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Analysis of certain determinants for a defined
subclass of analytic functions using Poisson dis-
tribution series in petal-shaped domain

Sangarambadi Padmanabhan Vijayalakshmi (©), Martin Mehdha (%,
Saurabh Porwal (5, Raman Ezhilarasi () and Thirumalai Vinjimur
Sudharsan

Abstract. The current study focuses on obtaining the sharp coefficient estimates
and Fekete-Szegd inequality for the class Wy(m,\) and uses the Poisson
distribution series to obtain the sharp estimates of coefficient inequalities,
Fekete-Szego inequality, second order Toeplitz determinants and upper bounds
of third order Toeplitz determinants and second order Hankel determinants for
a certain analytic function U(z) = 2z + 0222 + 832° +--- | U(z) #0, 2z € A
belonging to the class PUy(m, A\, T) = {U € H : I*U € Uy(m,\)},m € Ng =
{0,1,2,--- },\,9 e N={1,2,...}, T = Ti(k) = {;:—z;e_k, defined on the open
unit disc (z € A := {2z : |z| < 1}). This research could motivate others to delve
deeper into the coefficient functional problem related to the Poisson distribution
series of analytic functions across different categories of univalent functions.

Mathematics Subject Classification (2010): 30C45, 30C50.

Keywords: Toeplitz determinants, Poisson distribution series, starlike functions,
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1. Introduction

Consider the class ‘H comprising analytic functions of the form

U(z) =2+ 022+ 0328+, (zeA:={z:]2| <1}), (1.1)
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and S = {U(z) € H : U(z) is univalent in A} . Subordination of U to V in A is
written as U < V, where U,V € H, provided there exists a Schwarz function w such
that w(0) = 0 and |w(2)| < |z| such that U(z) = V(w(2)), z € A.

Let P denote the class of all functions p(z) given by

p(z) =1+ Zcizi, (z € A), Re{p(2)} > 0 and p(0) = 1. (1.2)

Let hj(z) = >0y 6n,;2" (4 = 1,2) be analytic in A. The Hadamard (or convolution)

n=

product of hy and hs is defined by (hy * hs)(2) = ZZO:O On,10n,22", 2z € A.
Following [10], define

0o 9
(U(2))? = (Z + Z 5kzk> ) (1.3)
k=2

for U(z) #0 for all z# 0 and ¢ € N:= {1,2,...}.
We observe that the power function given by formula (1.3) has an analytic branch in
A if and only if U(z) # 0 for all z # 0 and ¥ € N. Therefore,

(U(2))” = (2 + 6227 + 032° + 622" + . .)19 .

Applying binomial formula, we observe that
(U(2))? = 2°[1 + 9 (022 + 6327 + 042% +..)
+ 20D Gy 4 6327 + 6028 4.0 ) L)L

From [20], we have

(U(2))? =27 + ZAkzﬁH“*l, (1.4)
k=2
where
-1 -1 -2
Ay = 1909; Az = 030 + 19(197)(537 Ay = 049 + 19(’[9 — 1)(52(53 + %5%,
As = 659 + W[(g + 26264] + w5§53 + %53, o (15)
If U(z) # 0 for all z # 0, define
0 9 0o 4 W+k—1 o0
A(z):z(Uiz)) =z (2 +Zk:;9 W >] :z—l—ZAkzk. (1.6)
k=2

. U\ Ui\ . - . .
Since (=% ) # 0forall z € A, (7> is analytic in A and so A(z) is analytic in
A. Indeed, A € H.

Bernardi [5] studied the general operator

1 z
LU(z) = t”/ U(t)t"'dt, ~ €N, (1.7)
0

z

and showed that I5(S*) C S*. The important subfamily of S is the family §* called
the starlike function.
By [10] and applying the operator to the function A(z) defined in (1.6), we define the
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integral operator J™ iteratively. To ensure a well-defined sequence, we first establish
the base cases J° and J':

JU(A(2)) = A(2) (1.8)
The first-order integral operator J! is defined as:
1+ [*
JHA(2)) = ; / A@)t*tdt, (A eN). (1.9)
0

Substituting the power series expansion A(z) =z + Y o, Ax2" into the expres-
sion above, we obtain:

J'AR) =2+ (;ii) Azt (1.10)

For m € {2,3,...}, the higher-order operators are defined via the following
recursive relation:

