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COMPUTATION OF THE FIRST EDGE WIENER INDEX OF
A COMPOSITION OF GRAPHS

MAHDIEH AZARI**, ALI IRANMANESH®, ABOLFAZL TEHRANIAN?

ABSTRACT The edge versions of Wiener index, based on distance between
two edges in a connected graph G, were introduced by Iranmanesh et al. in
2009. In this paper, we find the first edge Wiener index of the composition
of graphs.
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INTRODUCTION

Within this paper, we consider only simple, undirected, connected
and finite graphs. A simple graph is a graph, without any loops or multiple
bonds. Denote by G =(V(G),E(G)) a graph G with the set of vertices/

atoms V' (G) and the set of edges/bonds E(G). For a (molecular) graph G,
the degree of a vertex u is the number of edges incident to u and denoted
by deg(u|G) and the distance between the vertices u and v of G, is denoted

by d(u,v

connecting # and v. In this paper, we denote by [u,v], the edge connecting

the vertices u, v of G.

A topological index is a real number related to the structural graph
of a molecule. It dose not depend on the labeling or pictorial representation
of a graph.

The ordinary (vertex) version of the Wiener index (or Wiener number)
of G, is the sum of distances between all pairs of vertices of G, that is:

W(G)=W,(G)= > du,VG).
{u.vicl (G)

This index was introduced by the Chemist, Harold Wiener [1], within
the study of relations between the structure of organic compounds and their
properties. This index is the first and most important topological index in
Chemistry. So many interesting works have been done on it, in both Chemistry
and Mathematics [2-13].

G) and it is defined as the number of edges in a shortest path,
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The Zagreb indices have been defined more than thirty years ago
by Gutman and Trinajestic, [14].

Definition 1. [14] The first Zagreb index of G is defined as:
M, (G)= ) deg(u|G)’ -
uel (G)

The edge versions of Wiener index of G, which were based on the
distance between all pairs of edges of G , were introduced by Iranmanesh et al.
in 2009 [15]. We encourage the reader to consult [16-20], for computational
techniques and mathematical properties of the edge Wiener indices. The
first edge Wiener index of G, is defined as follows:

Definition 2. [15] The first edge Wiener index of G , is denoted by 7, (G).
That is:

W, (G)= Y.d(e/]G), where do(e’fG):{dme,fG)ﬂ ierf g
{e./1E(G) lf e=f
d, (e, f|G) = min{d(u,z|G),d (u,1|G),d (v,2|G),d (»,|G)} , such that e = [u,v],

S =I[z,t]. This index satisfies the relation W, (G) =W, (L(G)), where L(G)is

the line graph of G.

In this paper, we want to find the first edge Wiener index of the
composition of graphs.

Recall definition of the composition of two graphs.

Definition 3. Let G, =(V'(G,),E(G,)) and G, =V (G,),E(G,)) be two
connected graphs. We denote the composition of G, and G, by G,[G,],
that is a graph with the vertex set V(G,[G,])=V(G,)xV(G,) and two
vertices (u,,u,) and (v,,v,) of G,[G,] are adjacent if and only if:

[u, =v, and [u,,v,]€ E(G,)]or [u,,v,]€ E(G,).
By definition of the composition, the distance between every pair of
distinct vertices u = (u,,u,) and v =(v,,v,) of G,[G,], is equal to

d(”lavl‘Gl) if u #v,
G\[G,]D) =11 if u =v, [u,,v,]€ E(G,)

2 if u,=v,, v, is not adjacent to u, in G,

d(u,v

COMPUTATION OF THE FIRST EDGE WIENER INDEX OF THE COMPOSITION
OF GRAPHS

Let G, =(V(G,),E(G,)) and G, =(V(G,),E(G,)) be two graphs.
Consider the sets E£| and E, as follows:
184
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E, = {[(u,u,),(u;,v,)] € E(G[G, ] 14, €V(G)), [uy,v,]€ E(G,)}

E, ={[(u,u,),(v,v,)] € E(G[G,]) : [u,v] € E(G), u,,v, eV(G,)}
By definition of the composition, E, U E, = E(G,[G,]) and obviously,

ENE, =4, |E|=V(G)| |EG,)| and |E,| =V (G, |EG)).
Set:

A={{e, [} C E(G[G,]):e* [, e,f €E}}

B={{e,f} CE(G[G,]):e# [, e, [ €E,}

C={e [} cEGI[G,]):eckE, fek,}

It is easy to see that each pair of the above sets is disjoint and the
union of them is the set of all two element subsets of E(G,[G,]). Also we have:

| £ V(G| |E(Gy)|
| A| - - ,
2 2
|| [V (G’ |EG)|
|B| - - ,
2 2

|C|:|E1| |E2| :|V(G1)| |V(G2)|2|E(G1)| |E(G2)|

Consider four subsets A4,,4,, A4, and 4, of the set 4 as follows:

4 ={{e, f}ed:e=[(u,u,),(u,v,)), [ =[(u,u,),(u,,2,)], u, €V(G)),
Uy,v,,2, €V(G,)}

4, ={{e, fye A e=[(u,u,),(u,v,)], f =[(,,2,),(u,1,)], u, €V(G)),
u,,v,,z,,t, €V(G,), both z, and t, are adjacent neither
to u, nor to v, in G,}

4, =He fre Are=[(u,u,),(u,,v,)]. f =[(u,2,),(,.1,)], u, €V(G)),
uy,v, €V(G,), z,,1, €V(G,) = {u,, vy} } — 4,

A, =He fre Adre=[(u,u,),u,v,)), [ =[",2,),(v,1,)], u,v, €V(G),
v, E Uy, Uy,V,,2Z5,L, €V(G,)}

It is clear that, every pair of the above sets is disjoint and 4 = OAz‘ .
i=l

In the next Proposition, we characterize do(e,f|Gl[G2]) forall {e, f}e 4.
Proposition 1. Let {e, f} € 4.
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(i) If {e,f} € A4,,then d (e, f|G[G,]) =1

(i) If {e, f} € 4,, then d (e, f|G,[G,]) =3

(iii) If {e, f} € 4;, then d (e, f1G,[G,]) =2

(iv) If {e, f} € 4,, then d, (e, f|G,[G,]) =1+d(u,,v,
where e =[(u,,u,),(u;,v,)], f =[(v,2,),(v,1,)]

PrOOf' (I) Let {ea f} € Al and e = [(ulauz ):(ulavz )]7f = [(ulauz)a(ulazz )] .
Due to distance between two vertices in G,[G,] and by definition of d (e, /), we
have:

dy(e, f|G1[G2 D =1+ min{d ((u,,u,),(u,,u, )|G1[G2 D.d((uy,u,),(u,, z, )|G1[G2 Ds
d((ul’v2)7(u17u2)‘Gl[G2 ]):d((ul’vz):(“pzz )‘GI[GZ Di=1+ min{O,l,lad(Vz’Zz‘Gz)} =1+0=1

(ii) Let {e, f} € 4, and e =[(u,,u,),(u,;,v,)], f =[(u;,z,),(u,,t,)].
By definition of the set 4,, z, is adjacent neither to u, norto v, in G, and this
is also true for ¢,. Therefore,

dy(e, GG, =1+ min {d ((u,u,), (1, 2,)|G|[G,]),d ((u,,u,), (u,,1,)|G|[G, ]),
d((u,,v,),(u,,z, )|G1 [G, D, d((uy,v,), (u,,1, )|G1 [G,])} =1+min{2,2,2,2} = 3.
(iii) Let {e, /} € 4, and e =[(u,u,),(u,,v,)], f =[(u,,z,),(u;,1,)]. By
definition of the set 4,, z, & {u,,v,}, t, € {u,,v,}.
On the other hand {e, f} ¢ A4, , so at least one of the following situations occurs:
u,,z,] € E(G,), [u,,t,]€ E(G,), [v,,z,]€ E(G,) or
[v,,t,]1€ E(G,).
This means that, at least one of the distances d((u,,u,),(u,,z, )|G1[G2 D,
d((uy,u), (u, )|GLG, D), d((uy,v,),(u,,2,)|G[G,]) or
d((u;,v,),(u,,1,)|G[G,]) is equal to 1. Therefore,
dy(e, GG, =1+ min {d ((u,u,),(t,2,)|G[G,]),d((u,u,), (u,,1,)|G|[G, ]),
d((u1ovz)>(ulazz)|G1[Gz D> d((”nVz)a(u19t2)|G1[Gz])} =1+1=2.

