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Global existence, asymptotic behavior, and blow-
up for a parabolic p—Laplacian type equation
with complex interactions at the boundary

Abdelkader El Minsari and Anass Ourraoui

Abstract. In this paper, we study the initial boundary value problem involv-
ing the p-Laplacian parabolic equation u¢ — Apu + a|u|p72u =0, (zt) €
2x]0, +o0[, with logarithmic boundary condition. By using the potential wells
method combined with the Nehari Manifold, we establish the existence of a weak
global solution. In addition, we also obtain the decay polynomial of the weak
solution. Then, by virtue of the differential inequality technique, we prove that
the solutions blow up in finite time under suitable initial values.
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1. Introduction and main results

In this paper, we consider the initial-boundary value problem of the following par-
abolic p-Laplacian equation with a logarithmic non-linear term on the boundary as
follows:

up — Apu+ afulP2u =0, (x,t) € Qx]0,+oo,

0
VP22 = Blult~2ulog(|ul),  (z,t) € 92 x [0, +oc], (1.1)
v
U(I,O) = UO(I)v T e Qa
where ) is an open bounded domain in RY (N > 1) with smooth boundary 912,

v is the outward unit normal vector on 02, o, 8 > 0 and p, ¢ satisfies

(H1): 1<p<gq<po,
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where
(N-1p .
b < N’
P = N—p ifp
400, p=>N.

Logarithmic nonlinearities have been widely studied in physics, arising in areas such
as supersymmetric field theories, inflationary cosmology, nuclear physics, optics, and
quantum mechanics. Parabolic p-Laplacian equations also play a significant role in
various fields, such as fluid dynamics and climatology. For more applications involving
the parabolic equations in fluids, climate modeling, and climatology , we can refer to
[3, 2, 6, 7, 4, 5] and references therein. Furthermore, equation (1.1) models a wide
range of phenomena in nature and industry, such as non-Newtonian fluids and diffusive
processes that exhibit spatial heterogeneity, as found in porous media and biological
systems. Similar models have been discussed in population dynamics, particularly in
the work of Murray [12].

The term «|u|P~2u represents reaction-diffusion systems commonly found in
chemical reactions and heat propagation models, which are crucial for understanding
phenomena like combustion and autocatalytic reactions, as shown in classical works
by Vézquez and Lions [15, 11]. The term S|u|9~2ulog(|u|), accounting for logarithmic
interactions at the boundary, adds a layer of complexity that models surface phe-
nomena such as adsorption and desorption processes, which are relevant to fields like
thermodynamics and chemical surface reactions, as discussed by Amann in [1].

Many works have explored similar logarithmic terms in different contexts, such
as, Peng and Zhou [13] studied the following heat equation with logarithmic nonlin-
earity

wp — Aug = [ul’~2ulogJu]),
under the Dirichlet boundary condition. They obtained the global existence and
blow-up of solutions. Also, they discussed the upper bound of blow-up time under
suitable conditions.

Nhan and Truong [14] studied the following Dirichlet nonlinear pseudo-parabolic

equation
up — Aug — Apu = |ulP~2ulog(|ul).

They obtained results regarding the existence or non-existence of global solutions.
Also, He et al. [8] proved the decay and the finite time blow-up for weak solutions of
the equation.

Xiao and Li [17] considered the initial boundary value problem for nonlinear
higher-order heat equations of

up + (—A)"up + (—A)"u = f(u).

They established the existence of a weak solution to the static problem by using the
potential well technique.

Later Lamaizi et al. [10] studied the following heat equation involving the Lapla-
cian
ug — Au+u =0,
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under a nonlinear boundary condition

0
a—z = AMulP~ .

They prove the global existence and blow-up of solutions. Also, they discussed the
upper bound of blow-up time under suitable conditions.

Motivated by the above works, in the present manuscript, using the potential
well theory combined with the Nehari manifold, we discuss the global existence and
finite time blow-up for the solutions to the problem (1.1) under suitable conditions
on the initial data. Meanwhile, we find that the global solution decays polynomially.

The rest of the paper is organized as follows. In Sect. 2, we recall some prelimi-
nary results that will be used throughout the paper. In Sect. 3, we introduce a family
of potential wells and the invariance of some sets are established. Finaly, in Sect. 4
we presents our main results and its proof.

2. Preliminaries

For p € [1,+00), we denote the LP-norm of a function f € LP(Q) by ||f|l, =
1 1

(J |fIPdz)” and the Lebesgue norm of LP(9) by ||gllpo = ($5q lgPdz)” for

g LP(9).

