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Logarithmic Sobolev inequality in the variable ex-
ponent setting and its applications to hyperbolic
differential equations with a logarithmic source
term

Mykola Yaremenko

Abstract. We establish the generalized parametric logarithmic Sobolev inequal-
ities in the Gagliardo-Nirenberg form for variable exponential space with log-
Holder exponential function. Employing the generalized parametric logarithmic
Sobolev inequalities, we establish the existence of weak solutions to the bound-
ary problem for the hyperbolic equation with logarithmic nonlinearity and in-
volving variable exponents. Numerical examples and further applications will be
addressed in a forthcoming paper.
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1. Introduction

In this work, we employ the logarithmic Sobolev inequality with variable exponent
and investigate the solvability of the hyperbolic problem with variable exponent
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%u 9 - -
S+ gy = div (197 Vu) 0O ulnul,

u(x, 0) = o (x),

Ou(x, 0)
To )

u (@, Hlsaxp, ) = 0,
Ou(x, t)

prm— 0,
ot o0Nx[0, T)

where € is a bounded domain in R' with a smooth boundary 9, and ¢g, ¢, are
fixed initial functions; 6 is a positive number. We define a function p* : Q — R by
p*(z) = ll_ngfz) if p(z) <!l and p* (z) =0 if p(z) > 1.

This type of equation models physical systems with spatially varying properties
[1, 12, 27]. Materials science with non-uniform properties: The variable exponent al-
lows the mathematical problem to model the dynamic behavior of materials where the
elasticity, viscosity, or other material properties change from one location to another
[24, 25]. Examples include elastoplastic materials, which can exhibit both elastic and
plastic deformation. Geophysics and seismic wave propagation: The variable expo-
nent can model different rock properties at various depths in the Earth’s crust. It
helps analyze how seismic waves travel through and are attenuated by these hetero-
geneous geological formations. In [27], S.D. Zeng, A.A. Khan, and S. Migorski used a
framework of Oseen’s type problems, which are fluid dynamics equations, and specifi-
cally addressed scenarios with non-smooth boundary conditions. The work establishes
the existence of solutions for these inequalities and their applications in physics and
engineering. The diffusive term in the equation is used in mathematical models for
image denoising. In this application, the variable exponent can adapt the smoothing
process to the specific local features of the image, such as preserving edges while re-
moving noise [14]. In [14], the paper studied optimizing the algorithm for real-time
applications, such as video surveillance. The optimizations included software pipeline,
operation unit balancing, and other programming techniques to maximize processing
efficiency.

Investigations of equations with logarithmic nonlinearity have a long history, see
[11], and references therein. Variable exponents were studied in many papers, including
[5,7,9, 15,22, 23]. In [11], the authors analyze a hyperbolic equation with logarithmic
non-linearity and a weak damping term, proving global existence of solutions using
the potential well method and investigating growth and decay estimates. In [15], B.S.
Wang, G.L. Hou, and B. Ge studied the existence and uniqueness of solutions for a
quasilinear elliptic equation with a variable exponent and a convection term. In [19],
the paper proved the existence of ground state sign-changing solutions for a class of
second-order quasilinear elliptic equations. The equations are derived from models in
nonlinear optics.
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In the present article, we assume that a function p : €2 — R satisfies the
estimation
c
lp(z) —p(y) < —
log(eﬂxfyl )
and
C1
p#) =Pl < o

for all z, y € €, with some ¢ > 0, and some ¢; > 0, and real constant p.,. Let
p, r : Q= [0, 00) and p, r € C(clos (1)) N L>®(Q). Let p(z) < I, r(z) < 1%8)
for all = € clos (€2). Then, we establish that for each p > 0, there exists a positive

number ¢ (p) such that

p(zx)
/|UI”Z)1 ) g <
Py (1)

< upp(y (V) + (1) ppcy (u) + a1 %%(-) (w) In (pp( (u))

for all uw € L") (Q) such that |Vu| € LPO) (Q).

