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ABSTRACT. In this paper, we introduce the generalized Zagreb index of a 
connected graph and express some of the properties of this index. Then 
we find the generalized Zagreb index of some nanotubes and nanotori. 
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INTRODUCTION  

Throughout this paper, we consider only simple, undirected, connected 
and finite graphs. A simple graph is a graph without any loops or multiple 
edges. Let G  be a graph with the set of vertices )(GV  and the set of 

edges )(GE . We denote by )(deg uG , the degree of a vertex u  of G  which 

is defined as the number of edges incident to u . 
A topological index of G  is a real number related to G  and it is 

invariant under all graph isomorphism. In Chemistry, graph invariants are 
known as topological indices. 

Wiener index, introduced by Harold Wiener in 1947, is the first 
topological index in Chemistry [1-2]. Wiener index of G  is defined as the 
sum of distances between all pairs of vertices of G . 

Zagreb indices were defined about forty years ago by Gutman and 
Trinajestic [3]. The first and second Zagreb indices of G  are denoted by 

)(1 GM  and )(2 GM , respectively and defined as follows: 

∑
∈

=
)(

2
1 )(deg)(

GVu
G uGM  and ∑

∈

=
)(

2 )(deg)(deg)(
GEuv

GG vuGM . 

We refer the reader to [4-9], for more information about these indices.   
In this paper, we introduce the generalized Zagreb index of a 

connected graph and express some of the properties of this index. Then we 
find the generalized Zagreb index of some nano-structures. 
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DEFINITIONS AND PRELIMINARIES 
Let G  be a graph with the set of vertices )(GV  and the set of edges )(GE .  
 

Definition 2.1 Generalized Zagreb index of G  is defined as follows:  
If r  and s  are arbitrary nonnegative integers, then  

))(deg)(deg)(deg)((deg)(
)(

},{
r

G
s

G
GEuv

s
G

r
Gsr vuvuGM += ∑

∈

 and 

)()(}1,0{ GVGM =− . 

In the next Theorem, we express some of the properties of this index. Its 
proof follows immediately from the definition, so is omitted. 

 

Theorem 2.2 The generalized Zagreb index of a graph G  satisfies 
the following conditions. 

(i) )()( },{},{ GMGM rssr = ; 

(ii) )(2)(}0,0{ GEGM = ; 

(iii) )()( 1}0,1{ GMGM = ; 

(iv) )(2)( 2}1,1{ GMGM = ; 

(v)
r

GVu
Gr uGM ∑

∈
− =

)(
}0,1{ )(deg)( ; 

(vi) r
G

GEuv
Grr vuGM ))(deg)((deg2)(

)(
},{ ∑

∈
= . 

Let nnnn KSCP ,,,  and nW  denote the n-vertex path, cycle, star, 

complete graph and wheel respectively. Let baK ,  be complete bipartite graph 

on ba +  vertices. Determining the generalized Zagreb index of these 
graphs is a matter of simple counting, so the proof of the next Theorem is 
also omitted. 
 

Theorem 2.3 
(i) 111

},{ 2)3(22)( ++++ −++= srsr
nsr nPM ; 

(ii) 1
},{ 2)( ++= sr

nsr nCM ; 

(iii) 11
},{ )1()1()( ++ −+−= sr

nsr nnSM ; 

(iv) 1
},{ )1()( ++−= sr

nsr nnKM ; 

(v) ])1(3)1(332)[1()(},{
rssrsr

nsr nnnWM −+−+×−= + ; 

(vi) 1111
,},{ )( ++++ += rssr
basr babaKM . 

 

Lemma 2.4 If H  is a subgraph of G , then )()( },{},{ GMHM srsr ≤ . 
Proof. The proof is obvious.  
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Theorem 2.5 If T  is a tree with exactly n vertices, then   
)()()( },{},{},{ nsrsrnsr SMTMPM ≤≤ . 

Proof. The proof is straightforward.  
 

Theorem 2.6 If G  is a graph with n vertices, then  
)()()( },{},{},{ nsrsrnsr KMGMPM ≤≤ . 

Proof. Since G  is simple, then nGV =)( . So for every )(GVu ∈ , 

1)(deg −≤ nuG . Consequently, 
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It is a well-known fact that G  has a subgraph T  with n vertices, which is 
also a tree. Combining the previous Theorem and Lemma 2.4, we can 
obtain the desired results.  
 