The usual Sobolev space W1P(Q) is defined by

WhP(Q) = {v e LP(Q) : [Vo| € LP(Q)},

equipped by the norm

S

1 llwrry = (- 15+ VOIR) ™

Proposition 2.1. (See [16]) The trace operator WHP(Q) < L1(9Q) is continuous if
and only if 1 <q<pgifp# N and for 1 < q< oo if p=N. Where

(N-1)p

——, if 1<p<N,
Po = N—p f P

400, p>N.

Lemma 2.2. (See [9]) Suppose that a positive, twice-differentiable function ¢ satisfies
the inequality

D(OY(t) = (u+ D] >0,
for some p > 0. Then there exists T* > 0 such that thr% P(t) = +oo.
— *

Lemma 2.3. (See [14]) For any positive number s > 0, we have the following inequality

8
)

log(z) < —, Va>1.
s

g
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3. Potential wells

In this section, under the hypothesis (H1), we introduce a family of potential wells
for the problem (1.1) and give a series of their properties.
For clarity and simplicity, we will adopt the following notation throughout this
paper:
w:=u(t) := u(z,t),
with T representing the maximal existence time of u.
We now introduce two important functionals:

1 B B
I =l - 2 fg fullog(ful)+ Sl (3.1)

I(w) = [ullg — ﬂfgg |u|"og(|ul)dz, (3-2)

1
where [Jullo := (|Vull2 + @u]?) ¥ , a norm that is equivalent to the standard Sobolev
norm ||u(|yi.r ).
Additionally, we observe that:

1 1 1 B
Jw)= === )JulZ+ =I(u) + S||ul|? 5. 3.3
(u) <p q)l | . (u) q2\| Ilg.0 (3.3)
The Nehari manifold is defined by

Ni={uecW'?:I(u) =0, ||ulle >0},
and the mountain pass level d, which represents the depth of the potential well, is

given by:

d = inf{sup J(\u) : u € W'P(Q), |[ullo > 0}. (3.4)
A>0

Moreover, we define the potential well by
W= {uec Wh(Q): I(u) >0, J(u) < d} U{0},
and the set
Vi={ue W'(Q): I(u) <0, J(u) < d}.
Lemma 3.1. For any u € WHP(Q), ||ulls.0 > 0, and X > 0 there hold
1. lim J(Au) =0 and lim J(Au) = —oo;
A—0+ A—r+o00
2. there exists a unique A\ (u) = A, such that %J()\*u) =0;
3. the function A — J(Au) is increasing on [0, A,], decreasing on [A.,+00) and
takes the maximum at Ay ;

4. the function A — I(Au) satisfies I(Au) > 0 on (0, \y), I(Au) <0 on (A, +00)
and I(\zu) = 0.

Proof. 1. By (3.1) we get

NTlogllull, — N7 4 Juftlogul)de + 2 fulz,
q ' q o0 q ’
Thus, the first statement holds due to ||ul|4,9 > 0.

AP
J(Au) = —|u||f —
() = [l
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2. With a simple calculation, we get the following

d _ ~ _
o ) = N Hlulf, = BAT log(A)|[ul|? 5 — BAT ?{m |[u|? log(|ul)dz,

making the derivative equal zero, we obtain
2 ally = B3 ogOVlfull, + BAT  Jullog([ul)da.
' o0
For A > 0, define
K()\) = )\q*plog()\)|\u||g)8 + AP §o o |u|Tog(ful)da.
It is easy to see that there exists a unique A9 > A such that
K(Xo) =0, K'(\)=0,

and the function A — K (M) is increasing on [A1,+00) and K(A) > 0, for all
A > Xo. Then, for any u € WP(Q),||ullg.0 > 0, and 3,a > 0, there exists a
unique A, > Ag such that

K(\,) = : (3.5)

that is,

< rowu) =0
a "
Notice that

d p P
AT Ow) = T0w) = W ([[ullh = BE (V).

Therefore, assertions (3) and (4) are satisfied.
g

Remark 3.2. Based on Lemma 3.1, we observe that d > 0, and the depth of the
potential well d is further defined by

d:Jgjf\/J(u). (3.6)
Next, for § > 0, we define
Is(u) = o||ul|> — ﬁ]ﬁ |u|? log(|u|)dz. (3.7)
Q

Ns = {u € WH(Q) : Is(u) =0, ||ulla > 0},

d(0) :== uler}\f/(; J(u) (3.8)
Ws = {uec W"P(Q): Is(u) >0, J(u) < d(6)} U {0},
and
Vs = {u e WP(Q): Is(u) <0, J(u) < d(5)}.
Note that, from (H1), there exists so > 0 such that sop + g < ps.
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We are now ready to demonstrate the following result:

Lemma 3.3. Let u € WP(Q). The following properties hold:

1. If 0 < ||ulla < 7(6), then Is(u) > 0.
2. If Is(u) <0, then ||ul|lo > r(d).
3. If Is(u) = 0, then either ||ulloa = 0 or ||ul|la = 7(9).

