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ON SOME TOPOLOGICAL INDICES OF THE GENERALIZED
HIERARCHICAL PRODUCT OF GRAPHS

FREYDOON RAHBARNIA®’, MOSTAFA TAVAKOLI®
ALI REZA ASHRAFI®

ABSTRACT. The generalized hierarchical product of graphs was introduced
very recently by L. Barriére et al. In this paper, revised Szeged and new version
of Zagreb indices of generalized hierarchical product of two connected graphs
are obtained. Using the results obtained here, some known results are deduced
as corollaries. Finally, we obtain the Sz, M's and M2 indices of the zig-zag polyhex
nanotube TUHCs[2n, 2], linear phenylene Fn, hexagonal chain L, and truncated
cube as a consequence of our results.

Keywords: Generalized hierarchical product, Cartesian product, Revised Szeged
index, Zagreb indices.

INTRODUCTION

Throughout this paper all graphs considered are finite, simple and
connected. The distance d(u,v) between the vertices u and v of a graph G is
equal to the length of a shortest path that connects u and v. Suppose G is a
graph with vertex and edge sets V = V(G) and E = E(G), respectively. Suppose
e = uve E(G). The set of vertices of G whose distance to the vertex u is smaller

than the distance to the vertex v is denoted by N (e). In addition, let NS (e)

denote the set of vertices with equal distances to u and v. The Szeged and
revised Szeged indices of the graph G are defined as:

Sz(G) = Se-wek@) | N, ()| N ()| [1, 2, 3],

NG(e) e

Sz*(G) = Deewere (INC(@)] +=52 ) I NS (e)| +—5-) [4, 5, 6].
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The Zagreb indices have been introduced by Gutman and Trinajstic as
M1(G) = 2ievie) (dege(u))? and M2(G) = Jiveec) deges(u)degs(v), where dege(u)
denotes the degree of vertex u [7, 8]. In [9], a new version of Zagreb indices
were defined as M (G)=Ziveecles(u)+es(V)], M, (G)= Zueve) (e5(u))? and M,
(G)=2veEc) Es(U)es(v), Wwhere gs(u) is the largest distance between u and any
other vertex v of G. The total connectivity index ¢{G) of a graph G is defined as
{(G)= 2ueve) es(u), see [10].

A graph G with a specified vertex subset U < V(G) is denoted by G(U).
Suppose G and H are graphs and U c V(G). The generalized hierarchical
product, denoted by G(U) ITH, is the graph with vertex set V(G) x V(H) and two
vertices (g, h) and (g', h)) are adjacent if and only if g = g'e U and hh' € E(H) or,
99’ € E(G) and h = h', see Figure 1. This graph operation introduced recently by
Barriere et al. [11, 12] and found some applications in computer science. The
Cartesian product, G x H, of graphs G and H has the vertex set V(GxH) =V(G) x
V(H) and (u, x)(v, y) is an edge of G xH if u=v and xye E(H) or, uv € E(G)
and x =y [13, 14].

We denote by P, and C, the path and cycle with n vertices, respectively.
A bipartite graph is a graph whose vertices can be partitioned into two disjoint
subsets U and U- such that every edge connects a vertex in Us to one in U;

that is, Us and U- are independent sets. Our other notations are standard and
taken mainly from the standard books of graph theory.

RESULTS AND DISCUSSION

We first introduce some notations. Let G = (V, E) be a graph and U c V.
In G(U), an u-v path through U is an u—v path in G containing some vertex w € U
(vertex w could be the vertex u or v). Let dgw)(u,v) denote the length of a shortest
u —v path through U in G. Notice that, if one of the vertices u and v belong to U,
then dg(u,v) = ds(u,v). Furthermore, let ec)(u) = max{ dsw)(v, u) | v e V(G(U)},

then ¢(G(U)), M, (G(U)), M, (G(U)) and M, (G(U)) can be defined as follows:

AGW)= Y eouy @), Mi(GU)= D [0 W)+ 5w, (W],

ueV(GU)) uveE(G(U))

M7 (GU)= . (SG(U)(u))Z and

ueV(G(U))
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M (G(U))= Z EqwyWEgw) (V).
we E(G(U))

Foran edge e =ab of G(U), N¢ ¥’ (e )denotes the set of vertices closer

to athan b through Uin Gand NS “ (e ) denotes the set of equidistant vertices
of e through U in G(U), i.e.

