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ABSTRACT. An alternative method for solving homogenous and non-homogenous differential
equation systems used in physical chemistry has been developed. It was applied to some dynamic
processes as radical polymerization, pharmacokinetics and the flow of fluids through a tank and
tank series. For this, the flow graphs principles were used. The classical method for solving these
systems with flow graphs requires the Laplace transforms before depicting a flow graph and the
reverse transformation after using the Mason rules for calculus. The herein presented method is
simpler and more direct, eliminating the Laplace transforms in describing these processes.
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INTRODUCTION

A flow graph consists of a network in which nodes (or vertices) are connected
by directed edges (or branches). Each node (vertex) represents a system variable,
and each edge connecting two vertices acts as a signal multiplier. An arrow placed
on the edge indicates the direction of the signal flow and the multiplication factor is
indicated along the edge™?. This multiplication factor is named transmittance. It can
be obtained from the coefficients of the equations. The signal flow graph depicts the
flow of signals from one point of the system to another and gives the relationships
between the signals. It represents the value of the determinant of the systems.

Some basic principles of flow graphs were presented previously*®.

A flow graph example is presented in Figure 1.

Properties of flow graphs

A few important proprieties of flow graphs are as follows: A branch indicates
the functional dependence of one signal on another.
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Fig. 1. An example of a flow graph.” A" is an input node (source); “1,”, “I,” are output nodes
(sinks); a, b, c, d, e and f are weights of the edges; “B”,” C” are the internal nodes.
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A signal passes trough only in the direction specified by the arrow of the
branch. A node adds the signals of all incoming branches and transmits their sum
to all outgoing branches. An internal node, which has both incoming and outgoing
branches, may be viewed as an output node by ignoring its outgoing branches. Note,
however, that a mixed node never can be a source (input node) in this approach.

A flow graph is a diagram that represents a set of simultaneous linear
algebraic situations (linear differential equations). It is used to represent an evolution of
a physical system and to obtain the relationships between the system variables. By
using the Cramer’s method’ with determinants one could solve the system.

For a given system a flow graph is not unique. More than one flow graphs can
be drawn for a given system b;/ writing the system equations or the corresponding
determinants in a different way>®”°.

Homogenous Linear Differential Equations Systems
Suppose we chose to solve the following system'™**:

—% = alx-bly
dt with initial conditions x(0) = Xeand y(0) = 0; Q)
—d—i’ = cx+dy

The general solutions of the system are of the form***%

x=Are "l +Ae V2l and y=Be Vi +Be V2! B

The alternative flow graph theory

@ X
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Fig. 2. The global flow graph

In this theory, the flow graphs are based on determinants®. The global flow
graph is derived directly from the main determinant (the secular determinant), (3),
by adding the initial conditions (the column of initial conditions are playing the role
of source of unknowns x and y), as it was shown on the flow graphs algebra. For
the classical flow graph method, the derivatives are also part of the mixed nodes and
the formulas of calculus are different, as it can be seen in the numerical examples.

The consumption determinants (4;), which are not uniqgue now because they
are function of y;, are derived from the main determinant (secular determinant), A:
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X y

Xla=v —hb

y

-0
—c d-w 3)
a=[y?-y(a+d)+ad-bc] = (y-y1)(Y-Y2) =0 (@)

It means that the consumption determinants, which represent a Vandermonde
determinant™, are:

n

A =[(yj-vi)#0 (5)
)
=

In this case, n = 2. The corresponding flow graph (consumption flow graph)

for the main determinant is:
o
b
Y

aC- d-b-y
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Fig. 3. The consumption flow graph

The formation determinants are obtained by replacing the columns of the
secular determinant (3) by the column of free coefficients:

S y
P g I
y|jo d-vy

(6)

The formation flow graph for x is depicted in Figure 4:

@L»xw@

d-b-y
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Fig. 4. The formation flow graph for x
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Its gain, equivalent with the value of its determinant, is:
Ap =Xgb+Xg(d=b-y) =Xo(d-y) (7)

The formation flow graph for y is depicted in Figure 5:

X C
(:>—><° :)—» y

ac-y

Fig. 5. The formation flow graph for y

The value of its determinant is presented below:
AB =X oC (8)

The pre-exponential coefficients can be calculated as:

Bay _ Xo(d-vp). A _Ba, _Xo(d-y2).