(iv) Let {e,f} € A4 and e= [(ulauz)a(ulavz)]af :[(VDZZ)’(vl’tZ)] .
Thus v, # u, and

dy (e, f|G1[G2 D =1+min{d((u,,u,),(v, 2, )|G1[G2]), d((“lauz)a(vlat2)|G1[G2 D
d((u;,v,),(v),2, )|G1[G2]), d((“lavz)a(vlatz)|G1[G2 D} =
186
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1+ min{d (u,,v|G)), d (u,v|G)), d (u,1|G)), d (1[G} = 1+d (u,0|G))
so the proof is completed
In follow, we define five subsets B,,B,,B;,B, and B, of the set B .

B ={{e,f} e B:e=[(u,u,),(v,v,)], [ =[(,u,),(v,2,)], u,v, €eV(G)),
Uy,vy,2, EV(Gz)}

B, ={{e, f} € B:e=[(u;,u,),(v,v,). f =[(w,z,),(v.t,)], u,,v, eV (G)),
Uy,v,,2,,t, €V(G,), z, #u,, t, #v,}

Bs = {{e,f} € B:e=[(u1,u2),(vl,v2)],f =[(u1,u2),(zl,zz)], U,v,z; € V(Gl),
U,,v,,2, €V(G,), z, #v}

B4 = {{e’f} € B:e:[(ulau2)5(vlav2)]9f Z[(”ptz),(zpzz)]a u15vl,zl € V(Gl)a
u2avzat2722 € V(Gz)a Zl # vla t2 # u2}

B ={{e,f}eB:e=[(u,u,),(v,v,). f =[(z,2,),(t,,1,)], u,v, eV(G),
Zlat1 € V(Gl)_{ulavl}a u25V29229t2 € V(Gz)}
It is clear that, each pair of the above sets is disjoint and 5 _ OB- .

i=1

The next Proposition, characterizes d (e, f|G,[G,]) forall{e, f} € B .

Proposition 2. Let {e, f} € B.

(i) If {e, f} € B,, then d,(e, f|G,[G,]) =1

(i) If {e, f} € B,, then d,(e, f|G,[G,]) =2

(iii) If {e, f} € B;, then d, (e, f|G|[G,]) = do([ul,vl],[ul,zl]|Gl) ,
where e =[(u;,u,),(v,,v,)]. f =[(u,,u,),(z,,2,)]

(iv) If {e, f} € B,, then d,(e, f|G[G,]) = dy([u,,v,],[u,,2,]|G)) +1,
where e =[(u,u,),(v,,v,)], f =[(u,,t,),(z,2,)]

(v) If {e, f} € By, then d,(e, f|G,[G,]) = do([ul,vl],[zl,t1]|G1) :
where e =[(u,u,),(v,,v,)], f =[(z,,2,),(¢,t,)]

Proof. (i) Let {e, /'} € B, and e =[(u,,u,),(v;,v,)], f =[(u,u,),(v,z,)].
Using the definition of d (e, /) , we have:

dy(e, f|G[G,]) =1+ min{d ((u,,u,), (u,,1,)|G,[G, ), d (t,11,), (1, 2,)|G [ G, ),
d((v,v,), (w0, u)|G[G, 1), d((v,v,), (v, 2,)|G[G,])} =
1+ min{0,LL d((v,,,),(v,2,)|G[G,])} =1+0=1.
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(i) Let {e, f} € B, and e =[(u,u,),(v;,v,)]. f =[(u;,2,),(v,,t,)]. By
definition of B,, z, #u,, t, #v,. So due to distance between two vertices in
G|[G,], the distances d((“l’uz)a(u1’22)|G1[G2]) and d((VlaVz)a(V1at2)|G1[Gz])
are either 1 or 2. Therefore,
dy(e, f|G1[G2 D=1+ min{d((u1:”2)9(”1=Zz)|G1[G2])ad((“1s”2)o(v1=t2)|G1[Gz D,
d((v,v,),(uy,2, )|G1[G2]), d((vlavz)a(v1atz)|G1[G2 D} =
Lt min {d (@, 10,), (2, 2)|G LG, DL A (1,,), (1[G LGy Ty = 141 =2

