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OMEGA AND SADHANA POLYNOMIALS IN P-TYPE
SURFACE NETWORKS

FARZANEH GHOLAMI-NEZHAAD? MIRCEA V. DIUDEA"

ABSTRACT. Design of a hypothetical carbon crystal lattice, embedded in the
P-type surface, was performed by identifying two opposite open faces of a
unit, of octahedral symmetry, by the aid of Nano Studio software. The topology
of the net and its co-net, thus obtained, was characterized by Omega and
Sadhana counting polynomials.
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INTRODUCTION

Among the carbon allotropes, discovered in the nano-era, fullerenes
(zero-dimensional), nanotubes (one dimensional), graphene (two dimensional)
and spongy carbon (three dimensional) were the most challenging [1,2]. Inorganic
compounds including oxides, sulfides, selenides, borates, silicates, etc. of many
metals, also found applications as nano-structured functional materials [3-12].

Zeolites are natural or synthetic alumino-silicates with an open three-
dimensional crystal structure. Zeolites are micro-porous solids known as
"molecular sieves." The term molecular sieve refers to the property of these
materials to selectively sort molecules, based primarily on a size exclusion
process. This is due to a regular structure of pores, of molecular dimensions,
forming channels [13-17].

The rigorous and often aesthetically appealing architecture of
crystal networks attracted the interest of scientists in a broad area, from
crystallographers, to chemists and mathematicians.

The present study deals with a hypothetical carbon crystal-like
nanostructure, of which topology is described in terms of Omega and Sadhana
counting polynomial.

NETWORK DESIGN

The hypothetical carbon crystal network herein discussed was built
up by identifying two opposite open faces of a unit (Figure 1, left), of octahedral
symmetry, by the aid of Nano Studio software [18], also enabling their embedding
in the P-type surface [1,2], belonging to the space group P, 3 m.
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As any net has its co-net, this was identified to the structure presented
in Figure 1, right. Indeed, when constructing the two infinite networks (Figure 2),
a perfect superposition (Figure 2, central) can be evidenced: in fact is one and
the same infinite network, differences appearing only at the boundaries. Thus,
the topological characterization will be done on cubic (k,k,k) domains,
separately, for the net and its co-net (see below).
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Figure 1. Units of the net (left) and co-net (right)
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Figure 2. The net (3,3,3- left), superimposed net&co-net (2,2,2-central)
and co-net (3,3,3- right) in a cubic (k,k,k) domain.

COUNTING POLYNOMIALS

A counting polynomial [19] is a representation of a graph G(V,E), with
the exponent k showing the extent of partitions p(G), U p(G) = P(G) of a

graph property P(G) while the coefficient p(k) are related to the number of
partitions of extent k.
P(x)=) p(k)-x* (1)

Let G be a connected graph, with the vertex set V(G) and edge set E(G).
Two edges e=(u,v) and f=(x,y) of G are called codistant (briefly: e co f) if
the notation can be selected such that [20]:

dv,x)=d(v,y)+1=d(u,x)+1=d(u,y) (2)
where d is the usual shortest-path distance function. The above relation co
is reflexive (e co e) and symmetric (e co f) for any edge e of G but in general is
not transitive.

A graph is called a co-graph if the relation co is also transitive and thus
an equivalence relation.

Let C(e):={fe E(G); f coe} be the set of edges in G that are
codistant to ec E(G). The set C(e) can be obtained by an orthogonal edge-
cutting procedure: take a straight line segment, orthogonal to the edge e, and
intersect it and all other edges (of a polygonal plane graph) parallel to e.
The set of these intersections is called an orthogonal cut (oc for short) of G,
with respect to e.
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If G is a co-graph then its orthogonal cuts C,C,,...,C, form a
partition of E(G): E(G)=CuCu..uC, ;N C; =i+ ] .

A subgraph Hc G is called isometric, if d,,(u,v)=d;(u,v), for any
(u,v)e H ; it is convex if any shortest path in G between vertices of H

belongs to H. The relation co is related to ~ (Djokovi¢ [21]) and ® (Winkler [22])
relations [23,24].

Two edges e and f of a plane graph G are in relation opposite, e op
f, if they are opposite edges of an inner face of G. Then e co f holds by the
assumption that faces are isometric. The relation co is defined in the whole
graph while op is defined only in faces/rings. Note that John et al. [20]
implicitly used the “op” relation in defining the Cluj-llmenau index CI.

Relation op will partition the edges set of G into opposite edge strips
ops, as follows. (i) Any two subsequent edges of an ops are in op relation;
(i) Any three subsequent edges of such a strip belong to adjacent faces;
(iii) In a plane graph, the inner dual of an ops is a path, an open or a closed
one (however, in 3D networks, the ring/face interchanging will provide ops which
are no more paths); (iv) The ops is taken as maximum possible, irrespective
of the starting edge. The choice about the maximum size of face/ring, and
the face/ring mode counting, will decide the length of the strip.