Also, we prove that assume ¢g € Wﬁ(d) (D\{0}, oo € Ws, 0 < 5 </, ¢1 €
L? (), and Ey < d, then there exists a function u € L™ ([ 00), W1 o ( )\{O})
du € L™ ([0, o0), L*(Q)) such that

2
/%gp(m)dxqt/ VP2 VuVpds
Q

+ Ou —@dr = 0/ |u|p(x) > uln |u| oda

for all ¢ € Wi(o') (€2). Thus, the hyperbolic problem (4.1) has a global weak solution

ue L>® ([O7 00), Wﬁ(o') )\ {0}), and the weak solution u grows as an exponential

function as time approaches infinity (see Theorem 7).

2. Preliminaries

We assume that an exponent p belongs to the class of log-Holder continuous func-
tions P°8 (Q), Q C R', and denote p,, = ingp(ac) and pg = supp (z). For further
xe zEN

information, see [5, 6]. We define a modular function by

_ / ()P da,
Q

and the variable exponent Lebesgue space LP() (©) norm by

”uHLP(')(Q) = inf {)\ >0 ppe) ()\) < 1}
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In the case variable exponent p () is identical to the constant, we obtain the standard
LP spaces.
For each a > 0 such that p (%) < 00, we have that A — p (%) is a continuous

function on [a, co) such that lim p (%) = 0. For all A > 1, we have
A—00

AP (u) < p(Au) < A9p (u).
For all 0 < A < 1, we obtain

APEp (u) < p(Au) < APmp (u).

There are different modular functions, for example

~ ]- €T
Pt () = / @) e,

op(z)
which satisfies the following inequalities

oy (1) < pp(y (W) < Py (2u)
and the induced norm satisfies the relation
lull ooy = llullz, < Null,, . < 2lulls,,. -
The Banach space Wy (6) (Q) is defined by
W) (@) = {u EWLo(Q) : u, Vue L0 (Q)}
endowed with the norm
HUHWf,(b) = llull pocr @y + IVUll Loy (@)
for all u € Wﬁ(b) (Q).
Proposition 2.1. Let p € P8 (Q), then for all u € Wﬁ(g (Q) the estimate
ull ooy (@) < € diam () [[Vul| o0 (q)
holds with a constant ¢ depending only on p () and I.
Proposition 2.2. Let p, » : Q — [0, 00) and p, r € C(clos(2)) N L>*(Q). Let

plx) <1, r(z) < ll_p(w for all © € clos (). Then, there exists a continuous and

compact embedding Wlp( ) Q) — L0 (Q).

The proof and additional information on the Sobolev and Poincare inequalities
can be found in [5, 6, 15].

Similar to classical theory, we have that, in case pg < oo, the set C§° () of all
smooth functions with compact support is dense in LP(") (Q) for every open domain
Q.

In the variable exponent setting, we reformulate the Holder theorem as follows:
for all u € L) (Q) and v € L90) (Q), the inequality

1 1
u ( )| dz < 1—|——> |7 V|74
[ @l (14 = 2 fulloe oo
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holds with ¢ (z) = -2 2 € Q.

p(z)—1°
For all py, pa € P () such that p; (z) < p2 (z) almost everywhere in ), the
embedding LP2() (Q) — LP1() (Q) is continuous.

Theorem 2.3. Let p € P°8(Q), 1 < p,,, < ps < l. Let the function p* : Q — R be
defined by p* (x) = llf’;?)) ifp(z) <l andp* (x) = oo if p(x) > 1. Then, the inequality

x

”uHLp*(»)(Q) <c ||Vu||LP(’)(Q)
holds for allu € Wﬁg) (Q) with a positive constant ¢ depending only on the l and p (+).
For all s(-), p(-) > 1, the interpolation theory yields the inequality
0 1-6
ll sy < 4Nl Nl
where ?1) = % + i(;_? [5, Section 7).

Straightforwardly, from the variable exponent Sobolev-Poincare inequalities and
the interpolation theory, we obtain the following interpolation theorem.

Theorem 2.4. Let p € P°¢(Q), 1 < p,, <ps<oc,and 1 <p(-)<l, 1<s(-)<p().
Then, the inequality

[[ul

L) S ¢ ||“HL;>( )(Q) ||UHU<> Q)
holds for allu € L") (Q)N Wf( ) (Q) with a positive constant ¢ depending only on the
Landp(), 5 (), (), where 5 =0 (55— 1) + 1, 0 € [0, 1).

