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Properties of some univalent functions associated
with balloon-shaped domain

Trailokya Panigrahi () and Shiba Prasad Dhal

Abstract. This paper introduces a novel subclass of analytic functions defined by
the product of a modified sigmoid function and the lemniscate Bernoulli func-
tion. We initiate the study by deriving initial coefficient bounds for functions
within this subclass, followed by an investigation into several key analytic prop-
erties. Specifically, we establish the Fekete—Szeg6 inequality and analyze Hankel
determinants of various orders. Furthermore, the study provides estimates for the
logarithmic coefficients and establishes bounds for both the inverse coefficients
and the logarithmic inverse coefficients of functions in the subclass. This compre-
hensive analysis offers a significant contribution to the theory of analytic function
subclasses associated with the products of special functions.

Mathematics Subject Classification (2010): 30C45, 30C50, 30C55.

Keywords: Analytic functions, univalent functions, Fekete-Szeg6 inequality, Han-
kel determinants, logarithmic coefficients, logarithmic inverse coefficients.

1. Introduction

Let A denote the class of analytic functions f in the unit disk D ={z € C: |z| < 1}
normalized by f(0) =0 = f'(0)—1. If f € A, then f has the following representation:

fz)=z+ Z anz". (1.1)

Let S denote the class of all univalent (i.e., one-to-one) functions in A. For given
analytic functions f and g in D, we say f is subordinate to g in D and write f < g if
there exists an analytic function w with the property w(0) = 0 and |w(z)| < 1 such
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that f(z) = g(w(z)), (z € D). Moreover, if the function g is univalent in D, then f < g
if and only if f(0) = ¢g(0) and f(D) C g(D). A function f € A is called starlike (convex
respectively) if f(D) is starlike with respect to the origin (convex respectively). Let
S* and C denote the class of starlike and convex functions in S respectively. It is well
known that a function f € A is in §* if and only if

Re <Z;(S)) >0, forzeD.

Similarly, a function f € A is in C if and only if
2f"(2)
f'(2)
From the above it is easy to see that f € C if and only if zf' € S*. Given « €

(—7/2,m/2) and g € S*, a function f € A is said to be close-to-convex with argument
« and with respect to g if

Re(1+ >>0, for z € D.

!/
Re (emzf(z)) >0 forzeD. (1.2)
9(2)
Using the notion of subordination between two analytic functions, Ma and Minda
[19] introduced the more general class S*(¢) by

zh/(z)
(@) :=4h :
@)= {nea: T <o},
where ¢ is a regular function with a positive real part in D, with ¢(0) = 1 and

@'(0) > 0. In addition, the function ¢ maps ID onto a star-shaped region with respect
to ¢(0) =1 and is symmetric with respect to the real axis. Varying the function ¢ we
can obtain several familiar subclasses of the class $*(¢), and for details see [16] and
references within.

The classic Fekete-Szegtd problem [11] involves finding the exact limits of the
functional |a3 — pa3| for a compact-function family or f € A with any u € C; for
further details, one may refer to [27].

Pommerenke provided the following Hankel determinant in [21],[22], denoted by
Hgn(f), which contains the coefficients of a function f € S:

2% Ap+1 - Gp+tq—1
Gn+1 An42 ¢ An4q
Hq,n(f) = : : ., : )
An+4q—1 Qntq " (An42¢-2

with ¢,n € N:= {1,2,...}. Therefore, by altering the parameters ¢ and n we obtain
the following Hankel determinants:

Han(f) =

1 a9
az as

a2 ag

2
= Q204 — Q4.
as ay 204 3

That denote the first and the second order Hankel determinants. There are a few
references in the literature to the Hankel determinant for functions in the general
family S. The best-known sharp inequality for the function f € S is Ha ,(f) < k/n,
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where « is a constant, and it is due to Hayman ([12] Theorem 1). Additionally, for
the class S, it was found in [20] that

11
[H22(f)] <k, where 1§/€§§:3.66....

The precise bounds of Hankel determinants for a given family of functions have piqued
the interest of several mathematicians. For the three well-known subfamilies of the
set S that are C, §*, and R (convex, starlike, and functions of a bounded turning,
respectively), Janteng et al. ([13],[14]) computed the sharp bounds [Hz2(f)|. These
bounds are provided by

1

3’ for f €C,
[Hoo(f)| < {1, for feS*,

4

§, forfE'R.