Also note that ops are qoc (quasi orthogonal cuts), meaning the
transitivity relation is, in general, not obeyed.

The Omega polynomial [25-27] Q(x)is defined on the ground of
opposite edge strips ops s,,S,,....S; in the graph. Denoting by m, the number

of ops of cardinality/length s=|S|, then we can write

Q(x)zzsm'xs (3)
On ops, another polynomial, called Sadhana Sd(x) is defined [28,29]:
Sd(x)= Z m- X E@)=s (4)

The first derivative (in x=1) can be taken as a graph invariant or a topological
index (e.g., Sd'(1) is the Sadhana index, defined by Khadikar et al. [30]):

QW)=Y ms=|EG) (5)

Sd'(1)= . m-(E@G)|-s) (6)
An index, called Cluj-llmenau [20], C/(G), was defined on €2(x) :

CI(G)={[Q D] -[Q)+Q" ()]} (7)

In tree graphs, the Omega polynomial simply counts the non-opposite
edges, being included in the term of exponent s=1.
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POLYNOMIALS IN THE P-TYPE SURFACE NETWORKS

Omega and Sadhana polynomials are herein calculated at R.4[6].
Formulas for the two infinite networks are listed in Tables 1 and 2, with
examples at the bottom of these tables.

In the discussed network, one can see that the coefficient a(X') gives
the number of octagons, by counting the edges not enumerated in the even
faces. Next, a(X?)/3 provides the number of hexagons while a(X*)/4 counts
the number of tubular necks (each bearing four anthracene units) joining
the nodes of the net. In the co-net, the most informative is a(X*)/12, giving
the total number of the nodes while (a(X*)/12)"3=k, the co-net parameter.

Table 1. Omega and Sadhana polynomials in the net

Formulas

QX,R._[6])=k>(72+12(k = 1)) X + 24k° X + 12K> (k- 1) X*
= 12K (k+5)X + 24K° X +12k> (k- 1) X*

Q'(1)=12k>(9k +1); Q' (1) = 48k>(4k —3)

CI(G)=12k*(972k* +216k> +12k> = 25k +11)

Sd(X,R__[6])=k*(72+12(k—-1) X" +24K° X + 12> (k- 1) X
_ 12k2 (k i 5)X12k2(9k+1)—1 4 24k3X12k2(9k+1)—2 4 12k2(k— 1)X12k2(9k+1)74

max

Sd'(1) = 12k> (Ok + 1)(48K> + 48k> — 1) = e(48k" + 48k> — 1)

k Omega polynomial: examples e(G) CI(G)

1 72X'+24X 120 14232

2 336X'+192X3+48X* 912 829872

3 864X'+648X*+216X* 3024 9137664

4 1728X'+1536X°+576X" 7104 50449728
Sadhana polynomial: examples Sd’(1)

1 72X +24X"™® 11400

2 336X°""+192x°10+48X%%® 524400

3 864X°°%+648X%"%+216X%0% 5222448

4 1728X"%+1536X"""%+576X"'" 27272256

The number of atoms in the cubic domains (k,k,k) of the two lattices can
be calculated by the formulas given in Table 3; some examples are available.

Table 2. Omega and Sadhana polynomials in co-net

Formulas

Q(X, R, [6])=k*(96+12(k— 1)) X + 24k’ X* +12/° X"
=12k (k+ )X +24K° X* +12k° X*

QM) =12k*9%+7); Q'(1) =192k

CI(G) =12k*(972k* +1512k> + 588k> — 25k —7)

Sd(X,R_[6])=k*(96+12(k—1) X" + 24k X +12k> X
_ 12k2 (k + 7)X12k2(9k+7)—] + 24k3X12k3(9k+7)—2 + 12k3X12k2(9k+7)—4

max

Sd' (1) = 12k> (9k + 7)(48k> + 84k —1) = e(48k> + 84k> — 1)
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k Omega polynomial: examples e(G) Cl(G)
1 96X ™+24X%+12X* 192 36480
2 432X'+192x%+96X* 1200 1437264
3 1080X'+648X%+324X* 3672 13474728
4 2112X'+1536X3+768X* 8256 68140992
Sadhana polynomial: examples Sd’(1)
1 96X™+24X™+12X™® 25152
2 432X"1%%4+192x 1%+ gpx 119 862800
3 1080X%%"+648X%70+324 X668 7531272
4 2112X52%°+1536X52%4+768X5252 36450240
Table 3. Number of atoms v =|V(G) |
Net co-Net
v, =24 k> (4+3(k—1)) = 24- K>3k +1) v, = k*(144+ 72k —1)) = 72k> (k+1)
k 1 2 3 4
v for net 96 672 2160 4992
v for co-net 144 864 2592 5760

CONCLUSIONS

In this paper, the design of a hypothetical carbon crystal lattice, embedded
in the P-type surface, achieved by identifying two opposite open faces of a unit, of
octahedral symmetry, by the aid of Nano Studio software, was presented. The
topology of the net and its co-net, thus obtained, was characterized by Omega
and Sadhana counting polynomials. The ops strips proved to be informative about
the construction of these infinite carbon nanostructures.