RESULTS AND DISCUSSION 

Carbon nanotubes (CNTs) are allotropes of carbon with molecular 
structure and tubular shape, having diameters of the order of a few nanometers 
and lengths up to several millimeters. Nanotubes are categorized as single-
walled (SWNTs) and multi-walled (MWNTs) nanotubes. In 1991, Iijima discovered 
carbon nanotubes as multi-walled structures [10]. When a nanotube is bent so 
that its ends meet a nanotorus is produced. In this section, we calculate the 
generalized Zagreb index of some nanotubes and their related nanotori. 

 
3.1 Generalized Zagreb index in nanotubes and nanotori 

A polyhex net is a trivalent covering made entirely by hexagons 6C . 

It can cover either a cylinder or a torus. Next, the polyhex covering can be 
modified, e.g., by the Stone-Wales isomerization [11], as shown by Diudea 
[12-15]. In the following, the generalized Zagreb index will be calculated in 
a series of nanotubes and their corresponding nanotori. 
 
3.1.1. Polyhex nanotubes and nanotori  

Let ),(6 qpTUZCG =  be an arbitrary zigzag polyhex nanotube, 

where p is the number of horizontal hexagons in each row and q is the 
number of zigzag lines in the molecular graph of G  (see Figure 1). Then  
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pqGV 2)( = , ppqGE −= 3)(  and we have: 

=+−++= )3333)(53()3232(4)(},{
rssrrssr

sr ppqpGM  

)3)53(23232( 22 srrssr qp +++ −++ .  

 
 

Figure 1. 6 (8,8)TUZC
 

 
Let 6 ( , )T TZC p q=  be the nanotorus related to the nanotube TZC6(p,q). 

Then, pqTV 2)( = , pqTE 3)( = and
1

},{ 32)3333(3)( ++=+= srrssr
sr pqpqTM . 

Let ),(6 qpTUACG =  be an arbitrary armchair polyhex nanotube, 

where p is the number of horizontal hexagons in one row and q is the 
number of rows in the molecular graph of G  (see Figure 2). Then 

pqGV 2)( = , ppqGE 23)( −=  and we have: 

=+−++++= )3333)(83()2222(2)3232(4)(},{
rssrrssrrssr

sr ppqppGM

)3)83(223232( 222 srsrrssr qp +++++ −+++ .   
 

 
 

Figure 2. )16,4(6TUAC
 

 
Let ),(6 qpTACT =  be the nanotorus related to G. Then pqTV 2)( = , 

pqTE 3)( =  and 1
},{ 32)3333(3)( ++=+= srrssr

sr pqpqTM . 
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3.1.2 ),(84 qpCC  nanotubes and nanotori 

A 84CC  net is a trivalent decoration made by alternating 4C  and 8C .  

It can cover either a cylinder or a torus.  
Let ),(84 qpCTURCG = (R means rhomb, see Figure 3). We denote 

the number of rhombs in each row by p and the number of rhombs in each 
column by q. Then pqGV 4)( = , )16()( −= qpGE  and we have: 

=+−++= )3333)(56()3232(4)(},{
rssrrssr

sr ppqpGM  

)3)56(23232( 22 srrssr qp +++ −++ .   
 

 
 

Figure 3. )4,8(84CTURC
 

 
Now, let ),(84 qpCTRCT =  be the nanotorus related to G. Then 

pqTV 4)( = , pqTE 6)( =  and 1
},{ 34)3333(6)( ++=+= srrssr

sr pqpqTM .   
 

Let ),(84 qpCTUSCG =  (S means square, see Fgure 4). We denote 

the number of squares in one row by p and the number of rows by 

q ( 2≥q ). Then pqGV 4)( = , )26()( −= qpGE  and we have: 

)3)43(23232(4)(},{
srsrrssr

sr qpGM ++ −+++= .   

 
 

Figure 4. )8,4(84CTUSC
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Now, let ),(84 qpCTSCT =  be the nanotorus related to G. Then  

pqTV 4)( = , pqTE 6)( =  and 1
},{ 34)3333(6)( ++=+= srrssr

sr pqpqTM .  

 
3.1.3 ),(75 qpCC  nanotubes and nanotori 

A 75CC  net is a trivalent covering made by alternating 5C  and 

7C . It can cover either a cylinder or a torus.  

Let ),2(75 qpCTUHCG = (see Figure 5), where 2p is the number of 

pentagons in each row. In this nanotube, the four first rows of vertices and 
edges are repeated, alternatively. We denote the number of this repetition 
by q. In each period of this nanotube, there are 16p vertices and we have q 
periods. So pqGV 16)( = . Also, the number of edges in each period is 

equal to 24p except from the last period which has 22p edges. So 
ppqGE 224)( −=  and we have:  

=+−++= )3333)(1024()3232(8)(},{
rssrrssr

sr ppqpGM  

)3)512(333232(4 11 srsrrssr qp +++ −++++ . 

