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Analysis of certain determinants for a defined
subclass of analytic functions using Poisson dis-
tribution series in petal-shaped domain

Sangarambadi Padmanabhan Vijayalakshmi , Martin Mehdha ,
Saurabh Porwal , Raman Ezhilarasi and Thirumalai Vinjimur
Sudharsan

Abstract. The current study focuses on obtaining the sharp coefficient estimates
and Fekete-Szegö inequality for the class Ψϑ(m,λ) and uses the Poisson
distribution series to obtain the sharp estimates of coefficient inequalities,
Fekete-Szegö inequality, second order Toeplitz determinants and upper bounds
of third order Toeplitz determinants and second order Hankel determinants for
a certain analytic function U(z) = z + δ2z

2 + δ3z
3 + · · · ,U(z) ̸= 0, z ∈ ∆

belonging to the class PΨϑ(m,λ,Υ) = {U ∈ H : IkU ∈ Ψϑ(m,λ)},m ∈ N0 =

{0, 1, 2, · · · }, λ, ϑ ∈ N = {1, 2, ...}, Υ = Υi(k) = ki−1

(i−1)!
e−k, defined on the open

unit disc (z ∈ ∆ := {z : |z| < 1}). This research could motivate others to delve
deeper into the coefficient functional problem related to the Poisson distribution
series of analytic functions across different categories of univalent functions.

Mathematics Subject Classification (2010): 30C45, 30C50.

Keywords: Toeplitz determinants, Poisson distribution series, starlike functions,
petal-shaped domain.

1. Introduction

Consider the class H comprising analytic functions of the form

U(z) = z + δ2z
2 + δ3z

3 + · · · , (z ∈ ∆ := {z : |z| < 1}), (1.1)
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and S = {U(z) ∈ H : U(z) is univalent in ∆} . Subordination of U to V in ∆ is
written as U ≺ V, where U,V ∈ H, provided there exists a Schwarz function w such
that w(0) = 0 and |w(z)| ≤ |z| such that U(z) = V(w(z)), z ∈ ∆.

Let P denote the class of all functions p(z) given by

p(z) = 1 +

∞∑
i=1

ciz
i, (z ∈ ∆), Re{p(z)} > 0 and p(0) = 1. (1.2)

Let hj(z) =
∑∞

n=0 δn,jz
n (j = 1, 2) be analytic in ∆. The Hadamard (or convolution)

product of h1 and h2 is defined by (h1 ∗ h2)(z) =
∑∞

n=0 δn,1δn,2z
n, z ∈ ∆.

Following [10], define

(U(z))ϑ =

(
z +

∞∑
k=2

δkz
k

)ϑ

, (1.3)

for U(z) ̸= 0 for all z ̸= 0 and ϑ ∈ N := {1, 2, ...}.
We observe that the power function given by formula (1.3) has an analytic branch in
∆ if and only if U(z) ̸= 0 for all z ̸= 0 and ϑ ∈ N. Therefore,

(U(z))ϑ =
(
z + δ2z

2 + δ3z
3 + δ4z

4 + . . .
)ϑ

.

Applying binomial formula, we observe that

(U(z))ϑ = zϑ[1 + ϑ
(
δ2z + δ3z

2 + δ4z
3 + . . .

)
+ ϑ(ϑ−1)

2!

(
δ2z + δ3z

2 + δ4z
3 + . . .

)2
+ . . .].

From [20], we have

(U(z))ϑ = zϑ +

∞∑
k=2

Akz
ϑ+k−1, (1.4)

where

A2 = ϑδ2; A3 = δ3ϑ+
ϑ(ϑ− 1)

2
δ22 ; A4 = δ4ϑ+ ϑ(ϑ− 1)δ2δ3 +

ϑ(ϑ− 1)(ϑ− 2)

6
δ32 ;

A5 = δ5ϑ+ ϑ(ϑ−1)
2 [δ23 + 2δ2δ4] +

ϑ(ϑ−1)(ϑ−2)
2 δ22δ3 +

ϑ(ϑ−1)(ϑ−2)(ϑ−3)
24 δ42 , · · · . (1.5)

If U(z) ̸= 0 for all z ̸= 0, define

Λ(z) = z

(
U(z)
z

)ϑ

= z

[(
zϑ +

∑∞
k=2 Akz

ϑ+k−1
)

zϑ

]
= z +

∞∑
k=2

Akz
k. (1.6)

