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ABSTRACT The edge versions of Wiener index, based on distance between 
two edges in a connected graph G, were introduced by Iranmanesh et al. in 
2009. In this paper, we find the first edge Wiener index of the composition 
of graphs.  
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INTRODUCTION 

Within this paper, we consider only simple, undirected, connected 
and finite graphs. A simple graph is a graph, without any loops or multiple 
bonds. Denote by ))(),(( GEGVG =  a graph G  with the set of vertices/ 
atoms )(GV  and the set of edges/bonds )(GE . For a (molecular) graph G , 
the degree of a vertex u is the number of edges incident to u and denoted 
by )deg( Gu  and the distance between the vertices u  and v  of G , is denoted 

by ),( Gvud  and it is defined as the number of edges in a shortest path, 

connecting u  and v . In this paper, we denote by [ ]vu, , the edge connecting 
the vertices u , v  of G .  

A topological index is a real number related to the structural graph 
of a molecule. It dose not depend on the labeling or pictorial representation 
of a graph.  
 The ordinary (vertex) version of the Wiener index (or Wiener number) 
of G , is the sum of distances between all pairs of vertices of G , that is:  

∑
⊆

==
)(},{

),()()(
GVvu

v GvudGWGW . 

This index was introduced by the Chemist, Harold Wiener [1], within 
the study of relations between the structure of organic compounds and their 
properties. This index is the first and most important topological index in 
Chemistry. So many interesting works have been done on it, in both Chemistry 
and Mathematics [2-13].  
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 The Zagreb indices have been defined more than thirty years ago 
by Gutman and Trinajestic, [14].  
 

Definition 1. [14] The first Zagreb index of G  is defined as:  
∑
∈

=
)(

2
1 )deg()(

GVu
GuGM . 

The edge versions of Wiener index of G , which were based on the 
distance between all pairs of edges of G , were introduced by Iranmanesh et al. 
in 2009 [15]. We encourage the reader to consult [16-20], for computational 
techniques and mathematical properties of the edge Wiener indices. The 
first edge Wiener index of G , is defined as follows: 
 

Definition 2. [15] The first edge Wiener index of G , is denoted by )(
0
GWe . 

That is:  

∑
⊆

=
)(},{
0 ),()(

0
GEfe

e GfedGW , where 
⎪⎩

⎪
⎨
⎧

=

≠+
=

feif

feifGfed
Gfed

0

1),(
),( 1

0
 and 

)},(),,(),,(),,(min{),(1 GtvdGzvdGtudGzudGfed = , such that [ ]vue ,= , 

],[ tzf = . This index satisfies the relation ))(()(
0

GLWGW ve = , where )(GL is 
the line graph of G. 

In this paper, we want to find the first edge Wiener index of the 
composition of graphs. 

Recall definition of the composition of two graphs. 
 

Definition 3. Let ))(),(( 111 GEGVG =  and ))(),(( 222 GEGVG =  be two 
connected graphs. We denote the composition of 1G  and 2G  by ][ 21 GG , 
that is a graph with the vertex set )()(])[( 2121 GVGVGGV ×=  and two 
vertices ),( 21 uu  and ),( 21 vv  of ][ 21 GG  are adjacent if and only if: 

[ )(],[ 22211 GEvuandvu ∈= ] or )(],[ 111 GEvu ∈ . 
By definition of the composition, the distance between every pair of 

distinct vertices ),( 21 uuu =  and ),( 21 vvv =  of ][ 21 GG , is equal to 

⎪
⎪
⎩

⎪⎪
⎨

⎧

=

∈=

≠

=

22211

22211

11111

21

,2

)(],[,1

),(

)][,(

Ginutoadjacentnotisvvuif

GEvuvuif

vuifGvud

GGvud  

 