 
 

Figure 5. )2,8(75CTUHC
 

 
Let ),2(75 qpCTHCT =  be the nanotorus related to G. Then pqTV 16)( = , 

pqTE 24)( =  and 1
},{ 316)3333(24)( ++=+= srrssr

sr pqpqTM .  

Let ),2(75 qpCTUVCG =  (see Figure 6), where 2p is the number of 

heptagons in each row. In this nanotube, the four first rows of vertices and 
edges are repeated, alternatively. We denote the number of this repetition 
by q. In each period of this nanotube, there are 16p vertices and we have q 
periods. So pqGV 16)( = . Also, the number of edges in each period is 

equal to 24p expect from the last period which has 21p edges. So  
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ppqpqpGE 32421)1(24)( −=+−=  and we have:  

=+−++++= )3333)(1424()2222()3232(10)(},{
rssrrssrrssr

sr ppqppGM  

)3)712(22)3232(5(2 srsrrssr qp ++ −+++ . 
 

 
 

Figure 6. )2,8(75CTUVC
 

 
Let ),2(75 qpCTVCT =  be the nanotorus related to G. Then pqTV 16)( = , 

pqTE 24)( =  and 1
},{ 316)3333(24)( ++=+= srrssr

sr pqpqTM . 

Let ),(75 qpCTUSCG = (S means spiral, see Figure 7). We denote 

the number of pentagones in the first row by p. In this nanotube, the two 
first rows of vertices and edges are repeated, alternatively. We denote the 
number of this repetition by q. In each period of this nanotube, there are 8p 
vertices except from the last period which has 6p vertices. Hence 

ppqpqpGV 286)1(8)( −=+−= . Also, the number of edges in each 

period is equal to 12p except from the last period which has 7p edges. So 
ppqpqpGE 5127)1(12)( −=+−=  and we have:  

=+−++++= )3333)(1212()2222()3232(6)(},{
rssrrssrrssr

sr ppqppGM

)3)1(823232( 111111 ++++++++ −+++ srsrrssr qp . 
 

 
 

Figure 7. )4,4(75CTUSC
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Let ),(75 qpCTSCT =  be the nanotorus related to G. Then pqTV 8)( = , 

pqTE 12)( =  and 1
},{ 38)3333(12)( ++=+= srrssr

sr pqpqTM . 

 
3.1.4. 5 7 ( , )XAC C p q  nanotubes and nanotori 

Let ),(75 qpCTUHACG = (see Figure 8). We denote the number of  

heptagons in the first row by p. In this nanotube, the three first rows of 
vertices and edges are repeated, alternatively. The number of this 
repetition is denoted by q. In each period of this nanotube, there are 8p 
vertices and we have q periods. Hence pqGV 8)( = . Also, the number of 

edges in each period is equal to 12p except from the last period which has 
11p edges. So ppqpqpGE −=+−= 1211)1(12)(  and we have:  

=+−++= )3333)(512()3232(4)(},{
rssrrssr

sr ppqpGM

)3)512(3232(2 11 srrssr qp +++ −++ . 
 

 
 

Figure 8. )2,8(75CTUHAC
 

 

Let ),(75 qpCTHACT =  be the nanotorus related to G. Then pqTV 8)( = , 

pqTE 12)( =  and 1
},{ 38)3333(12)( ++=+= srrssr

sr pqpqTM . 

Let ),(75 qpCTUVACG = (see Figure 9). In this nanotube, the three 

first columns of vertices and edges are repeated, alternatively. We denote 
the number of this repetition by q and the number of vertical lines in the first 
column of each period by p. In each period, there are 8p vertices and 12p-3 
edges. So pqGV 8)( =  and qpGE )312()( −=  and we have: 

=+−++++= )3333()1312()2222(2)3232(8)(},{
rssrrssrrssr

sr qpqqGM

)3)1312(23232(2 122 srsrrssr pq +++++ −+++ . 
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Figure 9. )4,4(75CTUVAC
 

 
Now, let ),(75 qpCTVACT =  be the nanotorus related to G. Then 

pqTV 8)( = , pqTE 12)( =  and 1
},{ 38)3333(12)( ++=+= srrssr

sr pqpqTM . 
 