Since
(

U(z)
z

)ϑ
̸= 0 for all z ∈ ∆,

(
U(z)
z

)ϑ
is analytic in ∆ and so Λ(z) is analytic in

∆. Indeed, Λ ∈ H.
Bernardi [5] studied the general operator

I2U(z) =
1 + γ

zγ

∫ z

0

U(t)tγ−1dt, γ ∈ N, (1.7)

and showed that I2(S∗) ⊂ S∗. The important subfamily of S is the family S∗ called
the starlike function.
By [10] and applying the operator to the function Λ(z) defined in (1.6), we define the
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integral operator Jm iteratively. To ensure a well-defined sequence, we first establish
the base cases J0 and J1:

J0(Λ(z)) = Λ(z) (1.8)

The first-order integral operator J1 is defined as:

J1(Λ(z)) =
1 + λ

zλ

∫ z

0

Λ(t)tλ−1dt, (λ ∈ N). (1.9)

Substituting the power series expansion Λ(z) = z +
∑∞

k=2 Akz
k into the expres-

sion above, we obtain:

J1(Λ(z)) = z +

∞∑
k=2

(
1 + λ

k + λ

)
Akz

k. (1.10)

For m ∈ {2, 3, . . . }, the higher-order operators are defined via the following
recursive relation:

Jm(Λ(z)) = J
(
Jm−1(Λ(z))

)
. (1.11)

Consequently, by the principle of mathematical induction, the general form of
the operator for any m ∈ N0 where N0 = {0, 1, 2, 3, . . . }. is given by:

Jm(Λ(z)) = z +

∞∑
k=2

(
1 + λ

k + λ

)m

Akz
k. (1.12)

For k ≥ 1 and n ≥ 1, Pommerenke [21] introduced the kth Hankel determinant
defined as

Hk(n) =

∣∣∣∣∣∣∣∣
δn δn+1 · · · δn+k−1

δn+1 · · · · · · δn+k

· · · · · · · · · · · ·
δn+k−1 δn+k · · · δn+2k−2

∣∣∣∣∣∣∣∣ , (δ1 = 1) .

In particular, the second Hankel determinant takes the form H2(2) =

∣∣∣∣ δ2 δ3
δ3 δ4

∣∣∣∣ . It
follows that Fekete-Szegö inequality is H2(1). Toeplitz determinants and the Hankel
determinants are closely connected.

As described in [25], the symmetric Toeplitz determinant Tk(n) takes the form

Tk(n) =

∣∣∣∣∣∣∣∣∣
δn δn+1 . . . δn+k−1

δn+1 δn · · · δn+k

...
δn+k−1 δn+k · · · δn

∣∣∣∣∣∣∣∣∣ .
In particular,

T2(2) =
∣∣∣∣ δ2 δ3
δ3 δ2

∣∣∣∣ , T3(1) =

∣∣∣∣∣∣
1 δ2 δ3
δ2 1 δ2
δ3 δ2 1

∣∣∣∣∣∣ .
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Figure 1. Boundary curve: h(∆) lies in the annular region bounded
between the circles C1 and C2.

Toeplitz matrices has applications in pure and applied mathematics [28] .
Arora and Kumar [2] considered the petal-shaped region

∆p = {w ∈ C : |sinh(w − 1)| < 1}, (1.13)

which admits the following functional characterization:

h(z) = 1 + sinh−1z. (1.14)

Its boundary curve is given in Figure 1.
Although h(z) is multivalued, it becomes holomorphic in ∆ upon choosing

branch cuts along (−∞,−i)∪(i,∞) on the imaginary axis, and hence is analytic in ∆.
Geometrically, the function h(z) maps the unit disc ∆ onto the petal-shaped domain
∆p. This domain has attracted considerable attention from researchers [1, 2, 4, 12, 17].

2. Preliminary results

In [10], the authors studied the class Ψn
λ(m, δ) for m ∈ N0 = {0, 1, 2, 3 · · · }, n ∈ N,

λ > 0, z ∈ ∆ and 0 ≤ δ < 1. Motivated by this study, we introduce and investigate a
subclass of H defined on a petal-shaped domain, as described below.