Moreover, the sharp bounds of this determinant for a few subclasses S* and K were
found in [17] and subsequently studied in [9]. This problem was solved for various
families of bi-univalent functions in [2, 4, 15]. The logarithmic coefficients of f € S
are defined by

1og@ = Zivnz"l, (1.3)
n=1

where -, are known as the logarithmic coefficients. The logarithmic coefficients ~,, play
a central role in the theory of univalent functions. Very few exact upper bounds for v,
seem to have been established. The significance of this problem in the context of the
Bieberbach conjecture was pointed out by Milin in his conjecture. Milin conjectured
that for f € S and n > 2,

n m 1

> (’ﬁl%l2 - k) <0, (1.4)
m=1k=1

which led de Branges, by proving this conjecture, to the proof of the Bieberbach

conjecture [6]. More attention has been given to the results in an average sense [7, 8]

than the exact upper bounds for |y,|. For the Koebe function k(z) = e the

logarithmic coefficients are v, = % Since the Koebe function k(z) plays the role of
extremal function for most of the extremal problems in the class S, it is expected that
7| < % holds for functions in S. But this is not true in general, even in order of
magnitude. Indeed, there exists a bounded function f in the class S with logarithmic
coefficients v,, # O(n=°83) ([7], Theorem 8.4)). Now equating the coefficients of (1.3)
we obtain

as 1 a3 1 +1 3
= = = — | ag — — = — | a4 — asQ —Q
71 9 V2 5 3 ) V3 5 | 44 203 T 302 |,

1 1 1
"=3 (a5 — agay — iag + azaz — 4a§> . (1.5)
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The famous Koebe 1/4-theorem ensures that, for each univalent function f defined
in I, its inverse f~! exists at least on a disc of radius 1/4 with Taylor’s series of the
form representation

fH(w) = w + how? + haw® + hyw + -+ (1.6)
Using the representation f(f~!(w)) = w, we obtain
ho = —as, hz = —az+ 2a§, hy = —ay4 + Hasasz — 5a§,
hs = —as + 6agay — 21a3as + 3a3 + 14aj. (1.7)

In 1959, Sakaguchi [26] introduced the class of starlike functions with respect to
symmetric points as:

S;::{feS:%<]m>>O;zeD}.

These functions are also known as Sakaguchi functions which are close-to-convex as

well as univalent. In 2004, making use of subordination between two analytic functions
Ravichandran [24] introduced a unified class S¥(¢) as follows:

22f(z)
f(z) = f(=2)

where ¢(z) =1+ >, D,z" is univalent starlike function with respect to 1 which
maps D onto a symmetric region with respect to real axis in the right half plane.
A good amount of literature is available for finding the upper bounds of coefficient
functional for several subclasses of the class S¥. For details see [16] and reference
within. Motivated by aforementioned works, we introduce the following subclass.

S§(¢)={f68: <(Z)(z);z€]D)}7

Definition 1.1. A function f € A given by (1.1) is said to be in the class S% if the
below condition holds true:

f(z) —rf(—==2) 14+e?’ (1.8)

Provided the denominator f(z) —rf(—z) # 0.

Si':{fGS: U+r)zfiz) 2 1+z'z€D}.

e Starlike Functions (S?): By setting 7 = 0, the denominator simplifies to f(z)
and the scaling factor (1 + r) becomes unity. This reduces the condition to the cor-
nerstone of geometric function theory:

zf'(z)  2v/1+z
= )
fG) e
In this state, the function maps the unit disk onto a domain that is starlike with
respect to the origin.
e Sakaguchi-Type Functions (S}): By setting 7 = 1, the expression transforms
into the functional defined by Sakaguchi:

22f'(2) - 2v1+ 2z
fR)=f(=2) 14e*’

z € D.

z € D.




Properties of some univalent functions 239

Functions satisfying this condition are known as starlike with respect to symmetric
points.

Next, we need to demonstrate that the chosen class is well-defined and non-
empty. Additionally, the class is characterized by the product of a sigmoid function
and a Bernoulli-shaped domain. It is symmetric with respect to the origin and satisfies
the Ma-Minda condition.