3.1.5 ),(765 qpCCC  nanotubes and nanotori 

A 765 CCC  net is a trivalent decoration made by alternating 5C , 6C  

and 7C . It can cover either a cylinder or a torus.  

Let ),(765 qpCCTUHACG = (see Figure 10). We denote the number 

of pentagons in the first row by p. In this nanotube, the three first rows of 
vertices and edges are repeated, alternatively. We denote the number of 
this repetition by q. In each period of this nanotube, there are 16p vertices 
and we have q periods. So pqGV 16)( = . Also, the number of edges in 

each period is equal to 24p expect from the last period which has 22p 
edges. So ppqpqpGE 22422)1(24)( −=+−=  and we have:  

=+−++= )3333)(1024()3232(8)(},{
rssrrssr

sr ppqpGM

)3)512(3232(4 11 srrssr qp +++ −++ . 
 

 
 

Figure 10. )2,4(765 CCHAC
 

 
Now, let ),(765 qpCCTHACT =  be the nanotorus related to G. Then  

pqTV 16)( = , pqTE 24)( =  and  
1

},{ 316)3333(24)( ++=+= srrssr
sr pqpqTM . 
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Let ),(765 qpCCTUVACG = (see Figure 11). In this nanotube, the 

three first columns of vertices and edges are repeated, alternatively. We 
denote the number of this repetition by q and the number of pentagons in 
each period by p. In each period of this nanotube, there are 16p vertices 
and 24(p-1)+21 edges and we have q periods. So pqGV 16)( =  and  

qpqGE 324)( −=  and we have:  

=+−++++= )3333)(1424()2222(2)3232(8)(},{
rssrrssrrssr

sr qpqqqGM

)3)1324(23232(2 111 srsrrssr pq +++++ −+++ . 
 

 
 

Figure 11. )4,2(765 CCVAC  

Let ),(765 qpCCTVACT =  be the nanotorus related to G. Then  

pqTV 16)( = , pqTE 24)( = and 

.316)3333(24)( 1
},{

++=+= srrssr
sr pqpqTM   

The coverings and notations for nanotubes and nanotori are taken 
from Diudea’s papers [11-14]. 

 
3. 2. CLASSICAL ZAGREB INDICES IN NANOTUBES AND NANOTORI 

In this section, as the results of the previous section and Theorem  
2.2, we derived the first and second Zagreb indices of the above-mentioned 
nanotubes and nanotori. They are been listed in the following tables. 
 

Table 1. First and second Zagreb indices of some nanotubes 
 

GNanotube  )()( }0,1{1 GMGM =  )(
2

1
)( }1,1{2 GMGM =  

),(6 qpTUZC  2p(9q-5) 3p(9q-7) 

),(6 qpTUAC  2p(9q-10) p(27q-40) 

),(84 qpCTURC  2p(18q-5) 3p(18q-7) 
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GNanotube  )()( }0,1{1 GMGM =  )(
2

1
)( }1,1{2 GMGM =  

),(84 qpCTUSC  4p(9q-5) 2p(27q-20) 

),2(75 qpCTUHC  4p(36q-1) 6p(36q-5) 

),2(75 qpCTUVC  6p(24q-5) 2p(108q-31) 

),(75 qpCTUSC  2p(36q-19) 4p(27q-17) 

),(75 qpCTUHAC  2p(36q-5) 3p(36q-7) 

),(75 qpCTUVAC  6q(12p-5) q(108p-61) 

),(765 qpCCTUHAC  4p(36q-5) 6p(36q-7) 

),(765 qpCCTUVAC  2q(72p-25) q(216p-85) 

 
Table 2. First and second Zagreb indices of some nanotori 

 

TNanotorus  )()( }0,1{1 GMTM =  )(
2

1
)( }1,1{2 GMTM =  

),(6 qpTZC  

),(6 qpTAC  
pq18  pq27  

),(84 qpCTRC  

),(84 qpCTSC  
pq36  pq54  

),2(75 qpCTHC  

),2(75 qpCTVC  
pq144  pq216  

),(75 qpCTSC  

),(75 qpCTHAC  

),(75 qpCTVAC  

 

  pq72  

 

pq108  

),(765 qpCCTHAC  

),(765 qpCCTVAC  
pq144  pq216  

 
 

CONCLUSIONS 
The generalized Zagreb index was defined and next formulas for 

calculating this new topological index in some nanotubes and nanotori 
were derived. The classical Zagreb indices formulas for the considered 
nanotubes and nanotori were tabulated. 
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