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ABSTRACT. Hex and other tiled tori can be derived from square tori. This
way of building toroidal fullerenes is a versatile one, enabling various tilings:
rhomboidal C,, polyhex Cg, C4Cg, azulenic CsC; as well as twisted lattices.
The stability of polyhex toroids is discussed in terms of molecular mechanics
energy.

INTRODUCTION

Among the carbon allotropes, the only orientable closed surface entirely
coverable by a bezenoid lattice is the torus. The polyhedral (combinatorial)
torus obeys the Euler theorem:*

N-E+F=2-29 )
(N, E, F, g being respectively the number of vertices, edges, faces, and genus
— for the torus g = 1). Formula is useful for checking the consistency of an
assumed structure.

"Circle crops" structures were first observed by Liu et at.? and then by
other groups.®® Martel et al.® argued that the observed rings were coils rather
than perfect tori, but these structures have continued to attract a multitude of
theoretical studies, dealing with construction, mathematical and physical
properties of graphitic tori.>**

This paper describes a novel way of generating polyhex tori, starting
from quadrilateral tori. Several cutting procedures and transformations of the
square toroidal nets are proposed in the view of obtaining chemically significant
lattices. The stability of polyhex tori, the main toroidal objects herein generated,
is discussed in terms of the MM+ energy.

SQUARE TORI GENERATION

Covering a torus by hexagons is achieved mainly by the well-known
graphite zone-folding.***® The method finds an equivalent planar parallelogram,
tiled by a polyhex lattice. The graphite sheet is folded to form a tube and finally
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the two ends of the tube are glued in order to form a torus. A torus T, q; thus
obtained is completely defined by four integers, reducible to three parameters:***°
p and g count the hexagons stacked in a p x g-parallelogram and t is the
twisting parameter, i.e., the number of hexagons offset before final pasting.

An alternative to the parallelogram procedure is the AME (i.e., adjacency
matrix eigenvectors). *?° Our construction starts from a square net embedded
on the toroidal surface.>® A c-fold cycle, circumscript to a tube section of
radius r, is circulating along the toroidal circle, of radius R > r (Figure 1). Its
subsequent n images, equally spaced and joined with edges, point by point,
form a polyhedral torus tiled by a square pattern. The position of each of the n
images of the circulant around the large circle is characterized by angle @while
angle ¢ locates the ¢ points of the circulant around the small circle. In all, c x n
points are generated.

Toroidal parameters A square tiled torus: Ti236c4

¥

Figure 1. Construction of a toroidal surface.

The parameters are calculated by the following formulas:
P(x,y,2): 2
X = cos(0)(R +r cosep)
y =sin(0)(R+r coso)

z=rsing
& :Ei ; 1=0,.,n-1
n

2n . .
$;=—1] ; i=0..,c-1
c
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The problem is how to transform a square net covering the toroidal
surface into patterns of chemical interest. At this stage, the genuine length of r
and R is not a matter.

The square lattice generated as described above is a torus, C4c,n]
completely defined by two integers: ¢ —dimension of the tube and n —dimension
of the torus (i.e., the combinatorial dimensions of the square toroidal net). The
subscript in C4 specifies the size of the polygonal tiling pattern.

In case of single-wall tori, the square net consists of ¢ x n vertices, ¢ x n
squares and 4 x ¢ x n/ 2 edges, 4 being the vertex degree of the net (which is
a regular graph). The above relations come out as a consequence of Euler's
formula.

HEX TORI FROM SQUARE TORI

A cutting operation consists of deleting appropriate edges in a square
lattice in order to produce some larger polygonal faces. By deleting each
second horizontal edge and alternating edges and cuts in each second row it
results in a standard HCg pattern (Figure 2 (a), top).

After optimizing by a molecular mechanics program, a phenacenic
pattern appears on the torus (Figure 2 (a), bottom).

A vertical action of the above algorithm leads to a standard VCg pattern
(Figure 2, (b)). It means that, after optimization, an acenic pattern is obtained
(Figure 2 (b), bottom).

Note that each hexagon consumes exactly two sgares in the square-
like lattice. By construction, the number of hexagons in the HCg pattern is half
the number of squares on dimension c of the torus HC6[c,n] while in the VC6[c,n]
torus the reduced number of hexagons appears on dimension n. Recall that,
the above cutting procedure leaves unchanged the number of vertices in the
original gsuare torus. The name of a polyhex torus, thus generated, has to
remind the type of cutting (H or V), as well as the size of cycles occurring in a
given pattern. Figures 3 illustrates two isomeic objects originated in C,4[12,24].
Within this paper no twsted, chiral polyhex tori are discussed.

