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COMPUTING THE HARARY INDEX OF A CLASS OF
NANOSTAR DENDRIMERS

NAHID YAVARF?, HOSSEIN SHABANI*, HAMID REZA FAZLOLLAHP,
MIRCEA V. DIUDEA®

ABSTRACT. The Harary index of a molecular graph G is defined as the
summation of the terms 1/dg(u,v) where dg(u,v) is the topological distance
between u and v of G. The aim of this paper is to compute Harary index of a
class of nanostar dendrimers by using a group theoretical method.
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INTRODUCTION

Dendrimers are hyper-branched synthetic polymers (i.e. macromolecules)
with a well-defined molecular topology [1-6]. Dendrimer chemistry was first
introduced in 1978 by Vogtle [1]. He synthesized the first “cascade molecule”.
In 1985, Tomalia synthesized the first family of dendrimers [3]. Diudea and
Katona have characterized the topology of dendrimers [7]. The topological
study of these macromolecules is the aim of this article.

Let G be a molecular graph with the vertex set V(G) representing
atoms and the edge set E(G) collecting the chemical bonds (uv) that join the
atoms u and v in the molecular graph. The length of the shortest path between
two vertices is called the topological distance and is denoted by d(u,v); the
maximum distance between the vertex u and any vertex v in G is named the
eccentricity of u and is denoted e(u).

Denote by Auf(G) the automorphism group of G. A topological index
Tl is a number that is invariant under the Aut(G). A variety of Tls have been
proposed for the characterization of chemical structures and used for
structure-property correlations in QSPR models [8-10].
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In particular, the Harary index of a graph, H(G), has been introduced in
1993, independently by Ivanciuc et al. [11] and by Plavsi¢ et al. [12]. Even
earlier, the QSAR group in Timisoara, Romania, particularly Ciubotariu [13],
have used this index to express the decay of interaction between pairs of
atoms in molecules as the distance between them increases. It has been
named in the honor of Frank Harary, on the occasion of his 70" birthday. The
Harary index is defined as follows:

1
H(G)=
u,vEZV(G) dG (U,V)

where the summation runs over all unordered pairs of vertices of the graph G
and d.(u,v) denotes the topological distance between any two vertices u
and v of G (i.e., the number of edges in a shortest path connecting u and v).
Mathematical properties and some applications of H, the reader can find in refs
[14-21].

In this paper, we use a group theoretical method [22-26] for computing
the Harary index of the nanostar dendrimer in Figure 1.

Figure 1. Molecular nanostar dendrimer D[4].

Throughout this paper, our notation is standard and taken mainly from
the standard books of graph theory as like as [27].
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MAIN RESULTS AND DISCUSSION

In this section we compute the Harary index of the dendrimer D[n]
(Figure 1). This dendrimer has a central vertex (denoted x,) of degree 3 and
the number of vertices and edges of D[n] is equal to |V(D[n])| = 1 + 18 x (2"- 1)
and |[E(D[n])| =21 x (2"-1).

For a vertex v of the graph G, let N{v) be the set of vertices at distance
i (of which maximum equals e(v)) from v. There is a partition of the vertex set
of G as V(G) =Ny(V)UN;(v) U ... UNgy(v); it is named a representation of G

with respect to v. Let Rd(v) = ng)Mand then rewrite the Harary index as
- l
H(G)= Zve vy RAM).

Theorem. If the action of automorphism group of G on V(G) contains the
k

orbits Vi, Vs,..., Vi, then H(G)= Z| V:|Rd(v;), where v; is a vertex of the
i=1

i—th orbit. In particular, if the action is transitive and v is a vertex of G then

H(G) = I[V(G)|Rd(v).

We apply this theorem to compute the Harary index of D[n]. In each
stage n we have 4 steps n4 to ny. Therefore D[n] has 4n + 1 steps and core is
in step 0 (m = 0) of this molecule. The automorphism group of D[n] is isomorphic
to the wreath product Z,~S;, where S; acts on Q = {1, 2,..., 3x(2"- 1)}. Choose
the node x, of D[n], with minimum eccentricity, as the root and suppose
Xo,0 = Xo- Set in the following

V(D[n])=1{x0,0,X1 15---sX1,65- s X3n gy o+ .,x3(2n_1)’6} :

If automorphism group of D[m] acts on D[m] then the orbits are
Vo = {Xo0}, Va={X1.1, X2, Xa1}, -+, Vap = {x3(2n_1 EINPRE Y _1),4} :

Let m be the number of steps in D[n] and therefore n = 4m+1. Suppose

b is the residue m module 4 and d is equal to b except d = 4 where b = 0.

Denote by ¢, the Kronecker delta and define the bellow notations:
Ad

2
Ag=04+84.n(y+t)= :
y+t

1 2 2 1
+ + +
3-(x=D+t+1 3-(x-D+t+2 3-(x-D+t+3 3-(x-D+t+4

(x, 1) =207

)s
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F)= > w0+ 2 Y+,
k

p=I1- (51040 ~1 and g =164 4.

Therefore for the vertex in n = 0 we have:
3 k
Rd(xqy) == f(0,[—
(x0) 2f (0, 4])

and if n# 0 then, for any vertex in row n, Rd is equals to:
8, - (k+d=2)

1 k
523-2q[z-{f(\3—d|,p)+Adf(|3—d|+2,p>+( > 10) 15, (k—dyy+
m=l1 y=I
d-1
2A’{Zf(d+3z 1p+z)+2f(3q+d[ ])+ Zﬂ(;x 5 )4 —(24 -]
z=1 x=1
so, the Harary index of D[n] is equal to:
H(D[n]) =
& o1 (k+d=2)
%{3f(0,[§])+2 3-212{/(3-d|.p)+ A, f(13-d [+2, p) +( Z z(y) ha(k=d))}+
N S U(x,d —1)
2 '{Z f(d+3z- 1p+z)+2f(3q+d[ ])+ +Z +7(24 -}

(x=1)
z=1 d x=1 2

In Table 1, the Harary index of D[n] for some n is computed.

Table 1. Values of Harary index in dendrimers D[n]

HO[)  k H(D[n]) k H(D[n]) n H(D[n])
45 6 163775 11 1131262 16 9403.148
19.5 7 258443 12 1352133 17 11508.093
38.9 8 291608 13 1890.838 18  11593.067

56.589 9 449681 14 3126270 19  15747.269

78168 10 788397 15 4365852 20  29038.085

AR WN =S

CONCLUSIONS

The Harary index of a molecular graph G, defined as the summation
of the reciprocal of topological distance between u and v of G, can be
important in describing the decay of interaction between pairs of atoms in
molecules as the distance between them increases. In this paper, a group
theoretical method was applied to compute Harary index of a class of
nanostar dendrimers.
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