Remark 1.2. (i) Note that p(z) := 2¥2EZ is chosen correctly, because p(0) = 1 and

1+e—=
p'(2) = %, hence p’(0) = 1 # 0. Also, we can see in the Figure la that

2p'(2) o 2p'(2)
P —p0) (s -1
CRel-— (2e7%z24+3e % 4+1)z
- (=2v1+z+1+e2)yVI+z(l+e?)

P(z) =Re

>>0,z€ID)7

and using this fact together with p’(0) = 1 # 0 it follows that p(z) = 21+V i"ff is also a

starlike (univalent) function in D and because p(Z) = p(z), z € D, the domain p(D) is
symmetric with respect to the real axis see Figure 1b.

(A) The image of P (re’), (B) The image of p (D)
r €[0,1], t € [0, 27) (Balloon-Shaped Domain)

Ficure 1. Figures for Remark 1.2 (i).

(7i) The class is well chosen if we could prove that it isn’t empty. First, to show
that the class is non-empty for r = 0, take f(z) = z + 0.32%2 + 0.223 € A such that

zf'(z) 0.6z +0.62+ 1.0 L
f(z)  0.222+0.32+1.0°

$(z) =

It can be seen from Figure 2a that the class is non-empty.
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(iii) Now for r = 1 the class is non empty, if we take f(z) = 2+0.3224+0.12% € A
such that

2zf'(z) 0.6z +1.22+20
) — f—2)  02:2+20 7

It can be seen from Figure 2b. That the class is non-empty.

P(z) = e D.

02 04 [\06 08 10 12 14 16 18 20 02 04 08 10 12 14 16 |18 20
—05 —05

—1 -1

(A) The images of ¢ (") (blue) (B) The images of ¢ (e”) (blue)
and p (e'") (red), and p (e") (red),
t € [0,2m), (for r=0) t € [0,2m), (for r=1)

FIGURE 2. Figures for Remark 1.2 (ii) and (iii).

The corresponding extremal function for the defined class is given by
(147)22 (9-5r)2> (14+7)(31—27r)2* (7r? —70r+31)2°

14 3r 16(1+3r)  48(5r+3)(1+3r)  192(5r+3)(1+ 3r)
Now for r = 0 the corresponding extremal function is

9 31 31
_ 2 .3 e 5
Je) =242+ qeatd et et

Now for r = 1 the corresponding extremal function is

Lo 13 Ly

J@) =243+ 67 T 157 ~ 12

In this study we adopt a novel methodology centered on establishing a direct cor-

respondence between the coeflicients of functions within a specific class and those of

their associated Carathéodory functions. In various instances, this framework allows

for the intuitive prediction of precise functional estimates, streamlining the subse-

quent computational process — a characteristic particularly evident within the class

under investigation. By integrating the foundational lemmas with refined analytical

techniques and more rigorous calculus, we have established enhanced bounds, the

majority of which are sharp. The following lemmas serve as the essential theoretical
groundwork required to substantiate these findings.

f) =5+

5.,
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2. Preliminaries

Let us define by P the well-known Carathéodory class i.e., the family of holomorphic
functions d in D that satisfies the condition Red(z) > 0, z € D, and of the form

d(z) =1+ Z dnz", z € D. (2.1)
n=1

We need the following lemmas in order to prove our results.
Lemma 2.1. Let d € P be of the form (2.1).
(i) Then, forn > 1
dal < 2. (2.2)

14+ A
The inequality holds for all n > 1 if and only if d(z) = 1Az Al = 1.

1—A2’
(i) Also, if p > 0 then

2, if 0<p<l,
Atk — pdpdi| < 2max {1;|2u — 1|} = 2.3
Idrrie = ] x {1 20— 1]} {22u —1|, otherwise. (23)
. L . 1+ 2ntk
If 0 < pu < 1, the inequality is sharp for the function d(z) = FpEprE In the other
— Z"
1
cases, the inequality is sharp for the function d(z) = T * Z.
—z

Note that the inequality (2.2) is the well-known result of the Carathéodory
Lemma [5] (see also [23, Corollary 2.3, p. 41] and [7, Carathéodory Lemma, p. 41]).
Inequality (2.3) represents Lemma 2.3 of [25], that for p = 1 was proved in a more
general form in [18, Lemma 1, p. 546]. We emphasize that the inequality (2.3) remains
valid for all u € C as it was proved in [10, Theorem 1]