Proposition 2.5. Let p € P8 (Q), 1 < p(-) <1 (-) < 0o, then the inequality

p(e) p(z) o
Q Pp() (1) Pp(-) (w) - 2= Pp(y ()

Tm

holds for all LPC) (Q) N L") (Q).
Proof. We obtain that the derivative of the function of ¢ on (0, co)

F(t)=th (/ﬂ MK dx) (for u # 0 a.e.)

in the following form

'(t) = tln </Q u|1dx) jﬁ(/Q |u|1dx>1/ﬂ|u|11n(u|)dx

for all ¢ € (0, co). Employing the convexity argurnent for all0 < £ < t < 0o, we have
st B0-10

t—t

thus, we obtain

A 1@ ) - oo S ayde s L [ o (@)
1 </9| | d) /Qp( )pp(->(U)1 (ul) do 2 e 1
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SO

([ e g oy el (e (W)
1 </a ™ >+/Qp( )Pp(~)(u)l (b < 75 1 Pp() ()

2

Tm

3. Logarithmic Sobolev inequalities in the variable spaces

We consider the analog of logarithmic Sobolev inequalities.

Theorem 3.1. Let p € P8 (), 1 < p(-) < oo, then there exists a constant c¢; > 0
depending only on 1 and p(-) such that the inequality

|u|p(w) . |u|p(z) oo L Pe() (V)
/Qpp<-) W' (Pp<~> w ) = ( G r0)) Po() (U)>

holds for all uw € LPO) (Q) such that |Vu| € LPC) (Q).

Proof. We assume that p € P'°8 (Q), p(x) < [, then we obtain that
pr(y () < €(l, p () ppcy (V)

for all u € Wﬁ(o') (Q) for r (x) < p* (). We have

priy () < (&1 () Py (V) gy ()7

We can assume 7 ( —, then we have

|P($ ‘P (x)
dr <
Q pp(
Ps

oo (V) pyy () 7)™
Pp(-) (U)

and

p(z) p() V)7
/ ] In | d < Tm In [ e, p())% ,
o Po() (W) \ () (1) Tm — Ps poy (W)~
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|U|P(ﬂ?) : |U|P(fﬂ) ;
/Q Poy (@) <Pp(-) (U)> "=
< el p()

T'm

1 Tm

Tm Tm — PS

Ps 1> Tm
—(1-— In a(uw)) <
< ” s (pp( ) ( ))

<eimn (el p() m)

for all u € LP) (Q) such that |Vu| € LPO) (Q).

In (pp(.) (VU))

Theorem 3.2. Let p € P8 (Q), 1 < p(-) < oo, and r (z) < p* (), then the inequality
r() r(@) v
/ [ul In [ul dr < cln (c(l, p(), r(-)) W)
apriy (W) \ prg () pr() ()
holds for all u € L") (Q) such that |Vu| € LPO) (Q)

Proof. Let p € P'°% (Q), p(x) < . Then, we have
. 0 _
pscy () < (E(L 2 () ppcy (V) gy ()7

We obtain

TS

r(x) r(x) Sm
/ LIy G L de < 1TS [ (e ()
Q Pry (1) pr(-y (u) 1- pr(sy (w)

Sm

so, we have

r(z) r(z)
/ LA O U] de <
Q Pr() (u) Pr(-) (u)

TS

1 <(5 (l7 p () )pp(.) (Vu))e Pr() (u)lfG) Sm
< In B
ST pr(y () =

! (o (T oy (055) ™"
< = S%i In C(l, p() ) = (u) .

with 6 = L for r (z) < p* ().

TS
The results above can be presented in the parametric form.
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Theorem 3.3. Let p € P8 (Q), 1 < p(:) < oo, and 7 (z) < p* (x). For each u > 0,
there exists a positive number c () such that

p(z)
/ @ (1) e <
Pp(-) (u)
ps
< wpp(y (V) + (1) pp(y (w) + 1 o PO (u) In (pp(y (w))

holds for all w € L™ (Q) such that |Vu| € LP0) (Q). Remark: The condition r(x) <
p*(z) ensures the continuous embedding WP()(Q) — L™0)(Q).