Definition 2.1. Let U(z) ̸= 0 for z ∈ ∆ and let ϑ ∈ N. Define Λ(z) by (1.6). Then
the function U is said to belong to the class Ψϑ(m,λ), where m ∈ N0 and λ, ϑ ∈ N, if
Λ(z) satisfies the condition

(JmΛ(z))

z
≺ 1 + sinh−1z, (2.1)

Lemma 2.2 ([6], p.41, Carathéodory’s Lemma). If p ∈ P, then

|ck| ≤ 2 (k ≥ 1), (2.2)

and the estimate is sharp.
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Figure 2. The images of Ψ∗(∆) (blue color) and h(∆)(red color).

Lemma 2.3. [13] Suppose p ∈ P. Then, for every complex number µ, one finds

|c2 − µc21| ≤ 2 max{1, |2µ− 1|}. (2.3)

Lemma 2.4. [13] Let p ∈ P of the form (1.2). Then there exist some ξ, ζ ∈ C with
|ξ| ≤ 1, |ζ| ≤ 1, such that

2c2 = c21 + (4− |c21|)ξ, (2.4)

4c3 = c31 + 2c1ξ(4− c21)− (4− c21)c1ξ
2 + 2(4− c21)(1− |ξ|2)ζ. (2.5)

Remark 2.5. We shall illustrate with an example that the aforementioned class
Ψϑ(m,λ) is non-empty.

With F1(z) = z + az2, we obtain Λ(z) = z (1 + az)
ϑ
, consequently

Ψ∗(z) =
(Jm(Λ(z)))

z
= 1 + t2A2z + t3A3z

2 + · · · ,

where ϑ ∈ N, m ∈ N0, λ ∈ N.
For the values of ϑ = 1, we get Ψ∗(z) = 1 + t2az, when m = λ = 1, a = 1/2 and

z = 0.9eiθ, we get t2 = 2
3 and hence

Ψ∗(0.9e
iθ) = 1 +

1

3
(0.9eiθ).

Thus from the figure (Figure 2) it is clear that Ψ∗(∆) ⊂ h(∆) and hence the class
Ψϑ(m,λ) is non-empty.

Remark 2.6. The function g(z), given explicitly by g(z) = z
1−z , z ∈ ∆ is in the class

Ψϑ(m,λ), since

Ψ1(m,λ) =
(Jm(Λ(z)))

z
= 1 + t2A2z + t3A3z

2 + · · · ,
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where A2 = ϑ; A3 = ϑ+ ϑ(ϑ−1)
2 ; A4 = ϑ+ ϑ(ϑ− 1) + ϑ(ϑ−1)(ϑ−2)

6 ; · · ·
and Λ(z) = z( g(z)z )ϑ and ϑ ∈ N, m ∈ N0, λ ∈ N. Proceeding as like previous remark,
we have Ψ1(∆) ⊂ h(∆).

Extensive research has been devoted to obtaining the upper bounds of the sec-
ond and third order Hankel determinants [3, 7, 8, 9, 10, 11, 14, 15, 18, 19, 26, 27].
However, determining the bounds for a subclass of analytic functions utilizing Poisson
distribution series in a petal-shaped domain presents numerous applications in science
and engineering.
Hence, in the present paper we derive coefficient estimates and Fekete-Szegö inequal-
ity for the class Ψϑ(m,λ) and by using the Poisson distribution series, we determine
the precise bounds for coefficient inequalities, Fekete-Szegö inequality, second order
Toeplitz determinants, upper bounds of third order Toeplitz determinants, second
order Hankel determinants for the class PΨϑ(m,λ,Υ), m ∈ N0, λ ∈ N and ϑ ∈ N
associated with the petal-shaped domain.

3. Coefficient bounds and the Fekete–Szegö inequality for the class
Ψϑ(m,λ)

Theorem 3.1. If the function U given by (1.1) is in the class Ψϑ(m,λ), for m ∈
N0, λ ∈ N, ϑ ∈ N then

|δ2| ≤
1

ϑt2
, |δ3| ≤ 2σ2 max

{
1,

∣∣∣∣2σ1

σ2
− 1

∣∣∣∣} ,

where ti =
(

λ+1
λ+i

)m
, σ1 = 1

4t3ϑ
+ (ϑ−1)

8t22ϑ
2 , σ2 = 1

2t3ϑ
. The inequalities are sharp.