T (A(2) =T (J"THA(2) - (1.11)

Consequently, by the principle of mathematical induction, the general form of
the operator for any m € Ny where Ng = {0,1,2,3,...}. is given by:

1+
J™(A(2) =z + — ) Ak (1.12)
kZ_2<k+>\> ¥

For k > 1 and n > 1, Pommerenke [21] introduced the k'™ Hankel determinant
defined as

On Opg1 0 Ongk—1
I B S PP S _
He)=1 770 0 00 @=1)
6n+k—1 6n+k e 5n+2k}—2
In particular, the second Hankel determinant takes the form Hy(2) = 22 23 LIt
3 04

follows that Fekete-Szego inequality is Hy(1). Toeplitz determinants and the Hankel
determinants are closely connected.
As described in [25], the symmetric Toeplitz determinant 7x(n) takes the form

On, Ont1 - Ongk—1
5n+1 5n 5n+k
Te(n) = )
6n+k:—1 5n+k: T 571
In particular,
P 1 6 63
7'2(2>=‘52 ol BM)=|6& 1 &
3 02

03 0o 1
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FIGURE 1. Boundary curve: h(A) lies in the annular region bounded
between the circles C'1 and C2.

Toeplitz matrices has applications in pure and applied mathematics [28] .
Arora and Kumar [2] considered the petal-shaped region

A, ={w € C: |sinh(w —1)| < 1}, (1.13)
which admits the following functional characterization:
h(z) =1+ sinh™'z. (1.14)

Its boundary curve is given in Figure 1.

Although h(z) is multivalued, it becomes holomorphic in A upon choosing
branch cuts along (—oo, —#)U(i, 00) on the imaginary axis, and hence is analytic in A.
Geometrically, the function h(z) maps the unit disc A onto the petal-shaped domain
A,. This domain has attracted considerable attention from researchers [1, 2, 4, 12, 17].

2. Preliminary results

In [10], the authors studied the class ¥%(m,d) for m € Ny = {0,1,2,3---}, n € N,
A>0,z€ Aand0<J < 1. Motivated by this study, we introduce and investigate a
subclass of ‘H defined on a petal-shaped domain, as described below.

Definition 2.1. Let U(z) # 0 for z € A and let 9 € N. Define A(z) by (1.6). Then
the function U is said to belong to the class Wy(m,\), where m € Ng and A\, 9 € N, if
A(z) satisfies the condition

M <1+ sinhilz, (2.1)

Lemma 2.2 ([6], p.41, Carathéodory’s Lemma). If p € P, then
exl <2 (k> 1), (2:2)

and the estimate is sharp.
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0.5 /I

FIGURE 2. The images of U, (A) (blue color) and h(A)(red color).

Lemma 2.3. [13] Suppose p € P. Then, for every complex number u, one finds

lco — pci| < 2 max{l,|2p — 1]} (2.3)

Lemma 2.4. [13] Let p € P of the form (1.2). Then there exist some &, ¢ € C with
€] < 1, [¢] £ 1, such that

2c; = cf + (4 - i), (2.4)

des = +2016(4—2) — (A —A)er€2 + 204 — A1 — |€])C. (2.5)

Remark 2.5. We shall illustrate with an example that the aforementioned class
Wy(m, A) is non-empty.
With F(2) = z + az?, we obtain A(z) = z (1 + az)”, consequently

b (o) - UG

z

:1+t2A22+t3A322+"',

where ¥ € N, m € Ny, A € N.
For the values of ¢ =1, we get ¥,(z) =1+ tsaz, when m = A =1,a =1/2 and
2

2z =0.9¢", we get ty = 5 and hence

) 1 .
W, (0.9¢9) =1 + §(0.96“").

Thus from the figure (Figure 2) it is clear that ¥,(A) C h(A) and hence the class
Uy(m, ) is non-empty.

z

Remark 2.6. The function g(z), given explicitly by g(z) = 1%, z € A is in the class
Uy(m, A), since

By — T AG))

z

:1+t2A22+t3A32’2+"',
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where Ay =19; Az = 19—|—19(19 b. A4:ﬂ+ﬁ(ﬂ_1)+w;...
and A(z) = z(@) and ¥ € N, m € Ny, A € N. Proceeding as like previous remark,
we have ¥ (A) C h(A).