COMPUTATION OF THE FIRST EDGE WIENER INDEX OF THE COMPOSITION 
OF GRAPHS 
 

Let ))(),(( 111 GEGVG =  and ))(),(( 222 GEGVG =  be two graphs. 
Consider the sets 1E  and 2E  as follows: 
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)}(],[),(:])[()],(),,{[( 222112121211 GEvuGVuGGEvuuuE ∈∈∈=
 )}(,),(],[:])[()],(),,{[( 2221112121212 GVvuGEvuGGEvvuuE ∈∈∈=  
By definition of the composition, ])[( 2121 GGEEE =U  and obviously, 

φ=21 EE I , )()( 211 GEGVE =  and )()( 1
2

22 GEGVE = . 
Set: 

},,:])[(},{{ 121 EfefeGGEfeA ∈≠⊆=  
},,:])[(},{{ 221 EfefeGGEfeB ∈≠⊆=  

},:])[(},{{ 2121 EfEeGGEfeC ∈∈⊆=  
 It is easy to see that each pair of the above sets is disjoint and the 
union of them is the set of all two element subsets of ])[( 21 GGE . Also we have:  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

)()(

22

211 GEGVE

A , 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

)()(

22

1
2

22 GEGVE

B , 

)()()()( 21
2

2121 GEGEGVGVEEC ==  
 

Consider four subsets 321 ,, AAA  and 4A  of the set A  as follows: 

),()],,(),,[()],,(),,[(:},{{ 11212121211 GVuzuuufvuuueAfeA ∈==∈=
                     )}(,, 2222 GVzvu ∈  

),()],,(),,[()],,(),,[(:},{{ 11212121212 GVutuzufvuuueAfeA ∈==∈=

          2 2 2 2 2 2 2

2 2 2

, , , ( ),

}

u v z t V G both z and t are adjacent neither

to u nor to v in G

∈
 

),()],,(),,[()],,(),,[(:},{{ 11212121213 GVutuzufvuuueAfeA ∈==∈=

           222222222 }},{)(,),(, AvuGVtzGVvu −−∈∈  
),(,)],,(),,[()],,(),,[(:},{{ 111212121214 GVvutvzvfvuuueAfeA ∈==∈=

            )}(,,,, 2222211 GVtzvuuv ∈≠  

It is clear that, every pair of the above sets is disjoint and U
4

1=

=
i

iAA . 

In the next Proposition, we characterize ])[,( 210 GGfed  for all Afe ∈},{ . 
 

Proposition 1. Let Afe ∈},{ . 
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(i) If 1},{ Afe ∈ , then 1])[,( 210 =GGfed  

(ii) If 2},{ Afe ∈ , then 3])[,( 210 =GGfed  

(iii) If 3},{ Afe ∈ , then 2])[,( 210 =GGfed  

(iv) If 4},{ Afe ∈ , then ),(1])[,( 111210 GvudGGfed += ,  

where )],(),,[()],,(),,[( 21212121 tvzvfvuuue ==  
 

Proof. (i) Let 1},{ Afe ∈  and )],(),,[()],,(),,[( 21212121 zuuufvuuue == .  
Due to distance between two vertices in ][ 21 GG  and by definition of ),(0 fed , we 
have: 

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGzuuudGGuuuudGGfed +=
 

101)},(,1,1,0min{1)}][),(),,((),][),(),,(( 222212121212121 =+=+= GzvdGGzuvudGGuuvud

(ii) Let 2},{ Afe ∈  and )],(),,[()],,(),,[( 21212121 tuzufvuuue == . 
By definition of the set 2A , 2z  is adjacent neither to 2u  nor to 2v  in 2G  and this 
is also true for 2t . Therefore, 

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGtuuudGGzuuudGGfed +=

.3}2,2,2,2min{1)}][),(),,((),][),(),,(( 212121212121 =+=GGtuvudGGzuvud
 

 (iii) Let 3},{ Afe ∈  and )],(),,[()],,(),,[( 21212121 tuzufvuuue == . By 
definition of the set 3A , },{},,{ 222222 vutvuz ∉∉ .  
On the other hand 2},{ Afe ∉ , so at least one of the following situations occurs: 

)(],[),(],[),(],[ 222222222 GEzvGEtuGEzu ∈∈∈  or 
)(],[ 222 GEtv ∈ . 