Here, r(0) is the unique solution to the equation

Catso
o(r) = B—rd P50 = §
Sp€
where
C = sup lullg+so.0

wewrr@)\{o} |[ullwir )

Proof. 1. For any u € W1P(Q)\ {0}, we have

1 c1
1o de < —||u||7T% , <
$luloa(lulde < —ullz, < S

+so

[lullar=.

Then, from ||ul|, < r(d) and the fact that the function r — ¢(r) is increasing,
we get

Catso

Spe

_ 6CQ+S
Spé

= o([[ulla)fullg
< o(r(0))|lull5,

= Ofullg

[Jull&*

q
8 ;g Jullog((ul)da <

0
[l |77 Jul |7

Thus, Is(u) > 0.
2. If Is(u) < 0, then ||u||2 > 0 and
Olfullé, < ﬂ]gﬂ |ul* log([ul)dz < o(||ulla)ullZ,
since 6 = ¢(r(0)) and ¢ is increasing, we get ||u|[Z > r(J).
3. If Is(u) = 0 and ||ul|q > 0, then
SNl ey = 6§ fullog((ullds < ol

that is, ||u]|q > 7(9).
Note that, if ||u||o = 0, there holds Is(u) = 0.

Lemma 3.4. The continuous function 6 — d(0) satisfies the following properties:
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1. For all § € (0, ]%] and u € N, we have d(&) > 0(5)rP(d),
where 6(8) := 1 é, and d(6) > 0 for every ¢ € (0, g),
p q p
namely d > dy := (1 - 1) rP(1).
p q

2. The function § — d(8) is increasing on (0,1], decreasing on [1,+00] and reaches
its mazimum d :=d(1) at 6 = 1.
3. There exists 6y > L such that d(dp) =0 and d(d) > 0 for each § € (0,0).
p

Proof. 1. Let u € Ns, we have

1 Bj{ B
J(u) = —||u|p — = ul¥og(|u]) + = [Ju|?
() = Sllle =7 aQ|| g(Jul) + zlulgo
1 46
> |2 =2l
p g

Since ||ullq > 0, it follows from Lemma 3.3 that ||u||l, > (). The proof of
assertion (1) is complet.

2. We prove d(d1) < d(d2) for each 0 < 61 < J2 < 1 or 1 < d2 < §; < o0. To achieve
this, it is enough to show that for any 0 < §; < d3 <1 or 1 < ds < §; < 00, and
for u € Nj,, there exists a function v € N, and a positive constant €(dq,d2) > 0
such that

J(u) > J(v) + €(d1, 62).

Indeed, for any u € Nj,, and ¢ > 0, we can define A := A(d) as in equation (3.5)
such that:

K(A)zgnung with (%) = L,

which ensurest I5(Au) = 0. By taking v := A(d1)u, we observe that Is, (A(d1)u) =
Is5,(v) = 0 and since ||u||, > 0, it follows that v € N,
Additionally, we have:

d 1 1 )
LT 0w) = 10w) = 5 [(1=8)l a2 + T ()]

= (1= 8)A () Jul[?- (3.9)

Note that, the function 6 — A(d) is increasing on (0, 00), as shown in the proof
of assertion (3).
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(a) If 0 < 61 < §2 < 1, we have A\(d1) < A(d2). Furthermore, u € Nj, and
Lemma 3.3 (3) says ||u||o > 7(d2). Integrating (3.9) over [d1, d2], we get

A(d2)
() — J(v) = /A N %J(Au)d)\
— TOAG)) — TAGw)

A(d2)
= [ - o) ulipax
A(61)

A(02)
2/ (1 = 8)N=1(81)r% (61 )dA
A(d1)

= (A(62) = A(81)(1 = G2) AP~ 1 (61)rP (62)
= 6(61,52) > 0.
(b) If 1 < §3 < 01 < 400, using the semme argument in (a) to arrive at
J(u) — J(U) > ()\(51) — )\(52))(62 - 1))\1)_1((52)7“1)(52) = 6((51,(52) > 0.