Lemma 2.2. [3, Lemma 2.2.] If d € P has the form (2.1), then
lad? — Bdydy +vds| < 2(la] + |8 —2a] + |a — B +17]). (2.4)

Lemma 2.3. [1, Lemma 3, p. 66] Let d € P and has the expansion of the form (2.1).
If B €[0,1] with B(2B —1) < D < B, then

|ds — 2Bdydy + Dd3| < 2. (2.5)

3. Coeflicient estimates and Fekete-Szego inequality

In this section, we aim to examine the upper bounds of the first four initial coefficients,
along with the Fekete-Szegd functional |ag — pa3|, for the considered class S7. The
focus is placed on deriving appropriate upper estimates for these coeflicients within
the framework of the class S .
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Theorem 3.1. Let the function f € A be of the form (1.1) belongs to the class ST.
Then

gl < 2ET g < 97T |a|<|(57r—5)(1+7“)|—|—(1+r)(519r+197)
2A=7130 B =160 13y M= 192 (1 + 3r) (5r + 3) ’
227r2 + 10r — 13| + 6349r2 + 3926r + 253 1
< = 3.1
las] < 768 (1 + 3r) (57 + 3) 1 (3.1)

Proof. Tf the function f € A of the form (1.1) belongs to the class ST, then by
Definition 1.1 there exists an analytic function w with w(0) = 0 and |w(z)| < 1,(z €
D) such that

(14+7)zf'(2)  2y/1+w(z)

f)=rf(=2)  1+e
Writing the analytic function w in terms of d € P, that is
14+ w(z)
1—w(z)

To present the transition from the Schwarz function w(z) to the coefficients of the
Carathéodory function d(z) we get

1 1 1 1 1 1
w(z) :idlz + <d2 - d%) 22 + <d§ — *dldg + dg) ZS

(3.2)

d(z) = =14+diz+dy2®>+..., 2€D.

1 1
+<2d4 5thds — 7d3 — d4+ d2d2)z +...,2€D.

Now substituting w(z) in the right-hand side of (3.2) we get

2y/1+ w(z) 1 do  Td?\ 1 17 4
VT 1424 2 “ds — —dydy + —d
11e v +21'Z+(2 32 )7 T 2% 612+192

1 7 7 17 203 7 7 17
—dy — —dydz — —=d3 + —dod? — ——d] ——dydy — —dzdy + —d3d?
+( TN T 3 T ™ T G & T TR Vi
17, , 203 . 1 733
T o101~ 1pp i T 50 Gy ) )20 (3:3)

Expanding the left-hand side of (3.2) in a Maclaurin series with respect to z, we obtain

(A+r)zf'(2) _ (2 (1+3r)) ((2r2+4r+2) as (3r2 —2r —1) a%)z2
fz) —rf(=2) 147 (1+7)° (L+7)?
((51"3 +13r2 + 11r + 3) ay (—r3 —5r2 —Tr — 3) asas n (37‘3 —5r2 41+ 1) ag)zg)
(1+7)° (1+7)° (1+7)°
+((4r4+16r3+247’2+16r+4) as (8r4+12r3—47"2—127"74) ao0y
(1+7r)* (1+r)*
2t 483 41212 + 8r +2) a3 4(r—1 3r+1)(r—1)°
_(r r 7‘4 r )‘IS_ (r )a§a3+(r+ )(7"4 )ag)z‘l—i—---
(1+7) (1+7) (I+7r)
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Comparing the coefficients of (3.3) and (3.4) we get

di (1+r
ay = 21(1(+ 3r))' (3.5)
dy (29r—1)d? 1 297 — 1
a3:42—(64(1+;r)1:4<d2—1((3(1+32)d§). (3.6)
0y — (57r =5)(1+r)d?  3(1+19r) (1 +r)dady N (1+7r) d3. (3.7)
384 (1 + 3r) (5r + 3) 2(1+ 3r) (5r + 3) 2(5r + 3)
(227r% +10r —13)d} (11972 +42r — 1) didy  (137r2 + 82r +5) d3d;
% = T3072(1+3r) (5r+3) | 128(1+37)(5r+3)  64(1+3r) (5r £ 3)
(108072 + 1008r + 216) dj  (—5760r2 — 5376r — 1152) d, 38)
3072 (1 + 3r) (5r + 3) 3072 (1 + 3r) (5r + 3) ‘