Proof. Let U(z) ∈ Ψϑ(m,λ), according to the subordination relationship, there exists
a Schwarz function w(z) with w(0) = 0 and |w(z)| < 1, satisfying

Jm(Λ(z))

z
= 1 + sinh−1(w(z)) (z ∈ ∆). (3.1)

Consider the function

p(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + · · · , p ∈ P. (3.2)

w(z) =
p(z)− 1

1 + p(z)
=

c1
2
z +

(
c2
2

− c21
4

)
z2 +

(
c3
2

− c1c2
2

+
c31
8

)
z3 + · · · . (3.3)

After simple computation, we get

1+sinh−1(w(z)) = 1+
1

2
c1z+

(
−c21

4
+

c2
2

)
z2+

(
5c31
48

− c1c2
2

+
c3
2

)
z3+ · · · . (3.4)

Using series expansion, we obtain

Jm(Λ(z))

z
= 1 +

∞∑
i=2

tiAiz
i−1 = 1 + t2A2z + t3A3z

2 + t4A4z
3 + · · · , (3.5)
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where ti =
(

1+λ
i+λ

)m
.

Equating the coefficients between (3.4) and (3.5), we determine that

A2 =
c1
2t2

⇒ δ2 =
c1

2t2ϑ
= c1Λ1, (3.6)

δ3 = −c21σ1 + c2σ2, (3.7)

δ4 = γ1c
3
1 − γ2c1c2 + γ3c3, (3.8)

where,

Λ1 =
1

2t2ϑ
, σ1 =

1

4t3ϑ
+

(ϑ− 1)

8t22ϑ
2
, σ2 =

1

2t3ϑ
,

γ1 =
5

48t4ϑ
+

ϑ− 1

2t2ϑ

[
1

4t3ϑ
+

ϑ− 1

8t22ϑ
2
− (ϑ− 2)

24t22ϑ
2

]
, γ2 =

1

2t4ϑ
+

(ϑ− 1)

4ϑ2t2t3
, γ3 =

1

2ϑt4
.

Applying Lemma 2.2 in (3.6), we get

|δ2| ≤ 2Λ1 ≤ 1

ϑt2
.

Sharpness is achieved by the function (3.2) with p(z) = 1 + 2z.
From (3.7), we have

|δ3| = | − c21σ1 + c2σ2| = σ2

∣∣∣∣c2 − c21
σ1

σ2

∣∣∣∣ .
By implementing Lemma 2.3, we obtain

|δ3| ≤ 2σ2 max

{
1,

∣∣∣∣2σ1

σ2
− 1

∣∣∣∣} .

Equality is attained for the function defined by (3.2) with p(z) = 1 + 2z2, when

max
{
1,
∣∣∣ 2σ1

σ2
− 1
∣∣∣} = 1 and the inequality is sharp for the function (3.2) with

p(z) = 1 + 2z + 2z2, when max
{
1,
∣∣∣ 2σ1

σ2
− 1
∣∣∣} =

∣∣∣ 2σ1

σ2
− 1
∣∣∣ . □

Corollary 3.2. If ϑ = 1, then |δ2| ≤ 1
t2
, |δ3| ≤ 2

t3
.

Theorem 3.3. Suppose the function U defined in (1.1) lies in the class Ψϑ(m,λ), for
m ∈ N0, λ ∈ N, ϑ ∈ N, Consequently, for any ν ∈ C

|δ3 − νδ22 | ≤ 2σ2max

{
1,

∣∣∣∣2(σ1 + νΛ2
1

σ2

)
− 1

∣∣∣∣} .

The inequality is sharp.

Proof. From (3.6) and (3.7), we get

|δ3 − νδ22 | = |c2σ2 − c21σ1 − ν(c21Λ
2
1)| = σ2

∣∣∣∣c2 − c21

(
σ1 + νΛ2

1

σ2

)∣∣∣∣ .
Applying (2.3), we get

|δ3 − νδ22 | ≤ 2 σ2 max

{
1,

∣∣∣∣2(σ1 + νΛ2
1

σ2

)
− 1

∣∣∣∣} .
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Equality is attained for the function given by (3.2) with p(z) = 1 + 2z2, when

max
{
1,
∣∣∣2(σ1+νΛ2

1

σ2

)
− 1
∣∣∣} = 1 and when max

{
1,
∣∣∣2(σ1+νΛ2

1

σ2

)
− 1
∣∣∣} =∣∣∣2(σ1+νΛ2

1

σ2

)
− 1
∣∣∣, sharpness is attained for the function given by (3.2) with p(z) =

1 + 2z + 2z2. □

Corollary 3.4. If ϑ = 1, then |δ3 − νδ22 | ≤ 1
t3
.