N Y(e) ={u€ V(G(U)) | dew(u,a) < dew(u,b)},
N(f(U)(e) ={u € V(G(U)) | dsw(u,a) = dew(u,b)}.

Then Sz~ (G)), Sz (G(U)) and sz (G(U)) can be defined as follows:

INg Py /NG Py
— 2z — 2z

G (U)
aIN; T )+ 2 ,

SZ(GU)= > (NS VEe)+

e=uveE (G)

SZ(GU)=L D INS V)N @)+ |NS V@) NS e) )

e=uveE (G (U) )

SZ'(GU)=L D AN V)N @)+ NS V@) NS @) ).

e=uveE (G (U) )

Therefore, it is clear that if U = V(G), then Sz (G) = Sz(G).

V1 Va V3 Von Von+1
O—O0——0 «2:2 . O—oO |_| o——o —

Figure 1. Hexagonal chain Ln = Pon+1(U) 11 P2, where U= {v1, v, vs, ..., Vans1}.

Lemma 1. (See [12]). Let G and H be graphs with US V(G).Then we have

(a) If U= V(G), then the generalized hierarchical product G(U) ITH is
the Cartesian product of Gand H ,

(b) IV(G(U) ITH)| = [V(G)IIV(H)|, IE(G(U) ITH)| = |E(G)IIV(H)| + |E(H)IIUI,

(c) G(U) ITH is connected if and only if G and H are connected,
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dsw)(9.9)+d,(Bh)  if h=h,
ds(9.9) ifh="n.

Theorem 2. Let G and H be two connected graphs and let U be a
nonempty subset of V(G). Then

(d) dg WITH ((9.h), (9°h")) = {

Sz’ (GU)TIH) = \VH)I(V(H) - 1)° Sz (G(U)) + |V(H)|Sz  (G)
+ IVHIAVH) - 1)(Sz 7 (GW)) - Sz (GU)))
+ZIE@IV(G)” IVIIV(H)| - 1) + IUIV(G)I” Sz (H).

Proof. Let G and H be two connected graphs and let U be a nonempty
subset of V(G). For our convenience, we partition the edge set of G(U) ITH
into two sets,

E1={(9.h)(9'h) |1 99’ € E(G) and h =h'E V(H)},
E>={(9.h)(g'h’) | hh' € E(H) and g = g' € U}.

Lete =(g,h)(g’h) € E;. Suppose (x,y) € V(G(U) ITH), thus by Lemma 1,
(xy) € NS M7 (e), if y =hand x € N§(gg) or, yzh and x € Ng(U)(QQQ.
Therefore, we have

INGA (@)1 = (IVIH) = 1) ING “(9g)] + INT (99)] .
IN®CT7 (e)l = (IV(H)l = 1) IN2. “(gg)l + IN?. (991,

@ .h)

ING @7 (e)l = (IV(H)l - 1) IN5 “’(gg)] + N7 (99! -

Thus, the summation of [[NS 11 (e)] + £ [N§ ™ (e)[] x [|N(C;<,f; ?)”H )|

+2 NS (e)[] over all edges of Ej, is equal to:

Sz: = \V(H)(V(H)| - 1) SZ*(G(U)) + |V(H)|SZ*(G)
HVHIVH) - 1)(Sz” (GW)-SZ™ (GW))

2
+% IEGIV(G) IVIIV(H)I - 1).
On the other hand, assume that e = (g,h)(g,h’)eE2 and let (x,y)€ V(G(U)
ITH ), thus by Lemma 1, (x,y)€ N 17 (e) if y< N7 (hh’). Then
INGE (@)1 = V(G N7 (hh)l, IN€ 717 (e)] = [V(G)I N (hh)l,

@h)
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ING @ (e)| = [V(G)II N7 (hh')].
Therefore, the summation of
NG (@) + 5 INGM @ INEEM (o) + 5 ING (e)l]
over all edges of E», is equal to:
Sz, = |U||V(G)|?Sz*(H).
By summation of Sz; and Sz, the result can be proved. O

By definition of Sz*, Sz** and Sz***, we have
2Sz%(G) — Sz*¥(G) + Sz***(G) = % |E(G)||V(G)|>

In the above theorem, if we set U = V(G), then by the above equality,
we obtain the following corollary.