4. Existence of a weak solution to the hyperbolic equation with
logarithmic nonlinearity

In this section, we consider the hyperbolic equation involving variable exponents in
the following form
atQ — div <|Vu|p(w Vu) +du =9 w72y n |ul,
6)( 0)) o (2),
o0 = gy (x), (4.1)
(50 t)‘aﬂx[o, =0
du(z, t) _
9% sax0, T)
where  is a bounded domain in R’ with a smooth boundary 92, and ¢q, ¢; are
fixed initial functions. Where a function p* : © — R is defined by p* (z) = ll—pﬁi) if
p(x) <l and p* () = oo if p(x) > I. We assume that 6 is a positive number.

Definition 4.1. The energy functional is deﬁned by

/|8tu| d:r+/ G )\wp(z) da— (4.2)
—9/—up(m lnudx—f—Q/ ulP® dg. 4.3
Qp(x)|| |ul Qp(x)g\ | (4.3)

We have the following energy estimate.

Lemma 4.2. The energy functional Ey; is a non-increasing function of t > 0 such that
dE ?
t (U) _ _/ @ dxr <0 (4.4)
dt o \ ot

u

Proof. Multiplying the hyperbolic equation by % and integrating over 2, we obtain

0%u Ou . p(x)—2 Ju
| O ot ——dz — / div (\Vu| Vu) Edw

Ou Ou p(z)—
+ Egd 9/ |ul uln|u|—dm

for allt > 0.
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Thus, we deduce

d (L (0u)’ 1 p()
g (2/9 () o=+ [t 7o
79/ L |u|p(m) In |u| dz + 0/ 1 5 |u‘p(ac) de / @@d
ap(7) ap(z) ot ot

The energy estimate is proven. By a density argument, this estimate remains
valid for weak solutions.
Now, we are ready to prove the existence of a weak solution.

O

Theorem 4.3. For each given ¢y € Wﬁg) () and ¢1 € L*(Q), there emists
a weak solution w to the boundary problem (4.1), in the following sense: u €

C ([O, T], Wﬂg) (Q)) , 0w e C ([0, T], L? () and u satisfies the identity

0? t )—
/%@(z) d:ch/ |V ufP¢ )72V pda+
Q Q

+/ %godx = 9/ u|P 72 wln u| pda (4.5)
o O )
for all ¢ € Wﬁ(o') Q).

Proof. We are going to employ the Galerkin approximation method. Let {¢x, k € N}

be a basis in Wp( ) (Q), orthogonal in L?(Q). Let A; be a linear span
span {1, V2, ..., wj} We define the projections of the initial conditions on the
finite-dimensional subspaces of A; by

p( )(Q)
doj (@)= D axthy —> o (x),

k=1, ..., j

()
1 (@ Z bkwk—wl()

k=1,
The Galerkin approximate solution Wlll be assumed to have the form
= > &)t (x)
k=1, ..., j
with coefficients & (t) = (u(x, t), ¥ (x)) that satisfy the approximate problems in

A

0?u; p(z)—2
o pdx + Q|Vuj| Vu,; Vods+

Ou; z)—
+/ %gpdm:ﬁ/ Juj P72 In uj| pda,
Q Q
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ui(z, 0)=¢o;= Y (o, ¥r)¥r,

k=1, ...,

=diy= >, (1, ve) v,

k=1, ...,j
= 07

Ou; (z, 0)
ot

w; (%, V)|ag o, 1)
Ou;j (z, t)

B = 0.

oaQx[0, T)

O

It is a system of j ordinary differential equations of the second order for the
coefficients

& () =(u(z, t), Y (x), k=1, ..., j
on [0, t;), 0 <t; <T for each index j. Therefore, the coefficients & (t), k=1, ..., j
satisfy the integral identity

0?u; . p(z)—2
/Q< BT — div (|Vuj| Vuj) +

ou,; _ .
+a—tj — 0 |u; P2 1n|uj|> Y (x)de =0, k=1, .., j.
Next, we must prove that we can take t; = T for each j. Let % be a test

function, then we have

2, 9 ,
oy %dx — / div (|Vuj|p(x)_2 Vuj> %dx
Q

q 02 0Ot ot
Ouj Ou; p(z)—2 Ou;
+ ot ot dx 9/Q|uj| wj In |uj] 5 dx,

integration by parts gives the following identity
d d (1 [ (0u;\” 1 .
—FE (u;))=— | = - dm—i—/ Vu, [P da
dt ¢ () dt (2/ﬂ<3t) QP(CU)| i
1 1
—9/—u'|p($)lnu<dx+9/ w; P dz | =
QP($)| J | ]| Qp(l')2| ]l

auj 2
= — —_— < 0.
/Q(at)dx_o

Integration of the last inequality with respect to time from 0 to ¢ gives

By (uj) < Eo (ug) .
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‘We obtain