A= ; Ao ;
A (Y2-Y1) A, (Y1 —Y2) o
BleBlz XoC . =A52 __ XopC .
Ay (Y2-Y1) Dy (Y1-Y2)

Non-Homogenous Differential Equations Systems

A more complicated system in which a time dependent function, f(t), acts
like an input, is presented bellow"®.

The following system has to be solved:

_dx _

alx-bLy+f(t
m Y +1(t)
dy (10)
-—=—-clx+d
dt Yy
with initial conditions
x(0) =0and y(0) = 0; (12)

The classical method of flow lgraphs3’8’9 consists the following sequence of

steps: to apply the Laplace transforms™ in other variable (s), than Mason'’s rules and
finally the finding of polynomial coefficients'® and the last step reverse transforms
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in time variable. Our alternative method has the advantage of being simpler
because it does not need the Laplace transforms. It needs only the integral of
convolution®®. The global flow graph for the system (10) is presented bellow:

~f(t)

Fig. 6. The global flow graph

The role of the source is played by the input function f(t). The coefficients
have the same form, but instead of X, we have the input function f(t).

AleAl :_f(t)(d_yl); AZ:AAZ :—f(t)(d—VZ);
A (Y2 —Y1) Ay (YL—V2)

ABl: -fiHc. B :ABz _ —f@®c.

Dy (V2-v) 2 By (-v2)

By applying the integral of convolution, which is the link between input and
output™® it results:

(12)
Bl =

—-(d- yl)jf(t e g +wjf(t e Y2Tdr (13)

Y2~ V1 0 Y1~ V2 0
and y= j'f(t e gt + ——— jf(t e Y2Tdr (14)
Y27 Y1g Y1™ Y29

where the above integrals are applied to the convolution product®®*3.

Examples:
We will apply the above theory to several examples that are of interest in
Chemistry of polymers, pharmaco-kinetics and Chemical Engineering.

a). The radical polymerisation is treated by using the quasi steady-state
approximation method (QSSA) and the long chain approximation™ in a batch reactor.
To solve this problem it is necessary to implement a complex non-homogenous
differential equation system as given bellow:
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L,O0f .20
1M Ol - R, O
R, GM O LR, 0
R, M O . Ry 0
R,OM O L RO

k
R MO - RgO
CCCCCCCCOCLOOLrrereeeee

Here |, stands for the initiator, M for the monomer and various R; for the
increasing free radicals involved. This system has been solved using Mathematica

5.116.

The notations are: [lo]o = 1mmol/L; kg = ki = u = 10° s™; k,[M], = a. The
monomer concentration could be considered in large excess as compared to the
concentration of the increasing free radicals. Therefore, each step can be
considered as obeying first-order kinetics. On the other hand, the propagation rate

dl

d—t2=—kd[|2]

= Kallo] - 1TM]

dR, [
d—t1=ki[lu1M]—kp[R1u1M]
LI IRy 0IMI ~kp[R 0]
de—fD= J[R20IM] — ko [RaT[M]
de—t“D: J[R3TIM] - kR 4 JIM]
8L IR TIMI - k[R5 TIM

(15)

constants can be considered equals, at least at smaller polymerisation degree.

The script file is presented as follows:

DSolve[{c'[x]=-u*c[x],d[x]=2*u*c[x]-u*d[x],e'[X]=u*d[x]-a*e[X],f' [x]=a*e[x]-

a*f[x],g'[x]=a*f[x]-a*g[x],h'[x]=a*g[x]-a*h[x],i'[x]=a*h[x]-a*i[x],]' [x]=a*i[X]-

a¥j[x], K [x]=a%j[x]-a*k[x],'[x]=a*K[x]

a*l[x],c[0]=1,d[0]=0,e[0]=0,f[0]=0,g[0]=0,h[0]=0,i[0]=0, j[0]=0,k[0]=0,I[0]=0},{c,d.e f.g,

h,i.j.k,[}.x]

The solutions are:
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{{c—; Function[{x}, e™%],

d- Function[{x}!, Ze™" "ux], e —;F‘lmctinn[{x},

et (1O g ela ey e g
(a-u)i ];

( —am-ux

f— Function|{x}, Zae u
(a-u)?