4. Functions generated from the Poisson distribution

A random variable X is said to follow a Poisson distribution with parameter k > 0 if
it assumes the values 0, 1, 2, 3, . . . with respective probabilities

P (X = i) =
kie−k

i!
, i = 0, 1, 2, 3, . . .

Thus P (X = τ) = kτ e−k

τ ! , τ = 0, 1, 2, · · · .
Porwal [22] investigated a power series whose coefficients correspond to the prob-

abilities of a Poisson distribution.

I(k, z) = z +

∞∑
i=2

ki−1

(i− 1)!
e−kzi, z ∈ ∆, (4.1)

where k > 0 also by applying ratio test one can find the radius of convergence of the
above series is infinity and Jm(Λ(z)) is defined in (1.12).
Following recent research [16, 24, 23], consider the linear operator Ik(z) : H → H
defined by

Ik(Λ(z)) = I(k, z) ∗ (Λ(z)) = z +
∞∑
i=2

ki−1

(i− 1)!
e−kAiz

i (4.2)

= z +

∞∑
i=2

Υi(k)Aiz
i, (4.3)

where Ai
′s are defined in (1.5) and

Υ = Υi(k) =
ki−1

(i− 1)!
e−k (4.4)

and ∗ denotes the convolution of two series. In particular, Υ2 = ke−k and Υ3 =
k2

2 e−k. Implementing (1.12), we have

Jm(IkΛ(z)) = z +

∞∑
i=2

ΥitiAiz
i, (4.5)

where ti =
(

1+λ
λ+i

)m
.
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Definition 4.1. Let U(z) ̸= 0 for z ∈ ∆ and let ϑ ∈ N. If the function Λ(z) is defined
by (1.6) then, the function U(z) is said to belong to the class PΨϑ(m,λ,Υ), where
m ∈ N0, λ ∈ N and ϑ ∈ N, if the function Λ(z) satisfies the following condition:

(Jm(IkΛ(z)))

z
≺ 1 + sinh−1z, (4.6)

or equivalently, PΨϑ(m,λ,Υ) = {U(z) ∈ H : IkU(z) ∈ Ψϑ(m,λ,Υ)}, where
Jm(IkΛ(z)) is given in (4.5) and Υi, i = 2, 3, · · · is defined in (4.4).

By employing the corresponding coefficient estimates together with the Fekete–
Szegö inequality for functions belonging to the class Ψϑ(m,λ), we derive the coeffi-
cient estimates and the associated Fekete–Szegö inequality for functions in the class
PΨϑ(m,λ,Υ). Applying Theorems (3.1) and (3.3) yields the following theorems for
the function IkΛ(z).

5. Fekete–Szegö inequality and related estimates for the class
PΨϑ(m,λ,Υ)

Theorem 5.1. Let U be the function defined in (1.1). If U is in the class PΨϑ(m,λ,Υ),

for m ∈ N0, λ ∈ N, ϑ ∈ N and Υ = Υi(k) =
ki−1

(i−1)!e
−k, then

|δ2| ≤
1

ϑt2Υ2
, |δ3| ≤ 2β2 max

{
1,

∣∣∣∣2β1

β2
− 1

∣∣∣∣} ,

where ti =
(

λ+1
λ+i

)m
, β1 = 1

4t3Υ3ϑ
+ (ϑ−1)

8t22Υ
2
2ϑ

2 , β2 = 1
2t3Υ3ϑ

. The inequalities are sharp.

Proof. Since U(z) ∈ PΨϑ(m,λ,Υ), the subordination condition ensures the existence
of a Schwarz function w(z) for which w(0) = 0 and |w(z)| < 1, satisfying

Jm(IkΛ(z))

z
= 1 + sinh−1(w(z)) (z ∈ ∆). (5.1)

Consider the function

p(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + · · · , (5.2)

where p ∈ P. Consequently,

w(z) =
p(z)− 1

1 + p(z)
=

c1
2
z +

(
c2
2

− c21
4

)
z2 +

(
c3
2

− c1c2
2

+
c31
8

)
z3 + · · · (5.3)

After simple computation, we get

1+sinh−1(w(z)) = 1+
1

2
c1z+

(
−c21

4
+

c2
2

)
z2+

(
5c31
48

− c1c2
2

+
c3
2

)
z3+ · · · . (5.4)

Using series expansion, we obtain

Jm(IkΛ(z))

z
= 1 +

∞∑
i=2

tiΥi(k)Aiz
i−1 = 1 + t2Υ2A2z + t3Υ3A3z

2 + · · · , (5.5)
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where ti =
(

1+λ
i+λ

)m
.