Corollary 3. Let G and H be two connected graphs. Then
Sz*(GXH) = |V(H)|’Sz*(G) + |V(G)|*Sz*(H). O

Theorem 4. Let G and H be two connected graphs and let U be a
nonempty subset of V(G). Then

M} (G(U) ITH) = [V(H)IM; (G(U)) + |UIM; (H) + 2|E(G)I{(H)
+2AEH) 3 e6 w)@)-

uel

Proof. Let G and H be two connected graphs and let U be a nonempty
subset of V(G). For our convenience, we partition the edge set of G(U) /7H into
two sets,

E1={(g.h)(9'h) 199" € E(G) and h=h"e V(H)},
E>={(9,h)(g’'h) | hh' € E(H) and g =g' € U}.
Suppose (x,y) € V(G(U) ITH), then by Lemma 1,
6 wnn (XY) = €6 ) )+ €4 (V).

Therefore,

M7 (G(U)TTH)= Sl wns(@ M) +esunn((@ . h)]

(g.5(g HIEEGU)TTH)
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= Ylecwnn (@M +eawna (G M)
(g.h)(g .heE,;
Y leawmn (@ M)+ eownn (G )]
(g.h)gh)eE,
= Z Z (SG(U)(Q)+2€H(h)+SG(U)(g’))
heV (H) gg e E(G)
3 S (286 0, @), (M), (0 )=IVIHIM; (G(U))
geUhn'eE (H)
U

+ [UIM| (H) + 2|E(G)IG(H) + 21E(H)] 3 50, (1).-

uel

v

Van b5
/ V3
[
\ /
\ /

Figure 2. The zig-zag polyhex nanotube TUHCs[2n,2] = C2,(U) I1 P,
where U = {vy, vq, ..., Van}.

By a similar argument as in the proof of the previous theorem, we have:

Theorem 5. Let G and H be two connected graphs and let U be a
nonempty subset of V(G). Then
). M (G(U) ITH) = |V(H)IM? (G(U)) + UM (H) + {(H)M; (G(U)) + |E(G)IM
(H) +IEH Y. €o wyw) P + M (H) Y e w)w).

uel

ii). M7 (G(U) 1TH) = [V(H)IM7 (G(U)) + [V(G)IM7 (H) + 2{(G(U)){(H). O
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The exact formulas for M’, of the Cartesian product of graphs were
obtained in [9]. We claim that this result is incorrect. The aim of the next corollary
is to improve this result. In the part (/) of the above theorem, if we set U = V(G),
we obtain the following corollary.

Corollary 6. Let G and H be two connected graphs. Then

M (G x H) = |V(H)IM (G) + |E(G)IM} (H) + {(H)M;; (G)
+\V(G)IM? (H) + |E(H)IM7 (G) + {(G)M;; (H). u

For the graphs in Figs.1 and 2, namely, zig-zag polyhex nanotube
TUHCs[2n,2] and hexagonal chain L, , some graph invariants were studied in
[15, 16, 17, 18]. Here we obtain Sz* M,, M, and M; of zig-zag polyhex
nanotube and the hexagonal chain L.

Example 7. Consider the zig-zag polyhex nanotube TUHCs[2n,2] (see
Fig. 2). Diudea, who was the first chemist which considered the problem of
computing topological indices of nanostructures, introduced the notation TUHCs.
The zig-zag polyhex nanotube is the graph Czn,(U) 771P-, where U = {v5, vy, ...,Vap},
see Fig. 2. On the other hand, one can easily see that Sz**(Cz,(U)) =
Sz***(C2n(U)) = Sz¥(C2) = 2n° and Sz*(C2,(U)) = 2n(n? — 1) and so, by Theorem 2,
we have

Sz*(TUHC¢[2n,2]) = 20n3 — 4n.