(—203”+2u3“+au3”:-:+am““x—u&”ux—m“”uxjj],
g— FPunction|{=x}, — ———
[ " ra-wt

rale (B ™ a2tV Ty
("“j”ux+aix2—Zaux2+u2xijj],

1
ho Punction|ix), — — (a®e™*u® (24-z4el* ",

Ja-umF
loax+6ae™™ " x_loux-6e"* " ux+6a’ x' -

3 2 S_uﬂxﬂjj]

dux-2e

lzauxi+out i+’ i osafuxt +3auix
, . 1 e 4 2 %
i— Punction|{x}, — — (& [l20a*u" -120a
12 (a-u)t
et Lot ufw s 248 et
zaatet ™M i r 358t Wt
tyt_zaatyd
2

= i 42
Wiy _agatuiu o
R 4 4 i
¥+ deauE 4+
xg—Sa*u5x2+

x*—4asu5x*+a*uﬁx*jj],

xi—?‘Zasu
:-cg+2-’-lasu‘i
4

7
dgau

& &

auntxtodaTvixtieafu

(16)

By taking into account that the following relation between rate constants
holds ki<<k,, then only the terms which contain exponential €®*”* should be to be
considered. Therefore:

szE”WMmﬂO_ZwEE*”Hmbb

[RiD= (17)
' a kp (OM]
fori=1to DP (degree of polymerisation).
This result is compared with that obtained by QSSA™:
2[k; [[I

" kpOM]

which calculates the value of all radical concentrations for initial times and is the
same in any moment of time, as long as the monomer exists in the system. This
system (15) is valid for the youngest radicals (initial times) when still the interruption
steps are negligible. When the amount of radicals grows and the quantities of
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monomers decreases, the probability that interruPtions occur is significant. Then
the concentration of radicals obeys the QSSA rule™.

b) The pharmacokinetics application. Another example that is quite
complex and cannot be solved literarily even by the Mathematica 5.1 program16 is
given bellow:

B k2=0_ I
/ C—> |3
A\kis
K40
I
et
1
Fig. 7. The mechanism set of reactions
dx _
P (kao +kiz +kyz +kyg) X -k ¥ =Ko
~Y ok kY
m 12 21 (19)
dv
—— =k X+kgzg ¥
dt 13 30
dz
—— =k X+ky 2
at 14 40

This example describes the time-evolution of a medicine in a human
organism. After a perfusion, the drug enters the blood or other tissues and is
eliminated either by kidneys or is metabolized"’. The k values represent some first-
order rate constants describing the various rate of transformation. The initial
conditions are: x(0) = y(0) = z(0) = v(0) = 0.

The global flow graph based on the secular determinant and the column of
input function f(t) = ko, which is a constant, has the following form:

@M'

Fig. 8. The global flow graph
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We symbolize x = A, y = B, v = C, z = D), representing the concentrations
(quantities) of drug and its metabolites in blood or other tissues.

The consumption flow graph, which is based on secular determinant, is
presented bellow:

Fig. 9. The consumption flow graph

Its gain is equal with that of the secular determinant:
A=(kzp=Y)(Kao~VIEW Kz +kigtkig tkig—V) +koy(kiz tkig +kip=-y)]=0
A=[y* ~y(kg2+kyg+kig +Kio+kap) +kaa(kiz+kia+kio)lkao—Y) kag—Y) =0

From the above equation the exponential factors, yi, Y. (the solutions of the
square equation), y; = k3p and y; = k4o can be found.
The formation graph for A is:

O a2 (e[

Fig. 10. The formation flow graph for A

(20)

Api =ko(kzr =), 1=12 21)
p = Kotkar “Vfpe "t ko(kay—Y2)fpe "2 ek
(Y2 —v1) (y1-v2) (22)
A = Kokar -y =) | ko(kar - ya)(e*?' -1)
(Y2 =y2)(-v1) (Y1 -Y2)(-Y2)

The formation graph for B is:

() ko k1o

kigtkiztkisy

']

Fig. 11. The formation flow graph for B
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Where | is the sum of all the outputs from node A.