HC; pattern VCg pattern
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Figure 2. Standard Cg patterns and their optimized forms.
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Figure 3a. Polyhex tori HCg[c,n]: height h, tube diameter d
and torus diameter D, respectively (in Angstroms)

VCq[12,72] (side)
h=11.44

VCe[12,72] (top) N = 864
d=3.51; D=27.52
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Figure 3b. Polyhex tori VCg[c,n]: height h, tube diameter d
and torus diameter D, respectively (in Angstroms)
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MOLECULAR MECHANICS CALCULATIONS
Our TORUS software package enabled us to generate huge tori, up to
20,000 atoms, which could be optimised by a molecular mechanics procedure.

25

20 *T
15
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MM+ Energy (kcal/mol)
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@ HC4[20,n]
m VCy[20,]

y = 173.87x 08697
R?=0.9904

y = 6912.2x 1.7186
R%2=0.9735

Figure 4. Plot of MM+ energy per atom vs the n-dimension

The MM+ energy per atom decreases as n (i.e., the central hollow)
increases, by a power function (Figure 4). The tori of V-series are more stable

than those of H-series.

Note that the MM+ energy for Cg is about 4.454 kcal/mol, value reached
in HCe[20,n] series at more than 120 atoms while in VCg[20,n] series around
160 atoms. However, in toroids with thousend atoms, the MM+ energy lowers

very much, as shown in Table 1.

Table 1.

MM+ energy per atom (kcal/mol) in tori of series [20,n]

n

MM+ for H-series

MM+ for V-series

Tori Tubes Tori Tubes
20 17.7158 1.0427 36.3829 -0.7782
30 10.3547 1.0313 19.9559 -0.8227
40 7.2618 1.0256 9.7139 -0.8450
50 5.6703 1.0222 7.1764 -0.8584
60 4.6234 1.0212 5.5514 -0.8673
70 4.0344 1.0183 5.3005 -0.8737
80 3.6848 1.0148 4.2428 -0.8785
90 3.3578 1.0181 3.4806 -0.8822
100 3.0931 1.0172 2.9123 -0.8850
150 2.1789 1.0135 1.4550 -0.8941
200 1.7113 1.0149 0.8847 -0.8986
250 1.4706 1.0120 0.6008 -0.9010
300 1.3348 1.0111 0.2310 -0.9029
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The energy of the corresponding open tubes is even less, for V-tubes
(Table 1) approaching to the graphite sheet value (about (-) 1.85 kcal/mol).

Strain energy (per atom) is here defined as the difference between the
energy of a torus minus the energy of the corresponding open tube. Strain
energy was found proportional to the diameters ratio:

d
:B 3)

where d and D are given in number of hexes. Thus, the two series: H and V
show different strain energy laws:
C . n C

dhc 20 = Dhcg20n] = Shcy[20,n] =on 4)
C .

n 2C

= = =_ 5
6 ’ f ,
dvcgr2o.n) g Dvcg20n o Suc,20] - (5)

Despite this difference, the same trend appeared: the strain energy
decreases by enlarging the torus central hollow (i.e., by decreasing the d/D
ratio). The excellentt correlating equations given in Figure 5 support the strain
energy as a function of d/D ratio.
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Figure 5. Plot of strain energy S vs the d/D ratio

The d/D dependency of the strain energy is in disaccord with that
reported by Han” which found it to be a of 1/D? (for a given tube dimension).
The author reported the following features of polyhex toroids, as D increases:

(i) a buckling tube (for 10nm < D < 20 nm), with oscillating energy minima
and migrating buckle position;

(i) an elliptic cross section tube (for medium D valued, e.g., D > 20 nm, in
case of torus (8,8)), as a transition state, and

(iii) a perfect circular tube and an energetically stable torus (for higher D
values).
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In our approach, the same stages were observed. H-series approaces
the circular cross-section shape at HCg[20,500] while in the V-series at
VC¢[20,1000], a normal result keeping in mind that the V-torus is twice thicker
than the corresponding H-torus. Note that our tori are next huge objects (20 x
1000 = 20,000 atoms) after the larges 30,000 atoms reported by Han, in his
NAS report.?®

Figure 6 illustrates some different shapes of polyhex tori. Observe the
"elongated" cross-section®® in case of V-tori.

HC4[20,50_100_150] (side) HC4[20,50_100_150] (top)

VC4[20,50_100_150] (side) VC4[20,50_100_150] (top)

Figure 6. A collection of polyhex tori.

MM+ calculations have been performed on the HiperChem software
package.?’

CONCLUSIONS

Generation of hex tori from square tori is a third major route, along with
the graphite zone - folding and adjacency matrix eigenvectors methods. Our
method is far more versatile, enablind various polygonal coverings.?®*°

A d/D dependency of the strain energy obtained by us is in disaccord
with the previously reported 1/D? dependency. Very large polyhex toroids
approache to the MM+ energy of graphite.
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