2
Et(uj)ZE/ (%7) dm+/ V) i
2 Jo \ Ot op(z)
1 1
4)/ —— Ju; P® 1n|uj\dx+0/ 5 Ju [P da.
ap(z) o p(x)

By the parametric logarithmic inequality, we have

/ \uj|p(m) In|u;|dz <
ap(z
<

1 @ 1 *
——/ﬁwup>M+Afdm/WuW da

1
+(1+Qm(/ufmm)/WW“
DPm

ou
E > !
t(u])—2/(at> d
1 1
+(_u)/vujlp(w dx+(9<2— >/|u |P(w)dx
ps Ps DPm
1
-—— <Clps + 1> In </ [P dx) / |u; P da.
Pm Pm Q Q
Assume ¢ = 2Fj (u;), we have
2
/ 9u; dzr + 2 ———u /|Vu|p(x)d:17
o \ Ot
) p()
+0 | - — —c |u |7 da <
p
1
<c+2— <Clps + 1> In </ | P dx) / |uj P da.
Pm Pm Q Q

Now, we select p such that both inequalities ;ZT’"S > p and ’;—3" > ¢(u) hold
S

So,

together, then we obtain

2
/(%?) daz—i—/ |Vuj|p(z)dx+/|uj|p(z)dx§
(1+ln(/ u, pz)daj)/ |uj |p($)d;v>

wi ) =0+ [ Qui 1) g,

We deduce
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Therefore, we obtain

2
du; (t)>2 / / Au; (-, 1)
) dr = u; (-, 0) + ———=dr | dx <
/Q< ot Q 15 0) 0,4 Ot !
a 2
§2/uj(0)2dx+2/ / Mcﬁ dr <
Q a\Jpo g Ot
2
§2/ uj (O)de+2T/ / (WT)) dwdr.
Q 0,4 /0 ot

Thus, we conclude

ou; (t)\? 1
/ (J> dr< 2/ u; (0)% da + 2T ¢, (1 +—1In (/ Ju [P dx) / | [P dx) :
o\ Ot Q Pm Q Q

We take c3 = max (2 Jo 1 (0)? de, 2T02), so we have

2
/ / (fﬁw)) dudt <
[0, 7] Ja ot
2c3 <1+/ —ln (/ | P dx> / | [P da:d7>.
[0, ¢] Pm

Thus, we have

2
/ / (au] ) dxdt <
0, T)
< 2c (1 +/ <C3 +/ |Uj‘p(w) dx) In ((33 + (/ |uj‘p(w) dx) pm) dT)
[0, 1] Q Q

[0, 7] Jo

du; \* e e

v de+ | |[Vu;|""de+ | |u|" dx <ec
Q Q Q

where a positive constant ¢ does not depend on ¢ € [0, T] and j. We obtain

Ouj ? T x
max/ T gz + max/|Vu P da 4 max/\uj|p()d$§5,
telo, t;] Jo \ Ot telo, t4] tel0, t;] Jo
where a positive constant ¢ does not depend on ¢ € [0, T] and j.We take the limit as

t; tends to T'. Thus, we have:
1) set {u;} is uniformly bounded in L? ([ 7], Wp( ) (Q)) ,

and

2
t
)) dxdt < 2c3 exp (2c3t) = const.

We conclude

and
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2) set { = } is uniformly bounded in L* ([0, T], L*(Q)).
There exists a subsequence of {u;, j € N}, which will still be denoted by
{u;, j € N}, such that:

1. Sequence {u;} converges to u *-weakly in L> ([0, 7], Wﬁ(o') (Q)) as j tends to
infinity;

2. Sequence {%} converges to 2% *-weakly in L> ([0, T], L?(2)) as j tends to
infinity;

3. Sequence {u;} converges to u weakly in L? ([O7 7], ng) (Q)) as j tends to
infinity; /

ou

4. Sequence {8;7} converges to 2% weakly in L ([0, T], L*(Q2)) as j tends to

infinity.