Extensive research has been devoted to obtaining the upper bounds of the sec-
ond and third order Hankel determinants [3, 7, 8, 9, 10, 11, 14, 15, 18, 19, 26, 27].
However, determining the bounds for a subclass of analytic functions utilizing Poisson
distribution series in a petal-shaped domain presents numerous applications in science
and engineering.
Hence, in the present paper we derive coefficient estimates and Fekete-Szego inequal-
ity for the class Wy(m,A) and by using the Poisson distribution series, we determine
the precise bounds for coefficient inequalities, Fekete-Szeg6 inequality, second order
Toeplitz determinants, upper bounds of third order Toeplitz determinants, second
order Hankel determinants for the class PUy(m,\, ), m € Ny, A € Nand ¢ € N
associated with the petal-shaped domain.

3. Coeflicient bounds and the Fekete—Szego inequality for the class
Wy (ma )‘>

Theorem 3.1. If the function U given by (1.1) is in the class ¥y(m,N), for m €
No, AN, ¥ €N then

1 201
bo| < —, |03]| <209 max<1l,|— —1
|2|_1%2,|3|_ g2 ma { o2 ‘}
" (9-1)
where t; = (iﬁ) , 01 = ﬁ + gz 02 = 2t319 The inequalities are sharp.
2

Proof. Let U(z) € Wy(m, A), according to the subordination relationship, there exists
a Schwarz function w(z) with w(0) = 0 and |w(2)| < 1, satisfying

J"(A(2))

; =1+sinh Hw(z)) (2 € A). (3.1)
Consider the function
1+w(z) 9
— -1 P. 2
p(2) e +ezdez 4+, pe (3.2)
_pE) -1 _a (e 4. (o ac 5.
w(z)—1+p(z)—2z+(2 7 27+ 2 > +8 274 (3.3)

After simple computation, we get

1 2 5¢3
Lesinh ™} (w(z) = L+ ezt (_j + 2) 24 (48 Gy, 2) S (3.4)

Using series expansion we obtain

J™(A(z
( =1+ Zt Az TV =14 tg Aoz + t3Asz? + t4A42 + - - (3.5)
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m
where t; = (H)‘) )

i+
Equating the coefficients between (3.4) and (3.5), we determine that
C1 C1
Ay = — = — =cA 3.6
2 2%, = 02 20 c14\1, (3.6)
03 = —C%O’l + Cc209, (37)
84 =11} — yacica + Y33, (3.8)
where,
1 1 (W-1) 1
A = = =
L= 209 T T dgg 8202 "7 T 2ty
5 9—1[ 1 9-1 @W-2] 1 @-1) 1

ga! ) V3 =

T URI0 260 |Ms0 | 8202 24202 |0 T 2030 T 40Ptats
Applying Lemma 2.2 in (3.6), we get

20ty

1
0ol <2A1 < —.
|2|7 171%2

Sharpness is achieved by the function (3.2) with p(z) =1+ 2z.
From (3.7), we have

01
|65] = | — 3oy + ca02| = 09 |ca — 3 —|.
02
By implementing Lemma 2.3, we obtain
20
|05] < 209 max{l, =t 1‘}
02

Equality is attained for the function defined by (3.2) with p(z) = 1 + 222, when
mazx {1, 291 } = 1 and the inequality is sharp for the function (3.2) with

02
20’1 _ _
o2 1‘} o

Corollary 3.2. If 9 =1, then |02 < i, |og] < %

02

p(z) =1+ 22z + 222, when max {1,

@—1‘. 0

Theorem 3.3. Suppose the function U defined in (1.1) lies in the class Wy(m, N), for
m €Ny, AeN, ¢ eN, Consequently, for any v € C

A2
|65 — v63| < 209max {1, ’2 <O1+V1> - 1‘} )

02

The inequality is sharp.
Proof. From (3.6) and (3.7), we get

|05 — Z/(5§| = |coog — C%O'I - V(C%Afﬂ =02

6 — 3 (Mﬂ

02

2(M> _1‘}'
02

Applying (2.3), we get

|63 — vd5| < 2 09 max {1,
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Equality is attained for the function given by (3.2) with p(z) = 1 + 222, when

max {1, 2 (%;’Af) - 1’} = 1 and when maz {1, 2 (%;’A?) - 1‘}
‘2 (%;’A?) — 1‘, sharpness is attained for the function given by (3.2) with p(z) =
1+ 2z + 222 O

Corollary 3.4. If 9 =1, then |03 — vd3| < %

4. Functions generated from the Poisson distribution

A random variable X is said to follow a Poisson distribution with parameter k& > 0 if
it assumes the values 0, 1,2, 3, ... with respective probabilities

B kie™k
T

. i=0,1,2,3,...