Thus, assertion (2) follows.
3. For u € WHP(Q), ||u||o > 0, and 6 > 0, from (3.5), we can define A := \(§) such

that 5
K = Zlllle
so that Is(Au) = 0. The next step is to prove that the continuous function

0 — A(0) is increasing on (0, 00). Taking the derivative of K () with respect to
1

0, we obtain X (0)K'(A(9)) = BHuHﬁ > 0. If X is decreasing, we have for d; < Ja,

A(62) < A(61) and log(A(d2)) < log(A(d1)), then

K(A(2)) _ K(A(01))
)\qu(52) /\qu(§1) ’

that is 6)

ATP()y 01

A -

)\qu((;Q) < 52 <b
this implies that do < 1, which contradict the fact that §; < d2. According
to Lemma 3.1, we have § — J(Au) is increasing on (0, A,] and decreasing on

[As, +00), thus there exists dg > 0 such that d(dy) = 0 and from the assertion
(1) of this lemma, we deduce that g > ]%

O

Remark 3.5. In vertue of Lemma 3.4, we infer that d > dy := }iH[l) d(0) > 0 and for any
—

w € (do,d), the equation d(d) = u has two solutions 61, d3 such that 61 <1 < da < do.

Lemma 3.6. Assume that dy < J(u) < d for some u € WYP(Q). Let §1, d5 be two roots
of the equation d(0) = J(u) with 61 < 1 < d3. Then the sign of I5(u) is unchangeable
on 0 € (61,02).
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Proof. Arguing by contradiction. Assume that there exists g € (d1,02) such that
Is,(u) = 0. From J(u) > 0, we have ||u||q > 0, then u € Ny, and J(u) > d(dp). This
leads to a contradiction with J(u) = d(d1) = d(d2) < d(do). O

Note that by the Definition 4.1, the weak solution w satisfies the following energy
equality:

/O Nl 2dr + J(u) = J(uo), ¥t € [0,T). (3.10)

Next, by using the potential wells above, we show the invariance of sets Ws and
Vs in the subcritical case 0 < J(ug) < d and critical case J(ug) = d.

Proposition 3.7. Let ug € WHP(Q), such that J(ug) € (0,d). Then there exits §; €
(1,80) such that J(ug) = d(81). Furthermore, for any weak solution of problem (1)
with the initial data uy there hold:
for each § € [1,61) and t € [0,T),

1. if I(ug) > 0, then u € Wy,

2. if I(up) <0, then u € V.

Proof. Since J(up) € (0,d), then from Lemma 3.4, we get the existence of d; € (1, )
such that J(ug) = d(d1).
1. Let 6 € [1,6;1) and suppose that I(ug) > 0. We have
Is(uo) = (6 = D[uol[&, + I (uo),

then Is(up) > 0. Further, Lemma 3.4 asserts that J(ug) = d(d1) < d() since
0+ d(9) is decreasing on [1,+00). Thus uy € Wy, for each § € [1,d1).

Next, we prove u € Ws for all 6 € (1,61) and ¢ € (0,T). By contradiction, if
it is false, from the continuity of Is and d(4) with respect to ¢ and d, there exists
to € (0,T) and 02 € [1,01) such that u(ty) € OWs,, which means that either
Is, (u(to)) = O, [|u(to)|lwr.r) > 0 or J(u(to)) = d(d2)( since 0 is an interior
point of W). If J(u(tg)) = d(d2), it follows from (3.10) that

d(d2) = J(u(to)) < J(uo) = d(61),
which is impossible, thus,
u(to) € Ns, and  J(u(to)) > d(d2).
Again, from (3.10), we get a contradiction.

2. Let § € [1,01) and suppose that I(up) < 0. By contradiction, we prove that
ug € Vs for all § € (1,401). From the continuity of Is and d(d), there exists
02 € [1,671) such that ug € Vs for all § € [1,62) and uy € 9V, that means that
Is(uo) < 0,J(ug) < d(d), V6 € [1,02) and Is,(ug) =0, or J(ug) = d(da).
Since J(ug) = d(d1), we get J(ug) # d(d2). Thus,

Is,(ug) =0 and Is(up) <0,Vd € [1,02).
In vertue of Lemma 3.3, we get ||ug||a > 7(0) for all § € [1,d3). Letting § — 02,

we obtain ||ug||o > 7(d2) > 0, thus ug € Ns, and J(ug) = d(d61) > d(d2), which
is impossible.
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Now, we prove u € Vs for all 6 € [1,61) and ¢ € (0,T). By contradiction,
assume that there exists tg € (0,7") and d2 € [1,d1) such that u € Vs for all
(t,8) € 10,t0) x [1,d2) and u(ty) € OVs,. Then,
Iny(ut)) =0 or  J(ulto)) = d(52).