ABi = ko H(lz i =1,_2 (23)

g = koki2(@™' =) | kokip(e™¥?' -1)

(24)
(v2=vo(v1)  (vi—v2)(-y2)
The formation graph for C is:
Fig. 12. The formation flow graph for C
Aci =kokygMkoy —yi) =13 (25)
C= kokadkor-WE™ -1 kokagkar—¥o) € 1) kokudkor—va) €™ -9
2-Wl-tw M-2i-2)00R) -v)l2-v)v)
(26)
The formation graph for D is:
Kiz+kgo-y
Fig. 13. The formation flow graph for D
ADi :ko[kl4[(k21—yi) i =124, (27)
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c). The flow through of a vessel. In order to exemplify how the differential
relation in describing dynamic system behavior is used, we have chosen a system
built by a tank that is fed with a liquid that is also evacuated continuously*®. Input
and output mass flows are F; = u(t) and Fy,, respectively. The initial level of the
liquid is y(0) = Ho, hydraulic resistance is noted by R and the section area by A, as
it can be observed in figure 7. If the value of H is symbolized by vy, its behawor as a
function of time is calculated by a differential equation as in equation (29)**:

I:mi
A
H
Fme
A 4 l’> <] >
Fig. 14. Single liquid tank
dy 1
-—=——y—-—[(t (29)
d AR ﬂ/ )
The secular determinant can be written as in equation (30):
1 1
A=|——-y=0 y=—— (30)
AR AR
The formation flow graph for this simple system is*®
u(t)

A
y
Ho
Fig. 15. The formation flow graph for y

It results that:

- 1 -
y =H(t) =Hg [ /AR +quu(t—T)Ee AR g (31)
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d). The flow through a tank series. A series of two tanks, as shown in
Figure 16 is considered, where F;3 = 0. The initial conditions are:

H1(0)=0, H2(0)=0; (32)

H,

R.
— <> Fu2

Fig. 16. Two tanks in series.

The system of differential equations describing the evolution of this series
is given by:

dHl_ Hq 1
o AR A0 (33)
dHp . H1  Hp

dt RiA,  A5R,

1 Y 0

Ao AR 0y = 1 andy, = 1 (34)

1 1 A, R, A,R,

RlAZ AZRZ

The formation flow graph for H, is:

Fig. 17. The formation flow graph for H,
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The increase of the liquid height in the two tanks is™:

H2 — 1 0 1 J'(;u(t_.[) [(e_T/Al[Rl—e_T/AZRZ)dT
A1AZR1 Yo 11 (35)
R2 t -1/A;R —T/A,R
Hy =—=——[,u(t—-1)de 171 —e 2% 2)dt
2= AR AR, Jou(t~ DI )
d) The flow through a tank series with an additional feed . The fourth

example considered is treated supposing that there is a new feed F,;z = ux(t) (see
figure 15) and A;= A,= A. The corresponding differential equations are™:

_dH, _ H, —iml(t)
d AR, A (36)

_dH, WM 1
i RA AR, A

37
=0 vy, = andy, = 37)

"RA AR,

The formation flow graph for H, is:

up(t)

Fig. 18. The formation flow graph for H,

It results that:

Ay, = U1A(t) DRiA * uzA(t) E(RiA v =

Hp= = 0t [yt-DE AR -t -y [upt-9E AR
A%R; Y2¥1 ° ARA -y 0

v ot ey ARt gt -y ARG
AZR, 12 © ATRA Ty, 0

(39)
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CONCLUSIONS

This method seems to be very general. It applies equally well to complex
chemical reactions, the description of drug time-evolution in a body or in chemical
engineering. It solves systems of differential equations in a simple way. In chemistry,
the image of the graph resembles with the reaction scheme or mechanism of the
transformation.
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