Thus P(X =71) = Te;!k, 7=0,1,2,---.
Porwal [22] investigated a power series whose coefficients correspond to the prob-
abilities of a Poisson distribution.

kz—z+z ki zeA, (4.1)

where k£ > 0 also by applying ratio test one can find the radius of convergence of the
above series is infinity and J"™(A(z)) is defined in (1.12).

Following recent research [16, 24, 23], consider the linear operator I*(z) : H — H
defined by

T=";(k)=— e (4.4)

and * denotes the convolution of two series. In particular, Yo = ke " and Y3 =
%e‘k. Implementing (1.12), we have

=2
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Definition 4.1. Let U(z) # 0 for z € A and let ¥ € N. If the function A(z) is defined
by (1.6) then, the function U(z) is said to belong to the class PWy(m, A, T), where
m € No, A € N and ¥ € N, if the function A(z) satisfies the following condition:
m(IFA
UMIAR)) <1+ sinh™'z, (4.6)
z
or equivalently, PUy(m,\,¥) = {U(z) € H : I*U(z) € Wy(m,\ T)}, where
J™(IFA(2)) is given in (4.5) and Yy, i =2,3,--- is defined in (4.4).
By employing the corresponding coefficient estimates together with the Fekete—
Szegd inequality for functions belonging to the class Wy(m, \), we derive the coeffi-
cient estimates and the associated Fekete—Szeg6 inequality for functions in the class

PWy(m, A\, T). Applying Theorems (3.1) and (3.3) yields the following theorems for
the function I*A(z).

5. Fekete—Szego inequality and related estimates for the class
]P\I/g<m, /\, T)

Theorem 5.1. Let U be the function defined in (1. 1) If U is in the class P¥y(m, A, T),
formeNy, AXeN, 9eNand T =7T;(k) = K=k then

(i—1)!
261
55 1‘}

, 193] <284 max{l,
At L m 1 ) .
where t; = ()\+i) , B = 4t3'r319 + tQTgﬂz, , B2 = TS0 The inequalities are sharp.

Oo < —
|2|_ Yt Yo

Proof. Since U(z) € PW¥y(m, A, T), the subordination condition ensures the existence
of a Schwarz function w(z) for which w(0) = 0 and |w(z)| < 1, satisfying

Jm(IEA(2))

=1+sinh Y (w(z)) (z€A). (5.1)
z
Consider the function
1+w(z
p(Z):1_11}EZ§:1+012+C222+"‘, (52)

where p € P. Consequently,

p( )—1 «a 2 A\ s cca A3\ 5
2 49 &8 _4d%2 a9 5.3
w(z) = T+ 00) 22—|—<2 1) TS 5 T )Pt (5.3)

After simple computation, we get

1 3 5¢t
1+sinh™H(w(z)) = 1+§clz+ (—Zl + 022) 22+ ((:1 _ace 023) 24 (5.4)

Using series expansion we obtain

Jm(IkA i1 2
=14 Zt T =1+1tYoA0z +1t3V3A32° + -+, (55)
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2+
Equating the coefficients between (5.4) and (5.5), we determine that Ay =

m
where t; = (HA)

c1

2t Yo "
Hence,
62 = 2752’19TQ = C1(, (56)
83 = —ciP1 + c2fa, (5.7)
84 = mC} — macica + 13, (5.8)
where,
1 1 (0 —1) 1
M=, T e b 827292 B2 = oo
5 9=l 1 9-1 (W-2
T USE Y40 | 2600, |45 50 | SEBYZ02 24439272
1 (W—1) o

T o0 T WPty P T 2060,
Applying (2.2) in (5.6), we get

1
0o < 2 < .
| 2| == It Yo

The bound is attained by the function defined by (5.2) with p(z) =1+ 2z.
From (5.7), we have

65| = | — &3 B1 + caBa| = Balca — C%%|

i)

The inequality is sharp for the function given by (5.2) with p(z) = 1 + 222, when

By implementing (2.3), we obtain

|05] < 209 max{

max {17 25% — 1’} = 1 and it is sharp for the function given by (5.2) with
p(z) =14 2z + 222, when max { Qﬁl 1‘}— % 1’. O
Corollary 5.2. If 9 =1, then
1 1
Oo| < ——, |&
|2 T » 10s] < oo

In view of Theorem (3.3), let us prove the following theorem.