Example 8. Consider the hexagonal chain L, (see Fig. 1). The
hexagonal chain L, is the graph Pa.+1(U) 11 P,, where U = {v4, v3, ...,Von+1}, SEE
Fig. 1. On the other hand, it is not difficult to check that Sz*(Pzn+1) = Sz*(P2n+1(U)) =
%n"‘ +2n? + 2 n, Sz**(P2ni1(U)) = 5 03 + 2n2 + £ nand Sz***(Pzn1(U)) = % n+
2n?— Z n and so, by Theorem 2, we obtain

Sz*(L,) = %n3 +24n? + ?n +1.
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Yi Mo N3 Vin-1 Van
O——O——0 .+ + » o—=C |_| o——>0 =

Figure 3. The linear phenylene F, = Psn(U) I1 P2, where
U={vas1|0sksn—1} Y{va|1<k<n}

Example 9. Consider the linear phenylene F, including n benzene ring
(see Fig. 3). The linear phenylene F, is the graph Ps,(U) I7P,, where U = {vs1 | 0<
k<sn-1}Y{vsx| 1<k<n}, see Fig. 3. On the other hand, it is not difficult to
check that Sz*(Ps,) = Sz*(P3,(U)) = % n3— %4 n, Sz*(P3,(U)) = % n®*+ Znand
Sz***(P3n(U)) = 9n® — £ n? — L n and so, by Theorem 2, we obtain Sz*(F,) =
Sz*(P3n(U) ITP>) = 54n°.

In [19, Example 3.2], the authors claim that Sz(F,) = 54n°— 4n. We claim
that this result is incorrect. By [19, Example 3.2], Sz(F;) = 50 and Sz(F,) = 424
that, are incorrect. The correct values are Sz(F;) = 54 and Sz(F;) = 432. Note
that F, is bipartite and so Sz*(F,) = Sz(F). On the other hand, by the above
example, Sz*(F,) = 54n° and so, Sz(F,) = 54n°.

\2 \2 Vs V4
Vs Ve
M —
' Vg
Vy Vio Vi Viz

Figure 4. The molecular graph of truncated cube H = G(U) I1Px,
where U = {v1, v4, vo, v12}.
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Example 10. Let H be the graph of truncated cube. Then H = G(U) IT
P, where U = {v4, v4, v, v12}, as shown in Figure 4. It is not difficult to check that
Sz*(G) = Sz¥(G(U)) = 526, Sz**(G(U)) = 380, Sz***(G(U)) = 280 and so, by
Theorem 2, we have Sz*(H) = Sz*(G(U) I1P;) = 3264.

Example 11. Consider the hexagonal chain L, and the zig-zag polyhex
nanotube TUHCs[2n,2] and truncated cube H depicted in Figs. 1, 2 and 4,
respectively, such that n > 1. One can easily see that M; (P2n+1(U)) = 6n2,

kK

M7 (Panva(U)) = %0~ £ n, M; (Can(U)) = 412, M, (Czn(U)) = M1 (Can(U)) =

M (C2n) = 2n3, M, (G(U)) = 160, M2 (G(U)) = 400, Z Ec, w) @)= 1,

gelU

3 n2 71
Z €cyy ) @) J =n3, Z£P2n+7(U)@):{Zn +2n+7% 2/,7’

3 A2
geu geU SN +2n 2/n

Zp3 2.5
Z £P2n+7(U)@)f:{3n van”kgn 20 , Zfa w, (@)= 20,

7 n3 2,2
geu sn°+4nc+5n 2 /n oy

z € w) @) F =10 and so, by Theorems 4 and 5, for n > 1, we have:
gelU

157 +14n+3 2/n
16rF +14n+2 2/n

2. M; (TUHCe[2n,2]) = M (Czn(U) ITP3) = 10n(n+1).

. * B +197 +2n+2 2/n
3. M (Ly) = M2 (Panus(U) ITP;) = { 574197 42041 2/
4. M, (TUHCs[2n,2]) = M, (C2n(U) ITP3) = 5n% + 10n? + 5n.
5. M, (H) =M, (G(U) ITP2) = 432.
6. M’y (H) =M’ (G(U) ITP2) = 1296.

1. M; (Ln) =M; (P2n+1(U) HPz) = {
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