Now taking modulus in (3.5) and applying (2.2) of Lemma 2.1 we get bound for |as|.
After that taking modulus on both sides of (3.6) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |az|. Now taking modulus in (3.7) and applying (2.4)
of Lemma 2.2 we get our desired estimation for |as|. Now rearranging the terms of a5
we get

K (22772 +10 - 13)d} (11972 +42r — 1) did>  (137r2 + 827 +5) d3)
a5 = — 1

3072(1+3r) (5r +3)  128(113r)(5r+3) | 64(1+3r) (5 +3)

1 3d3
8 (d - mﬂ - (3.9)

Now taking modulus on both sides of (3.9) and applying triangle inequality we get

as| < (227r2 + 10r — 13)d? (11972 +42r — 1) didy (1372 4+ 82r + 5) ds |
“=13072(1+3r) (5r+3)  128(1+3r)(5r+3) | 64(1+3r)(5r+3) |
1 3d2
= |dye — 2. 1
+ 5 16 (3.10)
. f (227r°+10r—13) (119r°+42r—1) (137r°+82r+5) . he fi
Using (2.4) for a = 3073303y B = 1980530 Grrs)0 Y = saaFanras) 0 the first

part of (3.10) and applying (2.3) of Lemma 2.1 for o = 3 in the second part of (3.10)
we get

[227r° + 107 — 13| + 6349,2 4 39267 + 253 1
768 (1 + 3r) (57 + 3) 4

Here we get the desired estimation for |as|. O

las| <

The next theorem gives the bound of Fekete- Szeg6 functional for the class S7.

Theorem 3.2. If f € ST has the form (1.1), then for any complex number p we have
2u(l+r)°  5r—9
(1+3r)?  8(1+3r)|[

1
lag — paj| < 5 max {1;
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Proof. If f € ST, making use of (3.5) and (3.6) we obtain
1 29r -1 (147)p
—paj == |dy — d3. 3.11
a3 Ay =y [ 2 (16(1+3r) + (1+3r)2 )" (3.11)

Taking the modulus on both sides of (3.11) and applying (2.3) of Lemmma 2.1 we
get the desired estimation for this. O

}.

In this section we investigate the upper bound of Hankel determinant of order two for
the functions that belong to the class S .

Theorem 4.1. If the function f € A given by (1.1) belongs to the class S%, then

Letting # = 1 in Theorem 3.2 we obtain the following result.
Corollary 3.3. If f € SI has the form (1.1), then

31r2 +10r + 7

1
las — a3| = [Ha1(f)] < 5 mez {1; S(1+3r)

4. Hankel determinant bounds for the class S.

4464973 4 50245r2 + 167151 + 1927
1536 (1 + 3r)* (5r + 3) '
Proof. From (3.8), (3.9) and (3.10) it follows that
woas o = — < (1170373 + 495572 — 1259r —1—289) d3
12288 (5 + 3) (1 + 3r)

(3593 + 235r% — 117 — 7) dady dzy (1+7)° d3

128 (5r + 3) (1 + 3r)? S 4(1+3r) (5r+3)> 16
Taking modulus and applying triangle inequality in (4.2), we get
(117037 + 495512 — 12597 + 89) 3 (3593 + 235r% — 117 — 7)

2 1 5 d1d>
12288 (57 +3) (1 + 3r) 128 (57 +3) (1 + 3r)
(L+7)*

T I Gri3)®

Making use of Lemmas 2.1, 2.2 in the right-hand side of (4.3) we get
4464973 + 5024512 + 16715r + 1927
1536 (1 + 3r)* (5r + 3) '

Hence we get the desired estimation. g

Moo (f)] < (4.1)

(4.2)

|azay — a3| <

|da|?
d —_ 4.
|d1| + 16 (4.3)

|azas — aj| <

Theorem 4.2. If the function f € A given by (1.1) belongs to the class S%, then
(14 17)[|303r2 + 144r — 7| + (56172 + 432r + 103)]
96 (1 + 3r)* (5r + 3)

|agy — azas| < . (4.4)
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Proof. If f € S} has the form (1.1), using the relations (3.8)—(3.10) we get

(1+7) (303r° + 144r = 7)df  dydy (29r+7) (1+7)  ds(1+7)

