf(l + k3)(1 + My MoMn)|e(D). Then, ¢(AD) < Laoc(D).

From claim 1,2 and 3 we deduce that
#*(A(D)) < Lys*(D),
where Ly = max (L1, Ls). So for a given € > 0, let A = %e. We get that
e<x'(D)<e+ A= x"(AD)) <e.

That means A is a Meir-Keeler condensing operator, then using the Theorem 2.8 we
can say that the operator A has at least fixed point, so the operator = : k — k has
a fixed point z(8) = h(4) + ¥(6) and the set of all fixed points of = in k is compact,
which mean that the problem (1.2) is controllable.

6. Example

We consider the following partial integro-differential problem

2
LIPS,

0
B (6,2) = @h(& x)+ agh(é, x) + bh(4, )

’ 0? 0

+ ; Y(0—s) {W(s, x) + a%h(s,x) + bh(s,x)

+ e-aé /—5 Sin(T)e—A(é,T)—Oé((S—T)
21(62+2) J_o (0+7)2+1

g —S
e—aé ln(1+e—5)e—a(6—5) COS(A(S,T))E—A(S,T)—a(s—T)
T 21742) /0 1+262+s2 B (5172 +1 drds,

h(8,0) = h(5,1), § € R, (6.2)
h(8,z) = ¢(8), & € (—00,0], z € [0,1], (6.3)

dr
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where Y : 8 — R is continuous, A : £ x R — R a continuous function. Let & =
L?(0,1), and A is an operator induced on ¥ define as

Ah = h" +ah’ +bh,a,b € R and, D(A) = H?*(0,1) N Hy(0,1).

From [17] we know that A is the infinitesimal generator of analytic Cy semigroup
(Y(d))s>0 on . Since the semigroup generated by A is analytic, then it’s norm con-
tinuous for § > 0. So the resolvent operator is operator-norm continuous for § > 0.
We define the operator B : & — S as

B(0)h =Y (§)Ah, ford > 0.
We assume that there exist 8 > 1 > 1 such that Y (§) < ée_ﬁ‘s, for all 6 > 0. Then,
Wehavele,azl—%.

Consider Q = BUC(R™, <), the phase space of bounded uniformly continuous func-
tions endowed with the following norm

[¢lla = sup ’ le(T)lls, ¢ € Q,

TE(—00,

and Iy = I3 = 1 let p(8,h)(z) = A(8,h(8 + 7, 2)). See [24] for more details.

‘We have also

e~ -4 Sin(,r)eff(5+7',m)fa(677) e— 0

(o = d 0

(8, 1.9) 21(52+2)/m G+r2+1 T+21(52+2)g(’z)’
(0,0, = MUEe e T [ el n e U,

= T
Y 14202 + 52 . (s+7)2+1 ’
and
e~ 1

kl ,kg = 111(2) = k;, ki =

T 21(6% + 2) 42

The problem (1.1) in an abstract formulation of the problem (6.1)-(6.3). Since (EC4)—
(ECy), (ECy) are satisfied, and SMZAQk’f(l—l—k‘;) < 1, then the problem (6.1)-(6.3) has
at least one mild solution on k, which is uniformly locally attractive.
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