This means that, at least one of the distances ),][),(),,(( 212121 GGzuuud  

),][),(),,(( 212121 GGtuuud  )][),(),,(( 212121 GGzuvud  or 

)][),(),,(( 212121 GGtuvud  is equal to 1. Therefore, 

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGtuuudGGzuuudGGfed +=

211)}][),(),,((),][),(),,(( 212121212121 =+=GGtuvudGGzuvud . 
 (iv) Let 4},{ Afe ∈  and )],(),,[()],,(),,[( 21212121 tvzvfvuuue == . 
Thus 11 uv ≠  and  

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGtvuudGGzvuudGGfed +=

=)}][),(),,((),][),(),,(( 212121212121 GGtvvudGGzvvud  



COMPUTATION OF THE FIRST EDGE WIENER INDEX OF A COMPOSITION OF GRAPHS 
 
 

 187 

),(1)},(),,(),,(),,(min{1 111111111111111 GvudGvudGvudGvudGvud +=+ ,  
so the proof is completed  

In follow, we define five subsets 4321 ,,, BBBB  and 5B  of the set B . 

),(,)],,(),,[()],,(),,[(:},{{ 111212121211 GVvuzvuufvvuueBfeB ∈==∈=  
)}(,, 2222 GVzvu ∈  

),(,)],,(),,[()],,(),,[(:},{{ 111212121212 GVvutvzufvvuueBfeB ∈==∈=  
},),(,,, 222222222 vtuzGVtzvu ≠≠∈  

),(,,)],,(),,[()],,(),,[(:},{{ 1111212121213 GVzvuzzuufvvuueBfeB ∈==∈=

 }),(,, 112222 vzGVzvu ≠∈  
),(,,)],,(),,[()],,(),,[(:},{{ 1111212121214 GVzvuzztufvvuueBfeB ∈==∈=

 },),(,,, 221122222 utvzGVztvu ≠≠∈  
),(,)],,(),,[()],,(),,[(:},{{ 111212121215 GVvuttzzfvvuueBfeB ∈==∈=  

)}(,,,},,{)(, 2222211111 GVtzvuvuGVtz ∈−∈  
It is clear that, each pair of the above sets is disjoint and U

5

1=

=
i

iBB . 

The next Proposition, characterizes ])[,( 210 GGfed  for all Bfe ∈},{ . 
Proposition 2. Let Bfe ∈},{ . 
(i) If 1},{ Bfe ∈ , then 1])[,( 210 =GGfed  

(ii) If 2},{ Bfe ∈ , then 2])[,( 210 =GGfed  

(iii) If 3},{ Bfe ∈ , then )],[],,([])[,( 111110210 GzuvudGGfed = ,  

where )],(),,[()],,(),,[( 21212121 zzuufvvuue ==  
(iv) If 4},{ Bfe ∈ , then 1)],[],,([])[,( 111110210 += GzuvudGGfed ,  
where )],(),,[()],,(),,[( 21212121 zztufvvuue ==  
(v) If 5},{ Bfe ∈ , then )],[],,([])[,( 111110210 GtzvudGGfed = ,  

where )],(),,[()],,(),,[( 21212121 ttzzfvvuue ==  
 

Proof. (i) Let 1},{ Bfe ∈  and )],(),,[()],,(),,[( 21212121 zvuufvvuue == .  
Using the definition of ),(0 fed , we have: 

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGzvuudGGuuuudGGfed +=  

=)}][),(),,((]),[),(),,(( 212121212121 GGzvvvdGGuuvvd
=+ ])}[),(),,((,1,1,0min{1 212121 GGzvvvd 101 =+ . 
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 (ii) Let 2},{ Bfe ∈  and )],(),,[()],,(),,[( 21212121 tvzufvvuue == . By 
definition of 2B , 2222 , vtuz ≠≠ . So due to distance between two vertices in 