192 (57 + 3) (1 + 3r)° 16 (57 + 3) (1 + 3r) 10r +6
(4.5)

ay — a3 =

Considering the modulus on both sides of (4.5) and applying (2.4) of Lemma 2.2 we
get

(1+7)[303r2 + 144r — 7| (1 +7) (56172 + 4327 + 103)
96 (57 + 3) (1 4 3r)* 96 (1 + 3r)> (5r + 3)
(14 7) [|303r2 + 1447 — 7| + (56112 + 432r + 103)]
96 (1 + 3r)> (5r + 3)

Here we obtained the required estimation. O

las — agas| <

5. Logarithmic coefficient estimates for the class S7

In this section, we determine upper bounds estimates for the first four logarithmic
coefficients of the functions f that belong to the class S7.

Theorem 5.1. If f € ST given by (1.1), then

| ‘<M | |<1max 1.%
Tl > 2(1+3T>7 Y2l = 4 ’ 8(1+3T>2 )
147 71r + 33
< — < . 5.1

Proof. Substituting the values of as,a3,a4 and a5 from (3.5)-(3.8) in the relation (1.3)
gives

N 48 . gi) a1 (5.2)
do (9572 +42r +7) d?

rERT ( 128 (1 + 37«)2> ' (5:3)
(147) (94973 + 839r? + 211r + 17) d}  dydy (297 +7) (1 +7)  ds (1 +7)

" 384 (14 3r)° (5 + 3) C32(Br+3)(1+3r)  20r+12°

(5.4)
(7422105 + 1197997 + 800661 + 2679812 + 40651 + 203) df

= 16384 (1 + 3r) (57 + 3)

didy (13817° + 1401r? + 495r +51)  3dyds (17r +7)  7d3 L (5.5)

512 (5r +3) (1 + 3r)° 640r +384 256 ' 16

Now taking modulus in (5.2) and applying (2.2) of Lemma 2.1 we get bound for |].
After that taking modulus on both sides of (5.3) and applying (2.3) of Lemma 2.1 we
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get the desired estimation for |yz|. Now taking modulus in (5.4) and applying (2.4)
of Lemma 2.2 we get

(L47) (94973 +839r? + 211r +17) (1 +7) (617r + 583r% + 2151 + 25)

|73| S 3 3
192 (1 + 3r)” (57 + 3) 96 (14 3r)” (5r + 3)
(1+7) (40973 + 587r% + 223r + 29) 14
192 (1 + 3r)% (5r + 3) 2(57 +3)

Here we obtained the desired estimation for |v3]. Now rearranging the terms of v, we
get

oy (742217° 4 119799r* + 800661 + 2679812 + 40651 4 203) B
ne o 16384 (1 + 37)* (57 + 3) !

(138173 + 140172 + 4957 + 51) 31T+ 7) ) <d4 7d5>

16 256
(5.6)

C 512(5r +3) (1+31)° Y2 T 640r + 3847

Now taking modulus on both sides of (5.6) and applying triangle inequality we get

(742217° + 11979974 + 800667° + 2679872 + 40651 + 203) 3

<|d
ful < il 16384 (1 + 3r)" (5r + 3) !
(138173 + 1401r% 4 495r + 51) 3(17r+7) Ll 7o
512 (5r 4 3) (1 + 3r)? Y2 T Ga0r +3847%) T 16| T 1672
(5.7)

After that applying (2.4) of Lemma 2.2 in first part and (2.3) of Lemma 2.1 in (5.7)
we get

3(17r+7) 1 7lr+33
Ml S et 2 = e e
32(5r+3) 8 32(5r+3)

Here we get our desired estimations. O

6. Inverse coefficient bounds for the class S

In this section, we will estimate the upper bounds of the first four inverse coefficient
bounds for the function belonging to the class S} .
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Theorem 6.1. If f € ST is given by (1.1) and its inverse f~1 has the form (1.6), then

1+7r

hal < , 6.1

ol < 5L (5.0
1 4712 + 42 2

|hs| < = maz 1;77“—1——7"—1;3 (6.2)
2 8(1+ 3r)

(14 7) (490513 + 560772 + 25831 + 633 + |74113 + 108372 + 315 — 59))

|h4| < 3 ’
96 (14 3r)” (5r + 3)
(6.3)
hal < 137124715 + 7333897 + 5630947 + 20213872 + 242997 — 3863
o= 1536 (1 + 3r)* (57 + 3)
2r +1) (19502 4+ 206r +79) 1
(2r+1) ( T r+ ) 9 (6.4)