Equating the coefficients between (5.4) and (5.5), we determine that A2 = c1
2t2Υ2

.
Hence,

δ2 =
c1

2t2ϑΥ2
= c1α1, (5.6)

δ3 = −c21β1 + c2β2, (5.7)

δ4 = η1c
3
1 − η2c1c2 + η3c3, (5.8)

where,

α1 =
1

2t2ϑΥ2
, β1 =

1

4t3Υ3ϑ
+

(ϑ− 1)

8t22Υ
2
2ϑ

2
, β2 =

1

2t3Υ3ϑ
,

η1 =
5

48t4Υ4ϑ
+

ϑ− 1

2t2ϑΥ2

[
1

4t3Υ3ϑ
+

ϑ− 1

8t22Υ
2
2ϑ

2
− (ϑ− 2)

24t22ϑ
2Υ2

2

]
,

η2 =
1

2t4Υ4ϑ
+

(ϑ− 1)

4ϑ2t2t3Υ2Υ3
, η3 =

1

2ϑt4Υ4
.

Applying (2.2) in (5.6), we get

|δ2| ≤ 2α1 ≤ 1

ϑt2Υ2
.

The bound is attained by the function defined by (5.2) with p(z) = 1 + 2z.
From (5.7), we have

|δ3| = | − c21β1 + c2β2| = β2|c2 − c21
β1

β2
|.

By implementing (2.3), we obtain

|δ3| ≤ 2β2 max

{
1,

∣∣∣∣2β1

β2
− 1

∣∣∣∣} .

The inequality is sharp for the function given by (5.2) with p(z) = 1 + 2z2, when

max
{
1,
∣∣∣ 2β1

β2
− 1
∣∣∣} = 1 and it is sharp for the function given by (5.2) with

p(z) = 1 + 2z + 2z2, when max
{
1,
∣∣∣ 2β1

β2
− 1
∣∣∣} =

∣∣∣ 2β1

β2
− 1
∣∣∣ . □

Corollary 5.2. If ϑ = 1, then

|δ2| ≤
1

t2Υ2
, |δ3| ≤

1

t3Υ3
.

In view of Theorem (3.3), let us prove the following theorem.

Theorem 5.3. Suppose that the function U given by (1.1) belongs to the class

PΨϑ(m,λ,Υ), for m ∈ N0, λ ∈ N, ϑ ∈ N and Υ = Υi(k) = ki−1

(i−1)!e
−k, then

for any ν ∈ C,

|δ3 − νδ22 | ≤ 2β2max

{
1,

∣∣∣∣2(β1 + να2
1

β2

)
− 1

∣∣∣∣} .

The inequality is sharp.
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Proof. From (5.6) and (5.7), we get

|δ3 − νδ22 | = |c2β2 − c21[α
2
1ν + β1]| = β2

∣∣∣∣c2 − c21

(
α2
1ν + β1

β2

)∣∣∣∣ .
Applying (2.3), we get

|δ3 − νδ22 | ≤ 2 β2 max

{
1,

∣∣∣∣2(α2
1ν + β1

β2

)
− 1

∣∣∣∣} .

The estimate is attained by the function defined in (5.2) with p(z) = 1 + 2z2,

whenever max
{
1,
∣∣∣2(β1+να2

1

β2

)
− 1
∣∣∣} = 1 and the bound is attained for the function

defined in (5.2) with p(z) = 1 + 2z + 2z2, whenever max
{
1,
∣∣∣2(β1+να2

1

β2

)
− 1
∣∣∣} =∣∣∣2(β1+να2

1

β2

)
− 1
∣∣∣ .

□

6. Toeplitz determinant T2(2) and T3(1) for the class PΨϑ(m,λ,Υ)

Theorem 6.1. Consider the function U, as defined in (1.1), to be a member of the

class PΨϑ(m,λ,Υ), for m ∈ N0, λ ∈ N, ϑ ∈ N and Υ = Υi(k) =
ki−1

(i−1)!e
−k. Then,

|T2(2)| ≤ 16β2
1 + 36β2

2 + 48β1β2 + 4α2
1,

where α1, β1, β2 are presented in theorem (5.1), and it is the best estimate.