By the Aubin-Lions-Simon lemma, we obtain that sequence {u;} converges
to u in L% ([0, T], L?(Q)) as j tends to infinity, and {u;} converges to u almost
everywhere in Q x [0, T] as j tends to infinity. By continuity of r — 7P(®)~11Iny?,

| P2 |2 4 1n |u|’ almost

we obtain that sequence { ujIn |uj\9} converges to

everywhere in Q x [0, T] as j tends to infinity.
For all ¢ € A;, we obtain the identity

/%apdac—/gbl’jgodx—i—/ /\Vuj|p(x)72 Vu,;Vedrdr
o Ot Q 0,4 /0

+/ /%@dwdrz@/ /|uj|p(w)_2uj In |u;| edzdr.
0,4 /o Ot [0, ¢] /Q

We pass to the limit as j goes to infinity, and deduce
%cpd:p = / brpdr — / / (V[P 2 VuVpdzdr—
o Ot Q 0,4 /o

—/ / %wdwdT + 9/ / [u|P 72 win |u| pdzdr.
[0,t] /Q [0, t] /O

The right-hand side of the last identity is an absolutely continuous function. We
differentiate at t, thus the identity

w(z, PO 2y (2 nlu(z x)dr =
0 [ ula 0P u e Hnfuta, g (@)d

2u (z u (z
—/Qa 8(7527 t)ga(:r)dach/Qa (61; t)cp(x)dx

+ / Vu(z, )P 2 Vu (2, t) Ve (z) da
Q

holds for all ¢ € W} g) (©). Employing the initial conditions, we deduce:
1) sequence {u;} converges to u weakly in L? ([0, 7], ng) (Q)) as j tends to infinity;
2) sequence {Bat } converges to 2% weakly in L2 ([0, T, L?(2)) as j tends to infinity;
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3) sequence {u;} converges to u in C ([0, T], L*(R)) as j tends to infinity;
and,
4) sequence {u; (x, 0) = ¢, ; } converges to u (z, 0) = ¢ (z) in Wﬁ(o') (Q)NH(Q) as
j tends to infinity.
Let n € C§° ([0, T]). Then, we have

au] ,

- ()gpdm—/ /|Vu \p(x) > Vu, i Von (1) dedr—
Q ot " [0, Jo

/ / cpn dwdTJrH/ /|uj|pz "y Inuglon (1) dedr
[0, 1] [0, t] /O

for all ¢ € Wﬁ 8) (©2). We pass to the limit as j tends to infinity, and deduce

/ Ou n (t) pdz = / / VP2 VuVen (1) dedr—

ot 0,40

- / / (’71;('077 (1) dzdr + 9/ / [P 72 win |u| o (7) dzdr.
[0, t] /@ 0, t] /2

Therefore, we obtain that sequence {W = fbl,j} converges to M = ¢1(x)

in L2 (Q) as index j tends to infinity. Thus, the existence of a weak bOluthIl has been
proven.

5. New potential wells technique for variable exponent spaces

For small positive numbers d, we define the variable exponent functionals by

1 1 1
Js (u) = 5/ —— |V d:c—i—H/ 5 Ju[P™ da — 9/ —— ufP) In |u| d,
op(z) ap(z) op(z)

and

u) :5/ V[P dm—ﬁ/ ulP) In |u| da.
Q Q

For all u € Wp( ) () \ {0}, for A > 0, we consider the mapping A — U5 (A) = Js (Au)
defined by

A\p(z) @)
s (V) :5/QM\W|P dot

(@)

AP(z)
+6 5 |ulP®) da — 9/ 2 ") In | Aul da.
ap(z)

ap(x)
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We estimate the logarithm term, and have

/ u|P) In |u| do <
Q

< / |ulP) 1n|u\dx—|—/ u|P) In |u| do <
{lu|<1} {lu[=1}

< c/ |u|p(I)+v de < c/ |u|p(w)+7 dx
{lu[>1} Q

for all v > 0. By application of the Young inequality, we obtain that for each ¢ > 0
there exists some constant ¢ () > 0 such that

/ u|P In |u| dw < c/ u|POH dz <
Q Q
< 2y (V) + e (&) pyp (o) <

< eppey (IVul) + ¢ () (ppe) (u))ﬁ ;

2
where we select 0 < y < %2 and

!
(1 - pm(pl,+'y)) (Pm +7)
pZ, —ly '

1<8=pm

Lemma 5.1. Let u € Wlo (Y)\{0}. Then, we have 111201115()\) = 0 and
A—

lim U5 () = —o0.