REFERENCES

M.V. Diudea and Cs.L. Nagy, “Periodic Nanostructures”, Springer, 2007.

M.V. Diudea, Ed., “Nanostructures, Novel Architecture”, NOVA, N.Y., 2005.
G.R. Patzke, F. Krumeich and R. Nesper, Angew. Chem. Int. Ed., 2002, 41, 2447.
C.N.R. Rao and M. Nath, Dalton Trans., 2003, 1, 1.

R. Tenne, Chem. Eur. J., 2002, 8, 5296.

H. Imai, M. Matsuta, K. Shimizu, H. Hirashima and N. Negishi, Solid State lonics,

2002, 151, 183.

M. Adachi, Y. Murata, |I. Okada and S. Yoshikawa, J. Electrochem. Soc., 2003,

150, G488.

. Y.Zhou, L. Cao, F. Zhang, B. He and H. Li, J. Electrochem. Soc., 2003, 150, A1246.

9. O.K. Varghese, D. Gong, M. Paulose, K.G. Ong and C.A. Grimes, Sens. Actuators
B, 2003, 93, 338.

10. O.K. Varghese, D. Gong, M. Paulose, K.G. Ong, E.C. Dickey and C.A. Grimes,
Adv. Mater., 2003, 15, 624.

11. G.K. Mor, M.A. Carvalho, O.K. Varghese, M.V. Pishko and C.A. Grimes, J. Mater.

Res., 2004, 19, 628.

ok 0N~

N

223



12.

13.
14.

15.
16.
17.
18.
19.

20.

21.
22.
23.
24.
25.
26.

27.

28.
20.
30.

224

FARZANEH GHOLAMI-NEZHAAD, MIRCEA V. DIUDEA

C.A. Grimes, K.G. Ong, O.K. Varghese, X. Yang, G. Mor, M. Paulose, E.C. Dickey,
C. Ruan, M.V. Pishko, J.W. Kendig and A.J. Mason, Sensors, 2003, 3, 69.

R.W. Thompson and A. Dyer, Zeolites, 1985, 5, 292.

Zh. Liu, T. Ohsuna, O. Terasaki, M.A. Cambilor, M.-J. Diaz- Cabanas and K. Hiraga,
J. Am. Chem. Soc., 2001, 123, 5370.

Zh. Yang, Y. Xia and R. Mokaya, J. Am. Chem. Soc., 2007, 129, 1673.
G.O. Brunner, Zeolites, 1993, 13, 88.

E.H. Ellison, J. Phys. Chem., 2006, 110, 11406.

Cs.L. Nagy and M.V. Diudea, Nano Studio, “Babes-Bolyai” Univ., 2009.

M.V. Diudea, “Nanomolecules and Nanostructures - Polynomials and Indices”,
MCM, No. 10, Univ. Kragujevac, Serbia, 2010.

P.E. John, A.E. Vizitiu, S. Cigher, and M.V. Diudea, MATCH Commun. Math.
Comput. Chem., 2007, 57, 479.

D.Z. Djokovi¢, J. Combin. Theory Ser. B, 1973, 14, 263.

P.M. Winkler, Discrete Appl. Math., 1984, 8, 209.

S. Klavzar, MATCH Commun. Math. Comput. Chem., 2008, 59, 217.
M.V. Diudea, S. Klavzar, Acta Chem. Sloven., 2010, 57, 565.

M.V. Diudea, Carpath. J. Math., 2006, 22, 43.

M.V. Diudea, S. Cigher, P.E. John, MATCH Commun. Math. Comput. Chem., 2008,
60, 237.

M.V. Diudea, S. Cigher, A.E. Vizitiu, M.S. Florescu, and P.E. John, J. Math. Chem.,
2009, 45, 316.

A.R. Ashrafi, M. Ghorbani and M. Jalali, Indian J. Chem., 2008, 47A, 535.
A.R. Ashrafi and M. Mirzargar, Indian J. Chem., 2008, 47A, 538.
Khadikar, P.V.; Agrawal, V.K.; Karmarkar, S., Bioorg. Med. Chem., 2002, 10, 3499.