Proof. The bound of T2(2) is denoted by |T2(2)| = |δ23 − δ22 |.
Applying (5.6) and (5.7)

|T2(2)| = |c41β2
1 − 2c21c2β1β2 − c21α

2
1 + c22β

2
2 |. (6.1)

Using the values of c2 from Lemma 2.4, yields

|T2(2)| =
∣∣∣∣c41β2

1 − c21β1β2

[
c21 + (4− c21)ξ

]
− c21α

2
1 +

1

4

[
c21 + (4− c21)ξ

]2
β2
2

∣∣∣∣ . (6.2)

Denoting |c1| = c and |ξ| = ρ, then c ∈ [0, 2] and ρ ∈ [0, 1], and applying triangle
inequality, we get

|T2(2)| ≤ h1c
4 + h2ρc

2|4− c21|+ α2
1c

2 +
β2
2

4
ρ2|4− c21|2,

where h1 =
β2
2

4 + β2
1 + β1β2, h2 = β2β1 +

β2
2

2 . Again, applying triangle inequality for

this terms |4− c21| ≤ 4 + |c21| = 4 + c2 ≥ 0 similarly,|(4− c21)|2 ≤ (4 + c2)2, we get

|T2(2)| ≤ h1c
4 + h2ρc

2(4 + c2) + c2α2
1 +

β2
2

4
ρ2(4 + c2)2 = A(c, ρ).

Next, we maximize the function A(c, ρ) for (c, ρ) ∈ [0, 2] × [0, 1]. Partially differenti-

ating A(c, ρ) with respect to ρ, we obtain ∂A
∂ρ = h2c

2(4 + c2) +
β2
2

2 ρ(4 + c2)2 ≥ 0,

for 0 ≤ c ≤ 2 and 0 ≤ ρ ≤ 1. Hence A(c, ρ) is increasing in ρ and attains
its maximum at ρ = 1. Therefore, A(c, ρ) ≤ A(c, 1) = B(c), where B(c) =
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|h1|c4 + |h2|c2(4 + c2) + α2
1c

2 +
β2
2

4 (4 + c2)2. We note that B′(c) ≥ 0 implies B(c)
increases with c and thus attains its maximum value at c = 2. Therefore,

|T2(2)| ≤ 16|h1|+ 32|h2|+ 4α2
1 + 16β2

2

≤ 16β2
1 + 36β2

2 + 48β1β2 + 4α2
1.

The obtained bound is sharp. Equality holds for the extremal Carathéodory function

p(z) = 1+eiθz
1−eiθz

, θ ∈ R, for which c1 = 2eiθ, c2 = 2e2iθ.

Substituting these values into the expression (6.1), T2(2) yields equality. Hence, the
result is sharp.

□

Corollary 6.2. If ϑ = 1, then |T2(2)| ≤ 16B2
1 + 36B2

2 + 48B1B2 + 4A2
1, where A1 =

1
2t2Υ2

, B1 = 1
4t3Υ3

, B2 = 1
2t3Υ3

.

Theorem 6.3. Suppose the function U, defined by (1.1), belongs to the class

PΨϑ(m,λ,Υ), for m ∈ N0, λ ∈ N, ϑ ∈ N and Υ = Υi(k) =
ki−1

(i−1)!e
−k, then

|T3(1)| ≤ 1 + 8α2
1 + 16(β2

1 + 2α2
1β1) + 36β2

2 + 48(α2
1β2 + β1β2).

Proof. The bounds of T3(1) is denoted by |T3(1)| = |1− 2δ22 + 2δ22δ3 − δ23 |.
Proceeding on the similar lines of theorem (6.1), the upper bound is obtained as

|T3(1)| ≤ 1 + 8α2
1 + 16(β2

1 + 2α2
1β1) + 36β2

2 + 48(α2
1β2 + β1β2).

□

Corollary 6.4. If ϑ = 1, then

|T3(1)| ≤ 1 + 8A2
1 + 16(B2

1 + 2A2
1B1) + 36B2

2 + 48(A2
1B2 +B1B2),

where A1, B1, B2 are defined in corollary (6.2).