][ 21 GG , the distances ])[),(),,(( 212121 GGzuuud  and ])[),(),,(( 212121 GGtvvvd  
are either 1 or 2. Therefore,  

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGtvuudGGzuuudGGfed +=  

=)}][),(),,((),][),(),,(( 212121212121 GGtvvvdGGzuvvd  

211}][),(),,((,1,1]),[),(),,((min{1 212121212121 =+=+ GGtvvvdGGzuuud  

 (iii) Let 3},{ Bfe ∈  and )],(),,[()],,(),,[( 21212121 zzuufvvuue == . 
By the definition of 3B we have 11 vz ≠ and hence  

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGzzuudGGuuuudGGfed +=

=)}][),(),,((),][),(),,(( 212121212121 GGzzvvdGGuuvvd  

)],[],,([)},(),,(,),(),,(min{1 111110111111111111 GzuvudGzvdGuvdGzudGuud =+ (iv) 

Let 4},{ Bfe ∈  and )],(),,[()],,(),,[( 21212121 zztufvvuue == . By definition 
of 4B , 11 vz ≠ , 22 ut ≠ . So 1),( 111 ≥Gzvd  and 1)][),(),,(( 212121 ≥GGtuuud .  
Therefore  

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGzzuudGGtuuudGGfed +=

=)}][),(),,((),][),(),,(( 212121212121 GGzzvvdGGtuvvd  

1)],[],,([11)},(,1,1),][),(),,((min{1 111110111212121 +=+=+ GzuvudGzvdGGtuuud (v) 
Let 5},{ Bfe ∈  and )],(),,[()],,(),,[( 21212121 ttzzfvvuue == . By the 
definition of 5B , 11 uz ≠ , 11 vz ≠ , 11 ut ≠  and 11 vt ≠ . So the edges ],[ 11 vu  
and ],[ 11 tz  of 1G  are distinct. Therefore  

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGttuudGGzzuudGGfed +=

=)}][),(),,((),][),(),,(( 212121212121 GGttvvdGGzzvvd

)],[],,([)},(),,(,),(),,(min{1 111110111111111111 GtzvudGtvdGzvdGtudGzud =+
and the proof is completed  
Now, we consider three subsets 21 ,CC  and 3C  of the set C  as follows: 

),(,)],,(),,[()],,(),,[(:},{{ 111212121211 GVzuzzuufvuuueCfeC ∈==∈=
where  )}(,, 2222 GVzvu ∈  

),(,)],,(),,[()],,(),,[(:},{{ 111212121212 GVzuzztufvuuueCfeC ∈==∈=
where  },),(,,, 222222222 vtutGVztvu ≠≠∈  
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),(,,)],,(),,[()],,(),,[(:},{{ 1111212121213 GVzvuzzvvftuuueCfeC ∈==∈=

where  },),(,,, 111122222 uzuvGVzvtu ≠≠∈  

Clearly, every pair of the above sets is disjoint and U
3

1=

=
i

iCC . 

In the following Proposition, we find ])[,( 210 GGfed  for all Cfe ∈},{ .    
 

Proposition 3. Let Cfe ∈},{ . 
 (i) If 1},{ Cfe ∈ , then 1])[,( 210 =GGfed  

 (ii) If 2},{ Cfe ∈ , then 2])[,( 210 =GGfed  

 (iii) If 3},{ Cfe ∈ , then  

=)][,( 210 GGfed }),(),,(min{1 111111 GzudGvud+ , 

where )],(),,[()],,(),,[( 21212121 zzvvftuuue ==  
Proof. (i) Let 1},{ Cfe ∈  and )],(),,[()],,(),,[( 21212121 zzuufvuuue == .  
By definition of ),(0 fed , we have:  

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGzzuudGGuuuudGGfed +=

101}1,1,1,0min{1)}][),(),,((),][),(),,(( 212121212121 =+=+=GGzzvudGGuuvud
 

 (ii) Let 2},{ Cfe ∈  and )],(),,[()],,(),,[( 21212121 zztufvuuue == . 
By definition of 2C , 2222 , vtut ≠≠ . Thus, due to the distance between 
two vertices in ][ 21 GG , the distances ])[),(),,(( 212121 GGtuuud  and 

])[),(),,(( 212121 GGtuvud  are either 1 or 2. So 

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGzzuudGGtuuudGGfed +=

=)}][),(),,((),][),(),,(( 212121212121 GGzzvudGGtuvud  

211}1],[),(),,((,1]),[),(),,((min{1 212121212121 =+=+ GGtuvudGGtuuud . 