(iii) Let {e, f} € By and e=[(u;,u,),(v,v,)], f =[(u;,u,),(2;,2,)] .
By the definition of B, we have z, # v, and hence
d,(e, f|G1[G2 D=1+ min{d((u1:”2)9(”1=”2)|G1[G2 ]):d((”1su2)a(z1=zz)|G1[Gz D>
d((V1aV2)a(”1’u2)|G1[Gz ]):d((Vl’vz)a(ZwZz)|G1[G2 D} =
G)),d(u,,z|G),d(v,u|G),d(v,2,|G)} = do([”lav1]=[”1azl]|G1) (iv)
Let {e, f} € B, and e =[(u,,u,),(v,,v,)], f =[(u,,t,),(z,,2,)]. By definition
G,) =1 and d((ul,uz),(ul,t2)|Gl[G2]) >1.

1+min{d (u,,u,

of B,, z, #v,, t, #u,. So d(v,,z,
Therefore

d,y(e, f|G1[G2 D= 1+min{d((uv“z):(”15t2)|G1[G2 ]):d((”puz):(Z1’Zz)|G1[Gz D>
d((Vlavz):(”1’t2)|G1[Gz ]):d((Vlavz)a(ZpZz)|G1[G2 D} =
1+min{d((ul,uz),(ul,tz)‘Gl[Gz]),l,l,d(vl,ZlGl)}=1+1=do([ul,vl],[ul,zl]‘Gl)+l (v)
Let {e,f}eBs and e=[(u,u,),(v,v,)].f =[(z,2,).(¢.t,)] . By the
definition of B, z, #u,, z, #v,, t, #u, and ¢, # v,. So the edges [u,,V,]

and [z, ] of G, are distinct. Therefore

dy(e, f|G,[G,]) = 1+ min{d ((u,,u,),(2,,2,)|G[G, D). d ((uy,1,),(1,,1,)|G,[G, ),
d((v:v,), (2, 2)|G LG D, d (%, v,), (8, 1,)|G (G, D)} =
1+min{d(ul,zl‘Gl),d(ul,tl G),d(v,,z|G)),d(v,t|G)} = dy([u,,v,1.[2,,4,]G,)

and the proof is completed|
Now, we consider three subsets C,,C, and C, of the set C as follows:

C ={e f}eCie=[(u,u,),u,v,)], [ =[(u,u,),(z,2,)], u,z, €V (G),
where u,,v,,z, eV(G,)}

Cz = {{e,f} € C:e=[(u1,u2),(u1,v2)],f =[(u1,t2),(zl,22)], U,z € V(G1),
where u,,v,,t,,z, eV(G,), t, #u,, t, #v,}
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G ={{e fieC:e=[(u,u,),(u,t,)), f =[(v,v,),(2,,2,)], u, v,z €V(G),
where u,,t,,v,,z, €V(G,), v, #u,, z, #u,}

3
Clearly, every pair of the above sets is disjoint and C = UCI. .
i=1

In the following Proposition, we find d, (e, f|G,[G,]) forall {e, f} € C.
Proposition 3. Let {¢, f} € C.

(i) If {e, f} € C,, then d (e, f1G[G,]) =1

(ii) If {e, f} € C,, then d,(e, f|G,[G,]) =2

(iii) If {e, f} € C;, then

dy(e. f|G[G,]) = 1+ min{d (u;,|G,).d (u,,2,|G,)},
where e =[(u,,u,),(u,,t,)], f =[(v;,v,),(z,,2,)]
PrOOf' (I) Let {eaf} < Cl and e= [(ulauz)a(ulavz)]af = [(ulauz)a(zlazz)] :
By definition of d (e, 1), we have:

dy(e, f1G\[G,]) =1+ min{d ((u,u,),(u, >u2)|G1[G2 D,d((u;,u,),(z,,2, )|G1[G2 D,
d ((uyv,), (1) G LG D), d (uy,v,),(2,,2,)|G G, )} = 1+ min {0,LL1} =1+ 0 =1
(i) Let {e,f}eC, and e=[(u,u,),(u,,v,)],f =[u,,1,),(z,2,)] .
By definition of C,, ¢, #u,, t, #v,. Thus, due to the distance between
two vertices in G,[G,] , the distances d((ul,uz),(ul,t2)|Gl[G2]) and