7. Second Hankel determinant associated with the class PΨϑ(m,λ,Υ)

Theorem 7.1. If the function U of the form (1.1) is in the class PΨϑ(m,λ,Υ), for

m ∈ N0, ϑ ∈ N and Υ = Υi(k) =
ki−1

(i−1)!e
−k, then

H2(2) = |δ2δ4 − δ23 | ≤ 16(η1α1 − β2
1) + 24(2β1β2 − η2α1) + 44η3α1 + 36β2

2 .

Proof. Using (5.6) to (5.8), we have

|δ2δ4 − δ23 | = |[η1α1 − β2
1 ]c

4
1 + [2β1β2 − η2α1]c

2
1c2 + η3α1c1c3 − c22β

2
2 |. (7.1)

Using c2 and c3 values from Lemma 2.4, yields

|δ2δ4 − δ23 | =
∣∣∣∣[η1α1 − β2

1 ]c
4
1 + [2β1β2 − η2α1]c

2
1

1

2
[c21 + ξ(4− c21)] + η3α1c1

1

4
[c31

+2ξc1(4− c21)− ξ2c1(4− c21) + 2(4− c21)(1− |ξ|2)ζ]− β2
2

4
[c21 + ξ(4− c21)]

2

∣∣∣∣ .
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Denoting |c1| = c and |ξ| = ρ, then c ∈ [0, 2] and ρ ∈ [0, 1] also using the fact that
|ζ| ≤ 1 and implementing triangle inequality, we arrive

|δ2δ4 − δ23 | ≤ |q1|c4 + q2ρc
2|4− c21|+ 2q3c|4− c21|+ q3cρ

2|4− c21|(c+ 2) + q4ρ
2|4− c21|2

where q1 = 1
4 [4η1α1−4β2

1−2η2α1+4β1β2+η3α1+β2
2 ], q2 = 1

2 [η3α1+β2
2−η2α1+2β1β2],

q3 = 1
4 [η3α1], q4 = 1

4β
2
2 .

For c ∈ [0, 2], applying triangle inequality again, we have

|4− c21| ≤ 4 + |c21| = (4 + c2) ≥ 0, and |4− c21|2 ≤ (4 + c2)2, thus

|δ2δ4 − δ23 | ≤ |q1|c4 + |q2|ρc2(4 + c2) + 2|q3|c(4 + c2) + |q3|cρ2(4 + c2)(c+ 2) + |q4|ρ2(4 + c2)2

= V (c, ρ),

Proceeding as in Theorem 6.1, we get V ′(ρ) > 0. Thus V (c, ρ) attains the maximum
value at ρ = 1. Hence

V (c, ρ) ≤ V (c, 1) = U(c) = |q1|c4+|q2|c2(4+c2)+2|q3|c(4+c2)+|q3|c(4+c2)(c+2)+|q4|(4+c2)2.

U ′(c) ≥ 0 implies U(c) is an increasing function and it attains the maximum value at
c = 2. Therefore,

|δ2δ4 − δ23 | ≤ 16|q1|+ 32|q2|+ 96|q3|+ 64|q4|
≤ 16(η1α1 − β2

1) + 24(2β1β2 − η2α1) + 44η3α1 + 36β2
2 .

□

Corollary 7.2. If ϑ = 1, then |H2(2)| ≤ 16(D1A1 −B2
1) + 48B1B2 + 20D2A1 + 36B2

2 ,
where A1, B1, B2 are defined in Corollary 6.2 and D1 = 5

48t4Υ4
, D2 = 1

2t4Υ4
.

8. Conclusion

Toeplitz and Hankel matrices are open to a broad variety of diverse algorithms and
offer some of the most appealing computational features. For a given analytic function
U(z) belonging to the class Ψϑ(m,λ), for U(z) ̸= 0 for all z ∈ ∆,m ∈ N0, λ ∈ N, ϑ ∈
N defined on the open unit disc ∆, we have obtained sharp estimates of coefficient
inequalities and the Fekete-Szegő inequality. Also, using Poisson distribution series, we
have obtained sharp coefficient inequalities, the Fekete-Szegő inequality, sharp second-
order Toeplitz determinants, upper bounds of third-order Toeplitz determinants, and
second-order Hankel determinants in a petal-shaped domain. We anticipate that these
findings will have a significant impact on many different types of science, technology,
engineering, and mathematics-related sectors.
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