A—ro0

Proof. Straightforwardly, we have

1
s () = Js (M) = 5/9 e IAVuP) dz—

1 1
—9/ —— D In |Au| do + 9/ —— AP dz 222 0
oD () ap(z)

1
5| VulP®) + e |u|”(“7)) AP@) AP [P I |>\u|> dr =
p x

((
:/ L ((5|vu|”<”)+e

1
e o ") — 6 [ul?) ln|)\|) AP@) dx
Q
1 %
/ —AP@) PO I |y dz 223 o0,
ap(z )
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Lemma 5.2. Let u € Wﬁ(d)

(Q)\{0}. Then, there exists a solution A to the equation
Us (N) = 0 such that

min{Dq, D1} < X <max{D;, D;}

where,
1 min (APs—1 Apm—1)
D, = A _
L (93 (u) < max w1, 1) A W) —0C W) ),
1 max (\Ps 1, \pm—1)
Dy = A _
2T (93 (U)< min (APs—1 Apm—1) (u) =0C (u) | |,
and

u):/ (V"™ da, B(u):/ |ulP®) dz, C(u):/ |u["“) 1n |u] da.
Q Q Q

Proof. We have

A\P(E)—1
Ts(N\) =6 [ AWOHTuP@dz 49 |u|P® dx
8
Q o p)

: . ap(@)=1
_9/ (Ap<z)—1|u|p(m> In [u| + |u|p<£)) i
Q
= 5/ /\p(“")’1|Vu|p(r)dx—9/ NP@) =11 [P 1 |\ |
Q Q

- 9/ AP@ =1y, |P@) I || daz.
Q

Thus, we have
W5(A) > dmin (APSH AP 1) A(u)
= Omax (A< ~1 N7 (In A B(u) + C(u) = f1(N)
and
5 (A) < Smax (A5, AP»~1) A (u)

—0min (W<~ AP ) (In A B (u) + C (w) = f2(A) .
Thus, we have that

min {Dq, D1} <X <max{D;, D},

where, we denote

1 min ()\ps*l7 )\p’"*l)
D1 =exp (03 (U) < max )\psflv \Pm—1 A(U) —6C (u)

( )
Do = exp (931(u) (ﬂ?ﬁ ((;Z—l :::_1)) A(u) —0C <u)>> :
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and
A(u) = / V"™ da,
Q
Bw= [ [ dz,
Q
C(U):/ |ulP) In u| da.
Q

O

Lemma 5.3. Let u € Wi(') (Q)\{0}. Then, there exists a number \* = A\* (u) > 0
such that the functional Vs attains its mazimum at A = X\*. We have that:

1) if Is (u) < 0 then \* € (0, 1);

2) if Is (u) = 0 then \* = 1;

3) if Is (u) > 0 then \* > 1.

Proof. We have that Is (Au) = AU (), where
W (N) :5/ AP =L |57, P () dx—&/ AP =T |y P 1 | | da
Q Q

and
Is (u) :5/ V[P dxfe/ |u[") 1n |u da.
Therefore, we obtain ? !
W () < AU (u)
for A € (0, 1), and
W () = AU (u)

for A > 1. The lemma is proven. O

Definition 5.4. The Nehari manifold Ns associated with the energy functional Js is
defined by

Ny = {u e WS @\ {0} ¢ Iy () = (T} () ) = 0}

Straightforwardly, we obtain that the set Ny is not empty, and the operator Js
is coercive on the set Ns. We denote

d5 = inf J5 (u)
u€EN;s

- inf{sup Js (u) + we WP (@)\ {0} }
A>0

We define
W = {ue Wi () + Js(u) < ds, I5 (w) > 0} U {0},

Vs = {uewﬁg) Q) : Js (u) < ds, Is (u) <o}.
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By the parametric logarithmic Sobolev inequality, we estimate