Theorem 5.3. Suppose that the function U given by (1.1) belongs to the class
PUy(m,\,Y), form € Ng, A€ N, 9 € Nand T = T;(k) = (’;’ 11),6*’@, then

for any v € C,
2
|65 — vd3| < Qﬂgmax{l, 2 <61—;w«1) - 1’}
2

The inequality is sharp.
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2
o Qv+ 51) ‘
e —ci | ———=]].
: ( Ba
Applying (2.3), we get

2
|03 — v03| < 2 B2 max {1,‘2 (alyﬂ—i_ﬁl) —1’}.
2

The estimate is attained by the function defined in (5.2) with p(z) = 1 + 222,
2 (M> — 1‘} =1 and the bound is attained for the function

B2
defined in (5.2) with p(z) = 1+ 2z + 222, whenever max{l, 2 (ﬂl;i;m?) - 1’} =

p(5520) -1

Proof. From (5.6) and (5.7), we get

|03 — v03| = |c2B2 — ci[aiv + Bi]| = Ba

whenever max {1,

6. Toeplitz determinant 75(2) and 7T5(1) for the class PU,y(m, \, 1)

Theorem 6.1. Consider the function U, as defined in (1.1), to be a member of the

class PUy(m,\, 1), form eNg, AeN, 9N and T =7T;(k) = (k1 11),6_k. Then,
T2(2)] <1687 + 3685 + 486182 + 403,

where a1, B1, P2 are presented in theorem (5.1), and it is the best estimate.

Proof. The bound of T5(2) is denoted by |72(2)| = |63 — 03|.
Applying (5.6) and (5.7)
|T2(2)] = |€1T — 2¢ic2f1 Bz — clad + c3B3). (6.1)

Using the values of ¢o from Lemma 2.4, yields

1

@)= |e15 - [+ (- )] - dad 4 |

Denoting |ci| = ¢ and [€] = p, then ¢ € [0,2] and p € [0, 1], and applying triangle
inequality, we get

S+ @A-AE’B. (6.2)

Ta()] < hae + hape?la -l + ade® + 2 2 -

7

where hy = /375 + B2+ B1B2, ha = 62/51 + 22 Again, applying triangle inequality for
this terms |4 — 2| <4+ 3| =4+ c% >0 similarly,|(4 — ¢2)|? < (4 + ¢2)?, we get

622

172(2)| < hic* + hopc® (4 + c2) + a3 + “2p* (4 + ¢*)?* = A(c, p).

Next, we maximize the function A(c, p) for (¢, p) € [O, 2] x [0,1]. Partially differenti-
2

ating A(c, p) with respect to p, we obtain % = hoc?(4 + 2) + %p(él +c%)? >0,

for 0 < ¢ < 2 and 0 < p < 1. Hence A(c,p) is increasing in p and attains

its maximum at p = 1. Therefore, A(c,p) < A(e,1) = B(c), where B(c) =
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|h1|ct + |ha|c?(4 + ¢2) + a3c? + ’%3(4 + )2, We note that B’(c) > 0 implies B(c)
increases with ¢ and thus attains its maximum value at ¢ = 2. Therefore,

|72(2)| < 16|hy| + 32|ha| + 4aF + 16433
<1667 + 3653 + 48516 + 4af.

The obtained bound is sharp. Equality holds for the extremal Carathéodory function
6 X -
plz) = H52 0 € R, for which ¢; = 2¢%, ¢y = 2¢%.

1—eif2)

Substituting these values into the expression (6.1), 72(2) yields equality. Hence, the
result is sharp.

O

Corollary 6.2. If ¥ = 1, then |T2(2)| < 16B? + 36B3 + 48B1 By + 4A2, where A; =
1 _ _ 1

2t Yo7 Bl T 4t3Y3? 32 T 2t3Ys
Theorem 6.3. Suppose the function U, defined by (1.1), belongs to the class
PUy(m,\,T), formeNyg, AeN, 9eNand T =7T;(k) = (kl ll),e then

T3(1)] < 1+ 803 +16(57 + 20761) + 3603 + 48(a3 B2 + f152).