8 (57 +3) (1+ 3r)° 32°
Proof. Substitute the values of ag, a3, a4 and as from (3.5)-(3.8) into (1.7) we get

7d1 (1+7‘)

he === (6:5)
119r2 +90r +31) d}  ds
.= 64 (1 + 3r)° = Y (6.6)
by = — (1+7) | (4119r% +46417° +1881r +335) d?  dydy (697 + 31) Lds
(5r +3) 192 (1 4 3r)® 16 (1 + 3r) 2
(6.7)
~ (9066097° + 20789317* + 20133547 + 9911422 + 2501651 + 28727) di
o 12288 (1 + 3r)* (5r + 3)
d3dy (14793 4+ 2269r2 + 1305r + 259)  dids (233r% 4 274r 4 101)
- 64 (57 + 3) (1 + 3r)> 64 (51 +3) (1 + 3r)
27d3  dy
1282 8 (6:8)

Now taking modulus in (6.5) and applying (2.2) of Lemma 2.1 we get bound for |hs|.
After that taking modulus on both sides of (6.6) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |hg|. Now taking modulus in (6.7) and applying (2.4)
of Lemma 2.2 we get our desired estimation for |h4|. Now rearranging the terms of hs
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we get

. ( (906609r° + 20789317+ 4 201335413 + 99114212 + 2501657 + 28727) di
5 =

12288 (1 4 3r)* (57 + 3)

drdy (147973 4 2269r2 + 1305 + 259)  ds (233r% + 274r + 101)
64 (5r +3) (1 + 3r) 64 (57 +3) (14 3r) !

1 27
. <d4 : 16@). 69)

Now taking modulus on both sides of (6.9) and applying triangle inequality we get

(9066097 + 20789317* 4 201335413 + 991142r2 + 2501657 + 28727) d3
12288 (1 4 3r)* (57 + 3)
dids (147973 + 226912 4 13057 + 259)  d3 (23372 + 274r 4 101)
64 (57 +3) (1 + 3r) 64 (57 + 3) (14 3r)

27
@fﬁg

|hs| <

||

1
+ =

5 . (6.10)

After that applying (2.4) of Lemma (2.2) in first part and (2.3) of Lemma 2.1 in (6.10)
we obtain

137124775 + 733389r4 + 56309473 + 20213872 + 242997 — 3863

] < 1536 (1 + 3r)" (5r + 3)
(2r + 1) (195r2 + 2061 + 79) N 19
8 (57 +3) (1+3r)° 32
Hence the Theorem 6.1 is proved. O

7. Logarithmic inverse coefficient bounds for the class S!

Coefficient problems represent a fundamental aspect of geometric function theory,
offering a bridge between the analytic characterization of a function and its geo-
metric properties. In particular, the study of logarithmic coefficients ~,, has gained
prominence due to their utility in sharp growth estimates and their historical role in
the development of the Milin and de Branges theorems. While the standard Taylor-
Maclaurin coefficients a,, and the associated Fekete-Szegt functionals have been exten-
sively documented for the class S}, the corresponding logarithmic inverse coefficients
remain comparatively less explored. Let f € S” and let f~! be the inverse function
defined in a neighborhood of the origin. The logarithmic inverse coefficients I';, are
generated by the following series expansion:

log (f;}(ug) = 2i Caw”,  Jw| < p. (7.1)
n=1
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where p > 1/4 denotes the radius of the Bloch disk. Differentiating and using (1.7),
we obtain

1 1 3 1 5
Py=—ghs, To=—chs+ Zh%, Ts = —5ha + 2hohs — §h§7

1 5 15, 5 5 35,
I'y= 2h5 + 2h2h4 5 h2h3 + 4h2h3 + 3 h2- (72)

In this section, we provide a systematic investigation into this problem, establishing
upper bounds for the initial four coefficients |I'1], |T'2], |I's| and |T'4|.