Is (u) = 5/ (V"™ da — 9/ [u|P In |u| dz >
Q Q

> (5 m) [ [Vul"? ds
Q

— (90 (1) +0 (Clps + 1) In (/ |ulP) dm)) / u|P™) da.
Pm Q Q
We obtain that

1
1) if ppy (u) < exp (—c(u) (cl— + 1) ) =/fand u < g, then Is (u) > 0;
-1
2) if I5 (u) < 0 and p < J, then p,(.) (u) > exp (c(p) (01 II:S + 1) );

-1
3) if Is (u) = 0 and p < §, then p,(.) (u) > exp (—c(u) (clg—i + 1) )

Theorem 5.5. Let ¢y € VV10 ()\{0}, ¢o € W5, 0 < § < £ and ¢1 € L*(Q) be
given. We assume Fy < d, then the hyperbolic problem (1) has a global weak solution

u e L™ ([0, 00), Wﬁg) )\ {O}) , Ou € L™ ([0, 00), L*(2)) and the identity

2 t _
/Qc? u@(;, )go(x)dan/QWuV”(I) 2 VuVeds

0 _
+ ﬁ@dm = 9/ |u|p(x) 2 uln |u| pdz
o Ot Q

holds for all ¢ € Wp( ) (Q2). Moreover, the weak solution u grows as an exponential
function as time approaches infinity. Since Li(u) is equivalent to the energy norm,
this implies exponential growth of the solution in the energy norm.

Proof. The existence can be proven similarly to the previous theorem.
We have proven that

ou |
—E] =||= 0.
=5
We assume that 0 < Ey (u) < E; < min (me , ”—S), and denote
ps 7 Ps

ou

L() E1 Et +8/de + = 6t
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for all ¢ > 0. We differentiate with respect to time and obtain
L (u) = —E; (u) +

+e /Q u (div (\Vu|p(x)_2 Vu) + 0% yln |u|) dx

ou\ ou ou\
—I—E/ () da?—&—s/u—dm: 1+¢ / <) dr—
o \ Ot q Ot ( )Q ot
—5/ VP dx+{—:/9|u|p(z)_2uln|u\dx.
Q Q

For a positive number 7y, we have

Ly (u) = eyEy — eyEy (u) — evEr

+<1+€+15'y)/ (3“>2d:c+s/7p()vu”>dx
2 o \ 0t o p(@)

— _ 1
—6/ wﬂu\p(w) 2uln\u|dx+9€’y/ 5 |u\p(x) dx.
Q ap(z)

p(z)

Since ¢ € W5, we obtain u € W and I (u) < 0, therefore, we have [jul|,,., > ¢. So,
we obtain

Ly (u) > eyEy — evEy (u) +
1 ou\* v —p(z) (@)
+|14+e+ ¢ /(> dachs/iVup dx
< 27)9(% QP(@”)‘ |
—60% (,u/ |Vu|p(x) dm—i—c(,u)/ \u|p('x) dz+
+ <+1) In (/ |u|p($)dm>/|up (@) dx> >

1
> evEy —evE; (u) + (1 +e+ 6’7) / <6u) dx
2 o \ ot
te (7—173 _97—pmu> / VulP™ da

Ps Pm

ol (c(u) (+1> In (/ P @ dx)>/|up *) dg.

For |lul| ;) > ¢, we choose v = 4pg, then we obtain

2
L (u) 26<E1—Et (u)+/ (gzz) da:+/ VP dm—l—/ |ufP®) dx),
Q ) Q

where we denote

2
B =min | F; — F; (u), / (8u) dz, / \Vu\p(m) dz, / |u|p(m) dr | >0
o\ 0t Q Q

for e > 0.
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By the Young and generalized Holder inequalities, we have

Li (u) < By — By (u) +ecy (/ u["™ dz + Ey — E, (u))
Q
1 ou\’
- - <
+2€/Q (8t> dr <
ou)® p(z) p(@)
<c|E—E(u)+ — | de+ [ |Vu|"""do+ [ |u"dz |,
o \ 0t Q Q

where ¢; = 1 + m Thus, we obtain Lj (u) > const L (u) so Ly (u)
Lo (u) exp (ct).
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