From u € Vj for all (¢,8) € [0,t9) x [1,d2) and Lemma 3.3 we deduce that
[|ullo > 7(8) for all (¢,6) € [0,t)x[1,d2). When ¢ is near to, we obtain ||u(tp)||o >
r(d) > 0. This leads to Is,(u(to)) # 0. Thus J(u(to)) = d(d2) < d(d1), which
is impossible . Following the same argument used in the proof of uy € Vj,, we
deduce that u € Vy for each 6 € [1,61) and t € [0,7).

O
In view of Proposition 3.7 and Lemma 3.4, we deduce the following results:.

Corollary 3.8. Let ug € WHP(Q), u € [do,d), and 81,62 two roots of the equation
d(0) = p with 61 < 1 < dg. suppose that u is a weak solution of (1.1) with dy <
J(ug) < p, then for each § € (61,92) and t € [0,T), there hold

1. if I(ug) > 0, then u € Ws,

2. if I(ug) <0, then u € V.

Proposition 3.9. Let u be a weak solution to the problem (1.1). Suppose that J(ug) < 0;

then )
Il (gt )

Moreover, if ||ug||la > 0, then for any & € (0, g), the weak solution belongs to Vs.
p

Proof. Let u be any solution of problem (1.1) with the initial data that satisfies
J(ug) < 0. From the conservation of energy, we deduce that

J(u) <0, Vtel0,T),

which implies that

1
Lialle, < Lo cavsoljuljztso, i e 0,7, (3.11)
p So€q

(7) If J(up) < 0, we get ||ugllo > 0 and J(u) < 0 implies that ||u||o > 0. Thus from

(3.11) we get
1
Speq a—p+sg
l[ufla 2 <pﬁC‘1+SO) .

1
q—p+s
(#4) If J(up) = 0, then by (3.11) we must have either ||ug||o > (%) ’ or

[luolla = 0.
(a) If |Juol|la = 0, we infer ||Ju||o = 0 for all ¢ € [0,T). If it is false, there exists
to € (0,t) such that

1
Soeq ) q—p+sg
)

0 < fJu(to)lla < (W
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which leads to a contradiction with (3.11).

1

qa—p+so

(b) I ||uo||a > <;CO§3_SO> , by a similar argument in (a) we can prove
p

1
q—p+s
that ||ulla > (p;gjf{) " forallt e 0,¢).

On the other hand, for any § € (0, g) and t € [0,T) we have
p

OBl + - To(w) < T(u) < I(wo). (3.12)

1. If J(up) < 0, from (3.12), we get

Is(u) <0, and J(u) < d(o), V&E(O,%),té 0,7).

Thus, u € Vy.
1
. Soeq a—p+sq
2. If J(ug) = 0, from (i7) we have ||u||q > < ) for all t € [0,7).

- pﬁCq-i-SO
Together with (3.12) we also have

Is(u) <0, and J(u)<d(5), ¥oe (0, %),t €[0,7).
Thus, u € Vj. O

Proposition 3.10. Suppose that ug € WHP(Q), J(ug) = d and u is a weak solution of
the problem (1.1). Then for all t € [0,T) there holds

1. if I(up) > 0, we have I(u) >0,
2. if I(ug) < 0, we have I(u) < 0.

Proof. 1. If it is false, there exists tg € (0,7T) such that I(u(t)) > 0 for all t € (0, tg)
and I(u(to)) = 0. which, together with the definition of d means that J(u(to)) >
d. Furthermore, by (3.10) we get

J(u(to)) = J (o) — / | Bds < d,

then J(u(ty)) = d and fgo Jo lus|Pdzds = 0, i.e., uy = 0 for all t € [0, ). Which
is a contradiction with I(ug) > 0.

2. If the result is false, then there exists tog € (0,7) such that I(u(t)) < 0 for all
t € (0,t0) and I(u(tg)) = 0.
Similar to the proof above, we also have a contradiction. Thus, Proposition 3.10
follows.

O
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4. Main results

In this section, we will present three theorems concerning the global existence, as-
ymptotic behavior, and blow-up of weak solutions to problem (1.1).

We begin by defining the weak solution, maximal existence time, and blow-up
of solutions for problem (1.1).

