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ABSTRACT. The Harary index of a molecular graph G is defined as the 
summation of the terms 1/dG(u,v) where dG(u,v) is the topological distance 
between u and v of G. The aim of this paper is to compute Harary index of a 
class of nanostar dendrimers by using a group theoretical method. 
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INTRODUCTION 
 
Dendrimers are hyper-branched synthetic polymers (i.e. macromolecules) 

with a well-defined molecular topology [1-6]. Dendrimer chemistry was first 
introduced in 1978 by Vogtle [1]. He synthesized the first “cascade molecule”. 
In 1985, Tomalia synthesized the first family of dendrimers [3]. Diudea and 
Katona have characterized the topology of dendrimers [7]. The topological 
study of these macromolecules is the aim of this article. 

Let G be a molecular graph with the vertex set V(G) representing 
atoms and the edge set E(G) collecting the chemical bonds (uv) that join the 
atoms u and v in the molecular graph. The length of the shortest path between 
two vertices is called the topological distance and is denoted by d(u,v); the 
maximum distance between the vertex u and any vertex v in G is named the 
eccentricity of u and is denoted e(u). 

Denote by Aut(G) the automorphism group of G. A topological index  
TI is a number that is invariant under the Aut(G). A variety of TIs have been 
proposed for the characterization of chemical structures and used for 
structure-property correlations in QSPR models [8-10]. 
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In particular, the Harary index of a graph, H(G), has been introduced in 
1993, independently by Ivanciuc et al. [11] and by Plavšić et al. [12]. Even 
earlier, the QSAR group in Timisoara, Romania, particularly Ciubotariu [13], 
have used this index to express the decay of interaction between pairs of 
atoms in molecules as the distance between them increases. It has been 
named in the honor of Frank Harary, on the occasion of his 70th birthday. The 
Harary index is defined as follows: 





)(, ),(

1)(
GVvu G vud

GH  

where the summation runs over all unordered pairs of vertices of the graph G 
and ),( vudG  denotes the topological distance between any two vertices u 

and v of G (i.e., the number of edges in a shortest path connecting u and v). 
Mathematical properties and some applications of H, the reader can find in refs 
[14-21].       

In this paper, we use a group theoretical method [22-26] for computing 
the Harary index of the nanostar dendrimer in Figure 1. 
 
 

 

Figure 1. Molecular nanostar dendrimer D[4]. 
 
 
Throughout this paper, our notation is standard and taken mainly from 

the standard books of graph theory as like as [27]. 
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MAIN RESULTS AND DISCUSSION 
 
In this section we compute the Harary index of the dendrimer D[n] 

(Figure 1). This dendrimer has a central vertex (denoted x0) of degree 3 and 
the number of vertices and edges of D[n] is equal to |V(D[n])| = 1 + 18 × (2n 1) 
and |E(D[n])| = 21 × (2n 1). 

For a vertex v of the graph G, let Ni(v) be the set of vertices at distance 
i (of which maximum equals e(v)) from v. There is a partition of the vertex set 
of G as V(G) =  N0(v)  N1(v)  …  Ne(v)(v); it is named a representation of G 

with respect to v. Let   )(
1

)()( ve
i

i
i
vnvRd and then rewrite the Harary index as 

  )( )()( GVv vRdGH .  

 
Theorem. If the action of automorphism group of G on V(G) contains the 

orbits V1, V2,…, Vk, then )(||
1

i
k

i
i vRdV H(G) 


 , where vi is a vertex of the 

ith orbit. In particular, if the action is transitive and v is a vertex of G then  
H(G) = |V(G)|Rd(v). 

We apply this theorem to compute the Harary index of D[n]. In each 
stage n we have 4 steps n1 to n4. Therefore D[n] has 4n + 1 steps and core is 
in step 0 (m = 0) of this molecule. The automorphism group of D[n] is isomorphic 
to the wreath product Z2~S3, where S3 acts on Ω = {1, 2,…, 3×(2n 1)}. Choose 
the node x0 of D[n], with minimum eccentricity, as the root and suppose  
x0,0 = x0. Set in the following 

},,,,,,,{])[( 6),12(31),12(36,11,10,0  nn xxxxxnDV  .  

If automorphism group of D[m] acts on D[m] then the orbits are  
V0 = {x0,0}, V1={x1,1, x2,1, x3,1}, … , },,{ 4),12(34,1)12(34 1  nn xxV n  .  

Let m be the number of steps in D[n] and therefore n = 4m+1. Suppose 
b is the residue m module 4 and d is equal to b except d = 4 where b = 0. 
Denote by i,j, the Kronecker delta and define the bellow notations: 
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Therefore for the vertex in n = 0 we have: 
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and if n 0 then, for any vertex in row n, Rd is equals to: 
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so, the Harary index of D[n] is equal to: 
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In Table 1, the Harary index of D[n] for some n is computed. 
 

Table 1. Values of Harary index in dendrimers D[n] 

n H(D[n]) k H(D[n]) k H(D[n]) n H(D[n]) 
1 4.5 6 163.775 11 1131.262 16 9403.148 
2 19.5 7 258.443 12 1352.133 17 11508.093 
3 38.9 8 291.608 13 1890.838 18 11593.067 
4 56.589 9 449.681 14 3126.270 19 15747.269 
5 78.168 10 788.397 15 4365.852 20 29038.085 

 
CONCLUSIONS 

 

The Harary index of a molecular graph G, defined as the summation 
of the reciprocal of topological distance between u and v of G, can be 
important in describing the decay of interaction between pairs of atoms in 
molecules as the distance between them increases. In this paper, a group 
theoretical method was applied to compute Harary index of a class of 
nanostar dendrimers. 
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