Proof. The bounds of T3(1) is denoted by |T3(1)| = |1 — 263 + 26365 — 03|
Proceeding on the similar lines of theorem (6.1), the upper bound is obtained as

|T3(1)] < 1487 + 16(87 + 203 1) + 3633 + 48(aff2 + B12).

Corollary 6.4. If ¥ =1, then
|T3(1)| < 1+ 8A7 +16(B; + 2A3B;) + 36B3 + 48(A1By + B Bs),
where Ay, By, By are defined in corollary (6.2).

7. Second Hankel determinant associated with the class PUy(m, A\, T)
Theorem 7.1. If the function U of the form (1.1) is in the class PUy(m,\,T), for
meNy, 9eNand YT =7;(k)= (’fl 11),6 k. then

Ha(2) = |6204 — 63| < 16(mcy — BY) + 24(2B182 — mecn1) + 44ns0n + 3633,
Proof. Using (5.6) to (5.8), we have

10204 — 03] = [[mon — B7]el + (26182 — mean]éica + nzarcics — ¢353). (7.1)

Using ¢ and c3 values from Lemma 2.4, yields
1 1
16204 — 63| = |[mar — BY]er + [251 62 — 772041]035[63 +E(@4— )]+ 773041011[6?

B3

+2€e1(4 = ¢f) — e — ) +2(4 — ) (1 - €1*)¢] - [ +E( - ).
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Denoting |c1| = ¢ and |{| = p, then ¢ € [0,2] and p € [0, 1] also using the fact that
|¢| <1 and implementing triangle inequality, we arrive

10265 — 65| < |qulc* + qapc®|4 = 3| + 2q3c|4 — ¢F| + gscp® 4 — (¢ + 2) + qup®[4 — )

where ¢1 = §[dna1—48F —2n200+451 B2 +nson+ 53], g2 = 3 [nson+ B3 —n201+251 B2],
_1 142
q3 = 1[773041], g4 = 152-

For ¢ € [0, 2], applying triangle inequality again, we have
4—c2|<4+|3]=(4+c*) >0,and |4 — c?|? < (4 + ¢?)?, thus

10264 — 65| < |q1lc* + |qalpc® (4 + ¢*) + 2lgs|c(4 + ¢%) + lgs|cp® (4 + ¢*)(c + 2) + |qalp° (4 + ¢2)?
=Vi(e,p),

Proceeding as in Theorem 6.1, we get V'(p) > 0. Thus V (¢, p) attains the maximum
value at p = 1. Hence

Vie,p) < V(e,1) = U(c) = |qulc* +|go|® (4+¢%)+2|gs|c(4+c)+|gs|c(4+c?) (c+2)+|qa| (4+c)2.

U’(c) > 0 implies U(c) is an increasing function and it attains the maximum value at
¢ = 2. Therefore,

6204 — 03] < 16]q1| + 32|q2| + 96|qs| + 64|
< 16(mar — B7) + 24(2B81 B2 — mecr) + 4dnzaq + 3643.

O

Corollary 7.2. Ifﬁ = 1, then |H2(2)| S 16(D1A1 — B%) + 4831B2 + 20D2A1 + 363%,

where Ay, By, By are defined in Corollary 6.2 and Dy = Dy = -

__5 _1_
48t4 Yy’ 264y "

8. Conclusion

Toeplitz and Hankel matrices are open to a broad variety of diverse algorithms and
offer some of the most appealing computational features. For a given analytic function
U(z) belonging to the class Uy(m, A), for U(z) #0 for all z€e A,m € Ny, AeN, 9 €
N defined on the open unit disc A, we have obtained sharp estimates of coefficient
inequalities and the Fekete-Szegs inequality. Also, using Poisson distribution series, we
have obtained sharp coefficient inequalities, the Fekete-Szegd inequality, sharp second-
order Toeplitz determinants, upper bounds of third-order Toeplitz determinants, and
second-order Hankel determinants in a petal-shaped domain. We anticipate that these
findings will have a significant impact on many different types of science, technology,
engineering, and mathematics-related sectors.
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