Definition 4.1. (Weak solution) A function u(z,t) is called a weak solution of (1.1)
on Q x [0,T[, if u € L>=(0,T; WHP(Q)) with u; € L*(0,T; L*(2)) and satisfies (1.1)
in the distribution sense, that is, Vo € WYP(Q), and t € [0,T),

/utvdx—l—/ |Vu|p72Vquda:—|—o¢/ |u|p72uvda:—57{ |u|9%ulog(|ul)v = 0, (4.1)
Q Q Q o9
u(z,0) = ug(z) € WHP(Q). (4.2)

Definition 4.2. (Mazimal existence time). Let u(z,t) be a weak solution of (1.1). We
define the maximal existence time T of u(x,t) as follows:

1. if u(x,t) exists for allt > 0, then T' = 400,

2. if there exists 0 < to < 400 such that u(z,t) exists for t € [0,¢o[, but doesn’t
exist at tg, then T = tg.

Definition 4.3. (Finite time blow-up). Let u(x,t) be a weak solution of (1.1). We say
that uw blows-up in finite time, if the maximal existence time T is finite and

¢
lim /||u(,5)||§ds = +00.
t—T~
0

4.1. Global existence and polynomial decay
Theorem 4.4. Under the Hypothesis (H1), if ug € W1P(Q) such that J(up) < d and

I(ug) > 0, then the problem (1.1) has a global weak solution u € L>(0, 4+o00; WP (Q))
with ug; € L?(0, +00; L*(Q)).

Theorem 4.5. Under the hypothesis of Theorem 4.4, if I(ug) > 0 then the weak solution
of problem (1.1) satisfies the following estimates :

1. if J(ug) < dq, we have w € W for all t > 0 and there exists a constant K > 0,
such that

1

[uCt)ll2 < (ol 577+ (p—2)Kt) ™7 ve=0. (L)

2. if dy < J(ug) < d, we have uw € W for all t > 0, and for each n € (0,d), there
exists t,, > 0 such that

a0l < (Jluoll3 ™ + (0= 2KH) ™7, ¥zt (12)

Here K, K' > 0 are two constants that will be determined later.
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Proof of Theorem 4.4. We split the proof into two cases.
Case 1 : Global existence for (J(up) < d).
First, we can exclude some special cases as follows:

1. 0 < J(up) < d, I(up) = 0. This is contradictory with the definition of d.
2. J(up) =0, I(ug) = 0. If ||ug||o > 0, it follows that ug € N and J(ug) > d, which
is contradictive. Otherwise, ug = 0, which is a trivial case.

3. J(ug) =0, I(ug) > 0. This contradict (3.3).

4. J(ug) <0, I(ug) > 0. Similar to case (3).
It remains for us to consider the case 0 < J(up) < d and I(ug) > 0.
We choose a sequence of eigenfunctions (¢ (z))r>1 as an orthogonal basis of the
Sobolev space WP(Q) and construct an approximate solution u(™ (x,t) of problem

(11),
(m) ‘T t ngm ¢k 7 m > ]-7

which satisfy
s ut ¢de+[9 |VumP=2Vum™V e da + a [, [u™ P~ 2u™ ¢ dx

=B $og [u™ 7720 Jog([ul™)|)pjde =0, j=1,...m

and as m — 400,
u™ (z,0) Z Aem k() — ug(x) in WHP(Q). (4.4)

Multiplying (4.3) by g, (t), summing for j and integrating with respect to ¢ from 0
to t, we get

t
/ / [ul™13ds + J (™) = J(u™)(0)), vt =>0. (4.5)
0 Jo
By (4.4) we have J(u"™(0)) — J(uo), which together with (4.5) implies that

t
/ / [ul™]13ds + J(u™) = J(u™(0)) < d, ¥t >0, (4.6)
0 Q

for sufficiently large m.

Following an argument similar to that in the proof of Proposition 3.7 together with
(4.6) we can prove that u,,(z,t) € W for any ¢t > 0 and sufficiently large m. Thus,
from (3.1) and (4.6) we deduce that

Jo Iet™ | Bdsdar < d, - [jut™]|5 < 224,

On the other hand, from Lemma 2.3, we get

g+sp
Tso-1 Catso d
]{ ’\u(m)|q72u(m) log(Jul™1)| """ da < <qp)
0 So€ q—p

Denote by —, the weakly star convergence. Then the estimates above imply
that there exists a subsequence, still denoted by (u.,), such that as m — +oo,

a+tsg
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u(™ —, uin L>2(0,00; WHP(Q)) and a.e. in Q x [0, +00),
ugm) — uy, in L2(0,00; L2(£2)),

a+s
[u (™) 9= 24,0 Jog (Ju(™)|) —, |u|?2ulog(|u|) in LOO(O,oo;LHSO31 (092))
and a.e. in Q x [0, +00).