 (iii) Let 3},{ Cfe ∈  and )],(),,[()],,(),,[( 21212121 zzvvftuuue == . By 

definition of 3C , 1111 , uzuv ≠≠ . Therefore  

),][),(),,((),][),(),,((min{1)][,( 212121212121210 GGzzuudGGvvuudGGfed +=

=)}][),(),,((),][),(),,(( 212121212121 GGzztudGGvvtud  

=+ )},(),,(,),(),,(min{1 111111111111 GzudGvudGzudGvud  

}),(),,(min{1 111111 GzudGvud+ , and the proof is completed  
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Definition 4. Let ))(),(( GEGVG =  be a graph. 
 (i) Let )(GVu∈ . Set; )}(],[:)({ GEuzGVzu ∈∈=Δ . In fact, uΔ  is the 
set of all vertices of G , which are adjacent to u. Suppose that, uδ  is the number 

of all vertices of G, which are adjacent to u. Clearly, ).deg( Guuu =Δ=δ  

 (ii) For each pair of distinct vertices )(, GVvu ∈ , let ),( vuδ  be the 
number of all vertices of G , which are adjacent both to u and v. Obviously, 

vuvu ΔΔ= I),(δ . 
 (iii) Let u, v and z be three vertices of G, which every pair of them is 
distinct. Assume that, ),,( zvuδ  denotes the number of all vertices of G which are 

adjacent to vertices u, v and z. It is easy to see that, zvuzvu ΔΔΔ= II),,(δ . 
 (iv) Suppose that, u, v and z be three vertices of graph G , which every 
pair of them is distinct. Denote by )~,~,( vuzN , the number of all vertices of G, 

which are adjacent to z, but neither to u nor to v. By the definition of )~,~,( vuzN , 
we have: 

=ΔΔΔΔ−Δ=ΔΔΔ−Δ=ΔΔ−Δ= )()()()()~,~,( vzuzzvuzzvuzvuzN IUIUIU   

),,(),(),()( vuzvzuzzvuzvzuzz δδδδ +−−=ΔΔΔ−ΔΔ+ΔΔ−Δ IIII .  
 

Proposition 5. 

=∑
∈Afe

GGfed
},{

210 )][,( ))()(2()(
4
1)()( 22111

1)(

2

2
2

1

GNGMGVGWGE
GV

−−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
,  

where, ∑ ∑
∈ ΔΔ−∈

=
)(],[ )()(

)~,~,(2
222 2222

222
)(

GEvu GVz
vuz

vu

NGN
U

. 

Proof. At first, we need to find 2A  and 32 AA U . It is easy to see that 

∑ ∑
∈ ΔΔ−∈

=
)(],[ )()(

)~,~,(12
222 2222

222
)(

4
1

GEvu GVz
vuz

vu

NGVA
U

)()(
4
1

21 GNGV= ,  

=−+−= ∑
∈

))1()(()(
2
1

22

222 )(],[
2132 vu

GEvu
GEGVAA δδU   

[ ] [ ][ ]
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++−∑ ∑∑

∈ ∈∈)(, )(,)(,
21

222 222222

22
1)()()(

2
1

GEvu GEvuGEvu
vuGEGV δδ  

))()()(()(
2
1

212
2

21 GMGEGEGV −+ , 
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Recall that, each pair of the sets )41( ≤≤ iAi  is disjoint and U
4

1=

=
i

iAA , 

then by 
Proposition 1, we have:  