Theorem 7.1. If f € ST given by (1.1), then

1+47r) 1 23r? — 6r — 1 1+
<l Tl <= 1;
| 1'-2(1+3r)’ P < gmaz o 15 8(1+30° |[ | 3'-2(5r+3)’
T1lr 4+ 33
Ty < 0 2% .
| 4'*32(5r+3) (73)

Proof. Substituting the values of hg,hs,hy and hs from (1.7) in the relation (7.2) gives

dy (1 + ’I“)
=" 7.4
a1+ 30 (7.4)
dy (9572 +42r+7)d} 1 (95r2 +42r +7) ,
Ih=—— S— =—|dy— —di (7.5)
8 128 (1 + 3r) 8 16 (14 3r)
o (L+7) (9497° +839r% + 211r +17) d}  dydy (297 +7) (1 +7) | ds(1+7)
3 384 (1 + 3r)° (57 + 3) 32(5r +3)(1+3r)  20r+12°
(7.6)
(7422105 + 1197991 + 800661 + 267981 + 4065 + 203) df
e 16384 (1 + 3r)* (57 + 3) '
dod? (138173 + 1401r2 + 495r + 51)  3dyds (177 +7) L 7d3 (77

512 (5r +3) (1 + 3r)° 640r +384 ' 16 256

Now taking modulus in (7.4) and applying (2.2) of Lemma 2.1 we get bound for |T'y].
After that taking modulus on both sides of (7.5) and applying (2.3) of Lemma 2.1 we
get the desired estimation for |T's|. Now taking modulus in (7.6) and applying (2.4)
of Lemma (2.2) we get

(1+7) (94973 + 83972 + 211r + 17) (1 +7r) (617r® 4 583r% + 2151 + 25)

T3] < 3 3
192 (1 + 3r)” (57 + 3) 96 (14 3r)" (5r +3)
(1+7) (40973 + 587r% + 223r + 29) 14
192 (14 3r)° (5r + 3) 2(5r +3)

Here we get the desired estimation for |T's|. Now rearranging the terms of T'y we get
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Iy = —dy < (7422175 4 119799r* + 800661° + 2679872 4 4065 + 203) d}
16384 (1 + 3r)* (51 + 3)
 dydy (1381r% + 140172 + 4951 +51)  3dy (17r + 7)) 1 (d - 7d2>
512 (57 + 3) (1 + 3r)° 640r + 384 ! )

16 16

(7.8)
Now taking modulus on both sides of (7.8) and applying triangle inequality we get

(7422175 + 1197991 + 800667 4 26798+ + 40651 + 203) d?
16384 (1 + 3r)* (51 + 3)
didy (138173 + 1401r% + 4957 + 51)  3ds (17r +7)
- 512 (57 + 3) (1 + 3r)° 6407 + 384

Iy <|d4]

1
16| *

7
—d2|.
16 2

After that applying (2.4) of Lemma (2.2) in first part and (2.3) of Lemma 2.1 in (7.9)
we obtain
742217r° 4 119799r* + 8006673 + 2679872 4 40657 + 203
4096 (1 + 3r)* (5 + 3)
N 12464375 + 214521r* 4 14780673 + 5048272 + 8751r + 613
2048 (1 + 3r)* (57 + 3)
N 205261r° + 3739117* + 2671387° 4 95726r2 + 17217r + 1259 1
4096 (1 + 3r)* (57 + 3)
317r+7) 1 Tlr+33

T 3206r+3) 8 32(r+3)

Hence we get our required estimations for Theorem 7.1. g

IT4| <

Concluding remarks

In this paper, we successfully introduced and comprehensively investigated a novel
subclass of analytic functions uniquely defined through the product of a modified
sigmoid function and the lemniscate Bernoulli function. Our systematic analysis began
by establishing precise initial coefficient bounds for functions belonging to this new
subclass.

Furthermore, we rigorously explored several critical analytic characteristics. Key
findings include the establishment of the Fekete—Szegt inequality, alongside a thorough
analysis of Hankel determinants of various orders, which provides valuable insight
into the coefficient variability. We also successfully derived important estimates for
the logarithmic coefficients and determined significant bounds for both the inverse
coefficients and their corresponding logarithmic inverse coefficients.
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Collectively, the results presented here offer a significant and substantial
contribution to the field of geometric function theory. They not only deepen the
understanding of coefficient problems within this novel class but also enrich the
broader theory of analytic function subclasses associated with the products of special
functions. The methods and findings lay a strong foundation for future research,
particularly in exploring other differential and integral operators in conjunction with
functions defined by similar special functional products.
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