d((u,,v,),(u;,1,)|G[G,]) are either 1 or 2. So
dy(e, f|G[G,]) = 1+min{d ((u,,u,),(u,,1,)|G,[G,]),d (u;,u,),(z,,2,)|G[ G, ),
d((,,v,), (u,,1,)|G[Gy ), d ((uy,v,),(2,,2,)|G[G,])} =
1+ min{d ((u,,u,), (,,1,)|G[G,]).L,d ((u,,v,), (uy,1,)|G,[G, L1} = 1+1=2.

(iii) Let {e, f} € C; and e =[(u,,u,),(u,,t,)], f =[(v,v,),(z,2,)]. By
definition of C,, v, #u,, z, # u,. Therefore
dy(e, f|G[G,]) = 1+min{d ((u,,u,), v, ,)|G,[G, ], d ((u,,u,),(z,,2,)|G[G, ]),
d((u,1,), (v, |GG, D, d (wy,1,), (2, 2,)|G[G, D} =
1+ min{d(ul,vl‘Gl ) d(uy,z)|G, ), d(uy,v,|G)),d(u,,2,|G))} =
1+ min{a’(ul,vl‘G1 ),d(u, ,zl|G1 )}, and the proof is completed
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Definition 4. Let G = (V' (G), E(G)) be a graph.

() Letu eV (G).Set; A, ={ze€V(G):[z,u] € E(G)}.Infact, A is the
set of all vertices of G, which are adjacent to u. Suppose that, , is the number
A,| = deg(u|G).
(ii) For each pair of distinct vertices u,v eV (G), let 5, be the
number of all vertices of G, which are adjacent both to u and v. Obviously,
Suw) = |Au na,

(iii) Let u, v and z be three vertices of G, which every pair of them is
distinct. Assume that, o, denotes the number of all vertices of G which are
A,NANA,

(iv) Suppose that, u, v and z be three vertices of graph G , which every
pair of them is distinct. Denote by N(Z,m), the number of all vertices of G,

of all vertices of G, which are adjacent to u. Clearly, 6, =

u,v,z)

adjacent to vertices u, v and z. It is easy to see that, 5( =

uv,z) T

which are adjacent to z, but neither to u nor to v. By the definition of N,

(z,u,v)?
we have:
Neas =|A. = (8, UA)

A=A N, UA)

z

Al-la.NaHu@a. NA)

z

AZ - (Az ﬂ Au + Az ﬂ Av - Az ﬂ Au ﬂ Av ) = 52 - 5(2,14) - 5(2,\1) + §(z,u,v) .
Proposition 5.
[V (G))|+1 1
Zdo(eafGl[Gz]) = E(Gz)z[( ] + W(GI)J - Z‘V(Gl)‘ (2M| (Gz) - N(Gz)) ’
fe,f}ed 2

Whel’e, N(GZ) = z ZN(ZZ,EZ’%) :

[u3,v,1€E(G,) 2, €V (Gy)—(A,, UA,,)
Proof. At first, we need to find |4,| and |4, U 4;|. Itis easy to see that
1 1
4] = Z|V(G1)| )3 2 Ne,im = Z|V(G1)|N(G2) ’

[us,v,1€E(Gy) 2, €V (Gy)=(A,, UA, )

AUA[=P G X (EG)-@, +5, -1 -

[uy,v,1€E(Gy)

DG M CCIEND TR ST Vil R

2., J€E(Gy) [u2.v, J€E(Gy) [us v, ]eE(Gy)

VG| (EG)f +[EG)|- MG,
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4
Recall that, each pair of the sets 4,(1<i<4) is disjoint and 4 =UA1- ,
i=1
then by
Proposition 1, we have:

Z do(e’f|G1[Gz]):Z Zdo(e’f|G1[Gz]):|A1|+3|A2|+2|A3|+

fe,f}ed i=l {e,f}e4;

Z{1+d(u19vl G) e f} e d,e=[(u,u,),(u,v,)], f =[(v,2,),(v,5,)]} =
|4)| +3|4, | +2|45] +]4, ] +