+++==∑ ∑ ∑
∈ = ∈

321
},{

4

1 },{
210210 23])[,()][,( AAAGGfedGGfed

Afe i Afe i

 
===∈+∑ )]},(),,[()],,(),,[(,},{:),(1{ 212121214111 tvzvfvuuueAfeGvud  

++++ 4321 23 AAAA
 

===∈∑ )]},(),,[()],,(),,[(,},{:),({ 212121214111 tvzvfvuuueAfeGvud  

{ }
=++++ ∑∑

⊆= )(,
111

2
2232

4

1 111

),()()(
GVvui

i GvudGEAAAA  

=+++=+++
=

)()()()( 1
2

22321
2

2232

4

1

GWGEAAAAGWGEAAAA
i

i UUU  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ )()(

2

21 GEGV

+−++ ))()()(()(
2
1

212
2

21 GMGEGEGV +)()(
4
1

21 GNGV

=)()( 1
2

2 GWGE  

( )−++− )()()()()()()()(
2
1

21
2

2121
2

2
2

1 GEGVGEGVGEGVGEGV
 

+)()(
2
1

211 GMGV +)()(
4
1

21 GNGV =)()( 1
2

2 GWGE  

))()(2()(
4
1)()( 22111

1)(

2

2
2

1

GNGMGVGWGE
GV

−−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +

 

Proposition 6. 

=∑
∈Bfe

GGfed
},{

210 )][,( )()()()( 1
4

211

)(

2

2
2 0

2

GWGVGMGV e

GV

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 

 

Proof. For the proof of this proposition, we need to obtain  21 , BB  and 

4B . It is easy to see that:  
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

)(

2
211

2

)()(2
GV

GVGEB , 
2)(

2
12

2

)(2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

GV

GEB , 

))(2)(()()1)(()( 111

)(

2

2
2

)( 2
2

3
24

2

11

1

GEGMGVGVGVB
GV

GVu

u

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−= ∑

∈

δ

 

Afterwards, we find ∑
∈ 543},{

210 )][,(
BBBfe

GGfed
UU

. By Proposition 2.2, we have: 

=∑
∈ 3},{

210 )][,(
Bfe

GGfed

 
===∈∑ )]},(),,[()],,(),,[(,},{:)],[],,([{ 212121213111110 zzuufvvuueBfeGzuvud  

=∑ ∑
∈ ⊆)( )(]},[],,{[

111110
3

2
11 11111

)],[],,([)(
GVu GEzuvu

GzuvudGV

∑ ∑
∈

∈
∈)(],[

)(],[
},,{

111110
3

2
111

111
111

)],[],,([)(
2
1

GEvu
GEtz
vuz

GtzvudGV , 

=∑
∈ 4},{

210 )][,(
Bfe

GGfed  

===∈+∑ )]},(),,[()],,(),,[(,},{:1)],[],,([{ 212121214111110 zztufvvuueBfeGzuvud

=+− ∑ ∑
∈ ⊆

4
)( )(]},[],,{[

111110
3

2
4

2
11 11111

)],[],,([))()(( BGzuvudGVGV
GVu GEzuvu

 

4
)(],[

)(],[
},,{

111110
3

2
4

2
111

111
111

)],[],,([))()((
2
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Based on the above computations and since each pair of )51( ≤≤ iBi  is 
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Proposition 7. 
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and by Proposition 3, we have:  
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Since each pair of the sets )31( ≤≤ iCi  is disjoint and U
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iCC , we have: 
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Now, as the main purpose of this paper, we express the following theorem, which 
characterizes the first edge Wiener index of the composition of two graphs.  
 

Theorem. Let ))(),(( 111 GEGVG =  and ))(),(( 222 GEGVG =  be two 
simple undirected connected finite graphs, then 
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Proof. Recall that, each pair of the sets A, B and C is disjoint and union of 
them is the set of all two element subsets of ])[( 21 GGE . Now, using the 
definition of the first edge Wiener index, we obtain: 
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210 ])[,( . Now, by the above Lemmas, 

the proof is completed.  
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