Hence in (4.3), for j fixed, letting m — +o0, there holds

/utqzﬁjdx—F/ |Vu|p72VuV¢jdx+a/ |ulP~?ug;dr = ﬂf lu|?ulog(|ul)¢;dz, Vi > 1.
Q Q Q lo)

Furthermore,

/ utvda:+/ |Vu|p72Vqudx+oz/ |u|P~2uvde = [3% |u|72ulog(|u|)vdz, Yo € H}(7O(Q).
Q Q Q a0

Meanwhile, from (4.4) we obtain wu(x,0) = wug(x) in WHP(Q). It follows from
Proposition 3.7 that u € W for all ¢ > 0. Therefore, u is a global weak solution to
the problem (1.1).

Case 2 : Global existence for (J(up) = d).
Set u(()m) = UmUg, Where p,, =1 — %, m > 2.
We consider the initial boundary value problem
up — Apu + afulP2u =0, € Qx]0,+oo,
0
|Vu\p’28—z = Blul?2ulog(|ul), (x,t) € O x [0, 400, (4.7)
u(z,0) = ugm)(x), x €
From Lemma 3.1 and the fact I(up) > 0, we have
)\*(UQ) = )\* Z 1.
Together with p,, < 1, it follows that
1™ > 0,
Ju™) < J(ug) = d.
Thus, it follows from the results of Case 1 that, for any m, the problem (4.7) admits

a global weak solution u(™ € L*(0, 00; WP(Q)) with ugm) € L?(0,00; L3(€2)) and
u(™ e W, V¥t > 0, and satisfies

/ ugm)vdm + [ [Vu™ P2vu™Vude + o [ Ju™ P20 d
Q Q Q

=5 I dog[u ™o,
o0

for any v € WHP(Q), t > 0, and
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t
/ / [ul™)|2ds + J (™) = T™(0)) < J(uo) = d, ¥t > 0.
0 Jo
The proof left similar to that in the Case 1. The proof of Theorem 4.4 is complet. [

Proof of Theorem 4.5. (1) If J(ug) < dy and I(ug) > 0 we see that J(ug) > 0, then
from Proposition 3.7, we have u € W for each § € [1, 1), which implies that
I(u) > 0,Vt > 0.
Note that by (3.10), one can has J(u) < J(ug), together with (3.3) we deduce

that B
lllo < [(; - ;) J(m)] -

On the other hand, we have

I(u) = [l — 8 ;g Jullog(Jul)d

» C’q+80 -
> - S0
> [l = 85— lull
Catso —
= (1= 8 )
Sp€
q—Dp+So
catso [ /1 1\7! p
> 1S (-2) ) lall
So€ P q
= olul[%,
where
q—Dp+so
catso [ /1 1\7! p
c=|1-0 l() J(uo)] > 0.
So€ b q
Furthermore, from Definition 4.1, we get
1d
I(u) = —=—||u||3, Vt>O0.
(w) = —5 ZlllB ve>
Thus, we obtain
1d
— 5l > oljull?

> o Oy |[ull3,

where C; > 0, is the optimal constant of the embdding W1 (Q) < L?(Q).
Integrating the last inequality from 0 to ¢, we get the decay polynomially

(1.1).
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(2) In this case, we see from Proposition 3.10 that

/ wpudr = —I(u) < 0.
Q

By Holder’s inequality, we have
0<~ [ weud < fuso] ]
Q

then [|ug]|2 > 0 and ¢t — fg ||us||3ds is increasing on [0, 00). According that to
(3.10), we deduce that 0 < fg ||us||3ds < d and for any 1 € (0, d), there exists

T, > 0 such that
TW
[ s =n,
0

d—n=J((T)).
Taking T}, as the initial time, similar to (1), we obtain the decay estimate (1.2).
This complet the proof of Theorem 4.5.

ie.,

O

4.2. Blow-up in finite time

Theorem 4.6. Under the hypothesis (H1), if ug € W1P(Q) such that J(ug) < d and
I(uo) < 0. Then, for ¢ > 2(resp. ¢ < 2) the weak solution u of problem (1.1) blows
up in finite time(resp. at oo) in the sense of Definition 4.3.