Z{d(u19v1 G e fled,e=[(u,u,),w,v,)], [ =1(v,2,),(v,,1,)]} =

4
DA+ (] + ) + ||+ [EG) Fd.y,
i=1

{”1 Vi }QV(GI)

G1)=

4
U
i=1

+]4, U 4y |+]4, ]+ |EG) W (G) =] 4| +]4, U 4,| +] 4, ] +|EG)'W(G)) =

V(G| |EG,)| 2
( ) ] +%|V(GI>| (E@G)[ +|E(G)|-M,(G))+ iIV(GJIN(GzH

[EG,)[W(G) =

SPGYIEG @] [EG)] + (G| [EGf +[7(G)] [EG.)| )-
SV GIMGo) + S (GING) +[EG W(G) =

5 [V (G))|+1
E(G,)| (( i ]+W(G1)]—%IV(G1)I (2M,(G,) - N(G))|

Proposition 6.

2. dyle.f

{e.f}eB

N s
Gl[Gz])=|V(G2)I( X JMI(GIHIV(GZ)I w.(G)

Proof. For the proof of this proposition, we need to obtain |B1

B,| and

2

|B,|. Itis easy to see that:
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[7(Gy)| [V (G,)| 2
|B,|=2|E(G)) |V(Gz)|{ 2 J,lBZ|=2|E<G1)|( 2 j

3 Suy ) 7 (G,
B|=P @) P@)l-b 2 U=IV<G2)I( 2 j<M1<G1)—2|E<GI)|>

u €V (Gy)
Afterwards, we find " d, (e, f|G,[G,]). By Proposition 2.2, we have:
{e./}eB;UB,UB;s

> d,(e, f|G|[G,]) =

{e./}eBs

Z{do([“vvl]a[“vz1]|G1)3{e:f}eB3:e=[(”1a”2),(v1avz)]=fZ[(”v”z):(zlazz)]}z
|V(G2)|3 Z Zdo([u1av1],[u1szl]|Gl):

w €V (G) {{uy v 1w,z B<E(G))

1 3
5|V(G2)| Z zdo([“u‘ﬁ]a[zntlﬂGl)’
Ly 1€E(GY)  zefu, v},
[z1.41eE(Gy)

> dy(e, f|GIG,]) =
{e.f}eBy
Z{do([ulav1]»[u1sz1]|G1)+1: {eaf} € B4ae =[(u1,u2),(v1,v2)],f =[(u1,t2),(zl,zz)]} =
VG -G > > dy ([, v 1[u,,2,]G) +|By| =

w €V (G) {{uy. v 1w,z B<E(G))

%(|V(G2 | -Gy S > dy([u,v,1,[2,,4]G) +|By]

[uy v J€E(Gy)  z efu;, v},

[z),t1€E(G))
> d,(e, f|GIG,]) =

{e.f}€Bs

Z{do([”1>vl]a[zl>t1]|G1):{eaf}EBs:ez[(ul’uz)a(vlavz)]af:[(Zlazz)a(tlatz)]}:
1 4
S NI WATRANENA ChF

[ M EE(G) [214]1€E(G),
Z1,h ,v]}

Based on the above computations and since each pair of B,(1<i<5) is
disjoint, we have:

> d,(e, fIG[G,]) =

{e,f}eB3;UB,UBs

S dy(e, f|Gl[G2])=%|V(G2)|3 S Sy LIz ]G +

i=3 {e,f}eB; [ul,vl ]eE(Gl) zelum )
2,4 [€E(Gy)
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1
—QV(G2)|“—|V(G2)|3) > > dy(u v 1Llz.41G) +|B, |+
2 [, ]EE(Gl)[Zzlf{]lgév(l(};, )

1
E|V(G2)|4 Z Zdo([ul,v1]:[zlat1]|G1) =
[y M EE(G) [21.41€E(G),
21,0 €U,V

1
E|V(G2)|4 Z zdo([“lsvl]a[zlst1]|G1)+|B4|+
[“h"l ]GE(G1) Zzlte(]”;]g}(lé? )

1
AN D WA (A NENA OB
[y v J€E(G)) [21.41€E(Gy),
Z,l U5

|B4I+§IV(GZ>|4<2W% (G)) =B+ (G,)|' W, (G)).