Proof of Theorem 4.6. We divide the proof into two cases.
Case 1 : Blow-up for J(ug) < d.
Let u be a weak solution of problem (1.1) with J(up) < d and I(ug) < 0, then
[|uo]|a > 0. Arguing by contradiction, suppose that u is global( i.e., T = 00).
For t > 0, define

t
wm=Anwmew%ﬁ

Then )
p(t) = [lu(®)]f3,
U(t) = [ 2uupde = —21(u),

where ¢(t) := %qﬁ(t)
It follows from (3.1), (3.10), Lemma 3.3 (2) and the embedding WP(Q)
L?(Q) that

“ ) y
30 = -0 +2 (1) Itz + L,
t
22?/'WM@S%JWM+2(§1)cmm@w2a>
0

t
= 2q/ l|us||3ds — 2q.J (ug) + 2 (q — 1) C’frpfz(l)i/./(t).
0 p
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Note that

(/ /, ““td””ds)Q -1 / illu(ﬂl%dsf = 5 (P 2ol B 0) + [uoll)

then
s / / uutdzds) 2 345(1) — [l
<4 </0 /Quutdxds>2 + 2| |uo||2ep(t)
Thus
Byt - L) = 20 l( A ||u||2dxds) ([ tlzands) — ([ [ s ]
20 (o) (j, )c ~2(1)p(t)3(¢) — qlluol B (2).
Using Holder’s inequality, we obtain
$Ou) - SWOP 2 ~20 (w0 +2 (1 1) 000 - dlulBi).
(4.8)

1. If J(up) < 0, we see from Proposition 3.9 that I(u) < 0. Then, by (4.8) we get

B0 - HooP =2 (L= 1) 2 ui0 - alul)
—(2_ 2,.p—2 _ ap unl 2] (t).
= (2-1) et w0 - s s ol b0
Moreover, 1)(t) > 0, since I(u) < 0. Hence,

$(t) > tp(t) +4(0),  t>0,

ie.,
e(t) > tlluollz,  t>0.

qp - i .
For ¢ > , we have ¥(t) — uol|3 > 0, that is,
(q—p)CfrP—2(1) ( ) (q_p)clzrp_g(l)u 0”2

POV~ FOP >0, V> s

2. If 0 < J(ug) < d, by (4.8) we write

BO0(0) ~ 0P = ~207)ue) +2 (£ - 1) S Wpi) - dlulBi

4P 2 p2 - 4pq
= 1Rt i)~ B )| w00
q—p

2,.p—2 . 2pq NI,
+ LRt 1) (o) - 2 ol o
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It follows from Proposition 3.7 that Is,(u) < 0, where d2 € [1,d1) and
Lemma 3.3 implies that ||u||% > 7P(d2). Now, By
I(u) = (1 = d2)[[ull& + L5, (u)

we get that

W(t) > 2(62 — D)rP(82), Vi >0. (4.9)
Integrating (4.9) over [0,t], we get

P(t) > 2(62 — 1)rP(da)t.
and
Y(t) > (6o — 1)rP(52)t%, ¥t > 0.
Therefore, for sufficiently large ¢, we can obtain

4pq

Y(t) — g p)gg(;pial) J(uo) >0
— U 2 )
v (¢ —p)CPrr=2(1) [[wollz >0
Thus,
Byt = RO > 0.

Finally, applying Lemma 2.2 for ¢ > 2, we deduce that the function ¥ goes to
o0 in finite time, This contradicts the assumption T" = oco. In other words, the
weak solution blows up in finite time in the sense of Definition 4.3.

For ¢ < 2 and |Jugl|2 > 0, we have

() g U(t)

Solving the differential inequality above we obtain for ¢t > 0
U(t) > eCtJrlOg(W(O)),

(0)

0)2

Case 2 : Blow-up for J(ug) = d.

Let u be a weak solution to problem (1.1) with J(ug) = d and I(ug) < 0. By Proposi-
tion 3.10 we have I(u) < 0 for each ¢ € [0,7'), this combined with —I(u) = [, usudx
and using Holder’s inequality, we get ||ugl|2 > 0 and ¢ — fot ||ut||3ds is increasing for
t>0.

In the energy equality (3.10), choosing tg > 0 so that

where ¢ := . This shown that u blow up at cc.

to
0 < J(ulty)) = d — / el 2ds < d,
0

and taking t¢ as the initial time, we can prove that the weak solution u blows up in
finite time, by using a similar argument in the case 1. The proof of Theorem 4.6 is
complete. 0
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