5
Now, since B = UBI. , we have:

i=1

> d,(e, f|GG,]) = > dy(e. fGIG,]) + > dy(e, f|GIG, ]+
{e.f}eB {e,f}eBy {e.f}eB,
> d,y(e, flG[G,]) =

{e.f}eB; UB,UBs

4 V(Gy)| [ (Gy)| )
|B|+2|B,|+|B,|+|V (G)) W%(Gl)=2E(GI)( 2 ](V(G2)+2( 2 j—V(Gz) J+
NEACY . ,( 1762 .
V(Gz)[ . JMl(G1)+V(G2) WeO(G1)=V(G2)( ) ]MI(G1)+V(GZ) W, (G)-

Proposition 7.

> d,(e, f|G|G,]) =

{e.f}eC
EG))| |EG)| (G| (V(G)] [P(Gy)| + 27 (Gy)| - 4) +|E(G,)| V(G| Min(G,)
where, Min(G)= Y Y min{d(u,v|G)),d(u,z]|G,)}

u €V (G))lvy,z1€E(Gy)

and Y dy(e,f

Proof. First, we find |C2

G,[G,]) . It is easy to see

{e.f}€Cs
that:
C,|=V(Gy)| V(G| -2) [EGy)| D6, =2|EG)| |EG,)| V(G| (V(G,)|-2)
el (Gy)

and by Proposition 3, we have:
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> dy(e, f|GIG,]) =

{e.f}eCs
Z{l + min{d(”]yV1‘G1)sd(u1,Zl‘G1) He f1eCe=[(u,u,),(u,1,)], [ =[(v,v,),(z,,2,)]} =

CI+HEGH @G Y. > min{d, |G ),d(w,z|G,)} =
wel (G) [v,z1eE(Gy)
CIHEG) PG Y. S min{d(w,v[G ),d(wu,z|G)} =

u €V (Gy)[vy,z,1€E(Gy)

2,
G| +[E(G)| [P (G,)] Min(G)).
3
Since each pair of the sets C,(1<i<3) is disjointand C = UC,' , we have:

D dy(e. flIGIGD = dy(e fIGIG,D+ D.dy(ef

G|[G,]) =
{e,f}eC {e,freCUC, {e,f}1eCy
€|+ 2|C, | +|C, | +]EG,)| V(G| Min(G,) =

|C|+|CL|+EG,)| V(G| Min(G,) =

i=1
3
ule
i=1
Cl+|Co|+|E(G)] (G, Min(G) = V(G| V(G |EG))| |EG,)|+

2AEG)| [EG,)| (G| (V(G)] -2+ [EG,)| [P(G,)] Min(G,) =

E@G)| [EG)| (G| (F(G)] [7(Gy)]+ 2 (G| - 4) +|E(G)| (G, Min(G))

Now, as the main purpose of this paper, we express the following theorem, which
characterizes the first edge Wiener index of the composition of two graphs.

Theorem. Let G, =((G,),E(G,)) and G, =(V(G,),E(G,)) be two
simple undirected connected finite graphs, then

,( V@Gl
W, (G[G,]) = |E(G),)| ( ]Jr

+|C,| + |EG,)| P (G,)] Min(G,) =

2

EG)| [EG)| V(G| (V(G)] V(G| + 2V (G| -4) +
2 4 2 [7(G2))
[EG)| W(G)+V (G W, (G)+ [V (G| ( X JMI(G1)+

E@G,)| [V (G,)[ Min(G,)~
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V6] @M, G- NG,
where Min(G)= > > min{d(u,v|G),d(u,z]|G,)} and

u, €V (G))[vy,z 1€E(Gy)
N(Gz) = z ZN(ZZ’Ezsvz) '
[u2.121€E(Gy) 2, €V (Gy)~(4,, UA,,)
Proof. Recall that, each pair of the sets A, B and C is disjoint and union of
them is the set of all two element subsets of E(G,[G,]). Now, using the
definition of the first edge Wiener index, we obtain:

W, (GIG D= D d(efGIGD= D dye fIGIG]+

{e.f1cE(GI[G,]) {e.f}ed

Y dy(e, fIGIG, )+ D dy(e, f|G[G,]). Now, by the above Lemmas,
(e.f1eB fe.f1=C
the proof is completed.
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